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e UV Completeness: Generally means that QFT has physically
sensible behavior at short distances. To recall the nature of the
problem, let me bring up the textbook example of

QFED and "Landau pole”

As was argued by Landau and others, the observable value of the
coupling apy = 1/137 relates to its "bare” value ag as

Q . — Qph -
1 + B2 aq log 4y 1 — B3 app log 4y
where A is UV cutoff energy. When A increases, the bare coupling
g Mmust be increased, too, in order to keep app fixed. And, as
the second form of the equation makes explicit, the cutoff A has
an upper bound (or " Landau scale’)

1
A, = M eP2%h ~ 10280

at which ag diverges, i.e. 1/ag turns to zero, and then becomes
negative. Since ag enters the action as

ph =

1 o
A(__)('J"J ™~ /l';w+"'
aQ -

Therefore, one is advised to keep A below A,, since otherwise the
path integral behaves badly for short range field fluctuations. One
says that 4D QCD is not UV complete.

Page 3/44



Pirsa: 17120012

N

It is fair to admit that this conclusion is based on a number of
unsupported assumptions. The above equations relating ag to app
are derived if one neglects all terms in the betaI function

da/dlogp = B(a) = .)’2(12 + ...
beyond the leading one. When o grows, higher terms become
significant. Moreover, expansion in a is expected to have zero
radius of convergence.

Nonetheless, the described behavior is believed to be qualitatively
correct. In particular, it agrees well with general pattern suggested
by Wilson's RG. In general setting, RG transformations act in

2. = the Space of Field Theories

which may be regarded as the set of quasilocal actions

A= /r iz (r_')(..")_ r')!,f_‘)(,r)_ ,‘)”';)“(_J)(J.). )

where ¢(x) stands for some number of " fundamental fields” - the
integration variables in the path integral. The path integral is
assumed to have UV cutoff A. The action may include higher
derivatives, but it is assumed that the derivative expansion con-
verges for |k| < A. (At this point question of unitarity is ignored)
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3

RG transformations represent scale transformations in field theory.
If one simply rescales » — x/L with some L > 1, that would also
change the cutoff A — LA, that is one also needs to integrate
out degrees of freedom with |k
to L-dependent transformation of the action A — R;{A}, or, in

between A and L A. This leads

infinitesimal form
d
dl
Assuming that ¥ may be coordinatized with an (generally infinite)
set of parameters {a'}, this translates to a system of ordinary
differential equations

A= B{A}, l=logL

f,(l’

T =B({a)  (B'=-p)

The "RG trajectories” - the integral curves of this system of dif-

ferential equations - give insight into the scale dependence of
physics. Large scale properties are obtained by integrating the
RG equations forward in " RG time” [ (= log of the length scale).
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The problem may be mathematically difficult,’but one does not
expect any pathologies A; with [ > 0, as long as Ag is well defined.
Indeed, it is assumed that path integral with A is convergent and
well defined as QF T. Integrating out part of variables is not likely
to change that.

However, as the system of differential equations, the RG flow
equation can be integrated " backward” in [ as well.

Remark: This would be true if the number of couplings o' was
finite. In exact RG this number - the dimensionality of 2 - is in-
finite. There is an interesting question if the common properties
of finite-dimensional systems (like uniqueness of solution) remain
generally valid when this number becomes infinite. It is usually as-
sumed this is the case - after all, in any practical implementation of
RG transformation some finite-dimensional approximation is used.
But it may be one of "dangerous’ assumptions. Generally, it Is

nat Avarcrtihv Flasar e cnicelh " IacslanmmareA! intaAasavatian cemniavace it
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not exactly clear how such "backward” integration squares with
generally "irreversible’” nature of the RG transformations.

n

O

Even though it is likely possible to integrate " backward” , there are
no reasons to expect that this can be done indefinitely, without
encountering pathologies. In fact, one expects exactly opposite.
Indeed, consider A_; withl >> 1. If A_; € Z, then Ag with cutoff A
is essentially equivalent to another theory with much larger cutoff
el A, i.e. with much shorter interaction range then Ag itself has.
This is generally unlikely, which is to say that generally A_; leaves
2 for sufficiently large (.

This picture assumes that 2 has a boundary separating "well
defined” actions from the "there be dragons’ expanse; beyond
the boundary all " pathological” A lie. £ includes the theories in
which the action A[¢] is (@) quasilocal, and (b) the path integral
[ [Do) e Al?] converges. Outside ¥ one or both of these properties
is violated.

Thile nivven Aa nne nenerallvy evnerte that at enme | — I. *ha
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Thus, given Ag, one generally expects that at some [ = —Ii the
theory A_;, crosses that boundary, and then leaves 2. If this
happens at finite l«, we say that the theory is " UV incomplete’ .

) 6

There is, of course, small but important subspace X (o0) C X for
which [« = oo, i.e. the RG flow can be integrated " backwards”
without limit (e.g. the flows which stem from UV fixed points, but
more complicated scenarios are possible). This is the subspace
of UV complete QFT, in which UV cutoff can be consistently
removed.

Note that, given arbitrary Ag € 2., the corresponding [ is deter-
mined solely by Aq itself,

e =1(A).
Then, if lx < oo, the theory Ag has an intrinsic UV scale
ex = AJ1, Ay = M e

where M is some " physical’’ mass scale, say the inverse correlation
length Hjl. The "intrinsic” cutoff A, is independent of the "aux-
iliary" cutoff A (more precisely, the ratio A«/M is RG invariant).
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In some sense, A« sets the upper limit for the cutoff A - if one
sets A > Ay, some Kind of pathology is expected at the distances
< ex. In the example of QED A. is the "Landay scale”.

Below I will describe an example (or class of examples) in D = 2,
which admits some sort of "exact solution” - the " (T'T) flow” .
Some preparations are needed.

Consider arbitrary 2D QFT € 2. We will discuss in flat 2D Eu-
clidean Space, and use notation z for its points. Complex coordi-
nates (z,2)

g = {z.2): Z=X+1y, Z=X-—-1y

will be used. I will write local fields as O(z) = O(z,2).

The QFT conserves energy and momentum, and the associated
local densities constitute the Energy-Momentum Tensor 7},,. We
assume

Lo =T . oTH = 0.
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I)‘,jf:i}}’lf. f:flf.'" = U.
Below I use CFT-inspired notations
T = —-(27) Tzz, T=-R2n)Tyy, and © = (27)Ty3,

in which the continuity equation takes the forni

T = 0;0, 02T =08;0.

Some properties of the operator products of these fields follow
from the above equations alone. The one important to me now is

T()T(Z) - ()02 = X(Z') + derivatives,
where

" derivatives” =" " (z — 2) 9,0,(2").
:

The first, non-derivative term comes with the OPE coefficient
(X (z —2') = 1. This follows from the identity
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9z (T()T(2") - @(;)e(_-__’)) =
(92 4 9) (©(2)T(2)) — (97 + 9y) (©(2)O(2)) .

and similar identity for dz(...). ®

This uniquely defines a scalar local field

X(z) = (TT)(2),
uniquely up to derivatives. Since scalar fields (modulo derivatives)

are vectors in the tangent space T2 |Hpp, it defines uniquely a
tangent vector

X € TZ|orr -

A number of consequences follow. For instance, consider given
QFT in the geometry of a cylinder, with the spatial coordinate
compactified on a circle, x ~ x4+ R,
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10

Then the Hamiltonian has discrete spectrum (I assume that the
QF T is compact, for simplicity) and I denote |n) the corresponding
eigenstates. Assuming that |n) is non-degenerate, one easily finds

(n| (TT)(2) |n)=(n|T(z)|n)n | T(2) |n)—(n|©(2) | ;3)2.
The expectation values in the r.h.s. can be expressed in terms of
the eigenvalues

! 271—!\'”
l',,r,(l])). ])N(ll))z' . .
I8
Using
= | P = -
(n|Tyy |n)=——En(R), (n|Txx | n) =—-———En(R),
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T =YY T7 =TT T AR T liAwara
R dR

(n|Txy|n)= I’ Pu(R).
i

one derives [

i

_— e d . 1 2
(H‘ (Il)l”)z— [L;}(Ii,)'{—,‘)lllp(ll))‘F'F l)”(llj) .

R

11

What is it good for?

Define " (TT) flow": Consider a curve A, in ¥, with « being the
parameter along the curve, such that at each point the tangent
vector to the curve is ~ X = (TT),

(/A” ]. e — 2
— = — 'l inkz)d 2 .
do 2 / ( Ja(z)

where the subscript in X, = (TT), is added to emphasize that the
field belongs to the QFT A.:
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I call the curve A, the " (TT) flow".

12

Since at any point of the curve

OFEL(R, o e -
% = (n | /(/ [Na(z)dx |n) =R{n| (TT)a | n)a

one arrives at closed differential equation

P2(R) _

R

0.

) ‘)
2 E(R,a) + E(R,a) —E(R, a) +
da OR
where ['ve dropped the index n in
I'.‘(I{.f\) p— ]',‘“(l't).f\)

because the equation is the same for all (non-degenerate) levels.
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< = 7

T he equation has the form of equation of motion for compressible
inviscid fluid in 1D - the (inviscid) Burgers equation - with the
driving force —P?/R = (27k)?/R3. Thus, given E(R,0) one can
determine E(R,«) at all a along the curve, o
T his equation can be used to derive a number of results, includ-
ing exact a-dependence of the bulk energy density and correla-
tion length. Let me derive explicitly the a dependence of the
2 — 2 elastic scattering amplitude.

Assume that the theory Ag is massive, and Mg is the mass of the
lightest particle. Let R >> M~ and consider | p, —p) - the state
of two particles, with the momenta p and —p. The notion makes
sense when the energy is below all inelastic thresholds, which we
assume. Then, up to exponentially small finite size corrections

F(R,a)=FR+2 \,/72 +p?, P(R)=0,

where admissible momenta are determined by the quantization

~AanAditiAan
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condition
pR+ A(p) =27 N.

This asymptotic form of (R, «) satisfies the diff. equation iff

Ip Op foed « "5
= — LW o W = \l )
oy OR \ T
Then, from the quantization condition
IA(p,a)

= -2wp, = ADAa(p) = Dp(p) — 2awp.

oy

14

In terms of the rapidity difference 0 = 0, — 05

Aa(0) = Aog(0) — aM? sinh@.

In other words, the two-particle elastic S-matrix of A, differs from
that of Ag by the factor

2 — 2 ’ .S'H(U) = ‘\’-O((}) {‘f.rn,\] sinh ¢ '

Note the abnormally fast growth of the a-contribution to the elas-

+im mmmbbavriimea mlaamsas Ad Rl A

~ e san e
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tic scattering phase at high energy.

T his analysis is valid for 2 — 2 elastic scattering amplitude, but in
general it does not apply to multi-particle S-matrix elements be-
cause of possible inelastic channels. The exceptlions are Integrable
field theories, where all scattering processes are essentially elastic,
and all S-matrix elements factorize in terms of the 2 — 2 ampli-
tudes. If one assumes that Ag is integrable, it is possible to show
that the whole curve consists of integrable field theories. Then
the full factorizable S-matrix of A, is the product of the above
"dressed” 2 — 2 S-matrices.

15

Remarks:

(M — 0O limit of) the factorizable S-matrix with S,(0) =
exp{—iaM sinh 0} was proposed by

S. Dubovski, R. Flauger, V. Gorbenko, (2012)
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15

Remarks:

(M — 0O Ilimit of) the factorizable S-matrix with S,(0) =
exp{—ialM sinh#} was proposed by

S. Dubovski, R. Flauger, V. Gorbenko, (2012)

M. Caselle, D. Florevanti, F. Gliozi, R. Tateo (2013)

as the S-matrix of Goldstone excitations on QCD string.

Above we derived the 2 — 2 S-matrix in (TT) flow from the
Burgers equation. If the theory is integrable with the above 2 — 2
S-matrix, one can, conversely, derive the Burgers equation from

the associated NLIE, as in

A. Cavaglia, S. Negro, 1. Szecsni, R. Tateo (2016)
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16

Another important conclusion can be made about the UV behavior
of the ground state energy Fn(R) = E(R,«). For the ground state
P = 0, and the Burgers equation admits elementary solution

FEa(R) = Eg(R— aEa(R)) ,
which takes even more transparent form in terms of the functions

Ra(E) and Rg(F), inverse to Eq(R) and Eg(R), respectively:

Ra(E) = Ro(FE) 4+ aF.

The plot of Rqa(FE) is related to the plot of Rg(FE) by the affine
transformation K - FEF., R —- R+ aF.
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Assume that Agp is UV complete QF T, whose UV limit is controlled
. I :

by CFT with the central charge ¢ > 0. Then the plot of Eg(R)

looks, qualitatively, like this

6R

At large R it approaches the linear form FgR, with Fy being the
bulk energy density, while as R — 0 it has the standard CFT
behavior. The above affine transformation reveals the following
form(s) of Ea(R)
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)
Another important conclusion can be made about the UV behavior
of the ground state energy Fo(R) = FE(R,«). For the ground state
P = 0, and the Burgers equation admits elementary solution
1‘,‘”(11’ — /'_‘() (/1’ - l',ﬁ(’l’)) y
which takes even more transparent form in terms of the functions
Ra(E) and Ro(F), inverse to E,(R) and Eg(R), respectively:
Roa(E) = Ro(E) 4+ a E.

The plot of Ra(FE) is related to the plot of Rg(FE) by the affine
transformation £ = FE., R - R+ aF.
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where the left plot applies to the case a > 0, while the right plot
corresponds to a < 0.

There are reasons to believe that, when originated at UV complete
Ag, the (T'T) flow is ill-defined (has no ground state) at a > 0 (I
will bring up some argument later in this talk). Therefore, here
I concentrate on the case of negative . As the plot shows, in
this case FE,(R) develops square-root singularity at some positive
R = R, so that continuation to R < R« returns complex values.
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For example, if A is itself a CFT, i.e.

TC

Eqo(R) = Fog R — "
o(R) 0 R

then

=a(l+ (\f'b), and

27ca
3 R2

where Fo = Fo/(1 + akFp), a

The singularity occurs at t = -1, i.e. at

Eo(R) = Fa R+ 2’(‘7 (1-vi+1),

19
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Clearly, some sort of instability develops at the scales < R,, and
it seems important to understand the mechanism behind this in-
stability. Anyway, it seems that the flow A, originating from UV
complete Ag is not UV complete in usual sense.

In the case when Ay is integrable (= A, is integrable), poten-
tial problem with locality can be inferred from the behavior of
form factors. To keep things as simple as possible, let me Iimit
attention to the two-particle form factors, the matrix elements

Fo(01 — 02) = (0] O(0) | A(61)A(62)) .

Also, I assumed for simplicity that there is only one sort of particles
A, with the mass M. The form factor satisfies the well known

"bootstrap” equations
F(0) =F(2ni—0), F'(0) =S(0)F(-=0),

where I disregard the suffix " @", since the equations are the same
for all O. Let, as above
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:2 L
Sa(0) = So(0) ¢ —iaM*# sinh 6

21

The equations for F' have many solutions, but the simplest one is

X

Fa(6) = Fo(0) exp{_- (6 - ir) sinh 0}

Note that the a-factor decays (at negative «) along the real axis,
and, also in the strip 0 < Qm#A < w/2, but grows fast at 7/2 <
Iml < w. Since the intermediate-state decompositions of the
products

O(x)O(y) and O(y)O(x)

are related by the shifts of the rapidity integration contours through
this strips, it is not clear how local commutativity can be satisfied.

In the special case of integrable theories there is an interesting
extension of the notion of the (7T'T) flow.
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Integrable QFT (IQFT)

One of the common properties of all known IQFT is the presence
of an infinite set of higher-spin local Integrals of Motion (IM)

1 [ )

Po= /( Iy1(2) dz + ©4_1(2) dz
1 o )

Po= - /( Iot1(2)dZ + O, 1(z) dz

where (T541,05-1) and (Ts41,0,-1) are components of local cur-

rents which satisfy the continuity equations

F3Ts41(2) = 029,_1(2), 07Te41(z) = 90,4_1(2).
The index s (associated with the Lorentz spin of the IM) runs

certain subset {s} C Z4, characteristic of the IQFT. The IM all
commiite
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commute

[P Pl = [Pss Pl = [P Pal =0,

23

From these continuity equations, exactly as in the case of the
Energy-Momentum tensor, one can derive the relations

To11(2)Ts_1(2") — ©4_1(2)O,_1(2") = Xs(2") + derivatives,

which define, up to derivatives, the scalar fields Xs(z). Thus, it
define X as vectors in TX|;opr. Moreover, it can be shown that
the infinitesimal deformations

.A — A + Z f)-(l‘.; / A\-};(_:j) (l:’-):
‘-E{*.} :
preserves all the IM P, P;. Starting from some IQFT Ag, one can

integrate the infinitesimal deformations into infinite-dimensional
subspace I"t - ¥ with local coordinates ag, so that

v~ meInt
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From these continuity equations, exactly as in the case of the
Energy-Momentum tensor, one can derive the telations

Ts41(2)Ts—1(2") — ©,4_1(2)©,_1(2") = Xs(2’) + derivatives,

which define, up to derivatives, the scalar fields Xs(z). Thus, it
define X as vectors in T'X|;opr. Moreover, it can be shown that
the infinitesimal deformations

preserves all the IM Pg, P;. Starting from some IQFT Ag, one can
integrate the infinitesimal deformations into infinite-dimensional
subspace ¥I"t « ¥ with local coordinates ag, so that

Xs € TE™1qFT .

Thus, In the integrable case, the notion of ('I"I_') flow can be
extended to an infinite-dimensional space.
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S-matrix. The full S-matrix is expressed in terms of the

. I
2 —+2 amplitude S5(0), 0 =0, — 0,

(can be an operator in the particle's " flavor" spaces). It satisfies
e Yang-Baxter equation

e Unitarity 4+ Crossing

e "Bootstrap equations’.

T hese conditions fix .‘é'(()) up to the "CDD factor"”, i.e. leaves the
ambiguity
S(0) — S(0) (),
where the factor @ is to satisfy
P(0) = P(imr — 0)
P(P(-0) = 1
plus possibly additional constraints from the bound-state structure

(A hAaAtrctreranm ~AanAitiAanme)

=  P(2mi+0) = d(0),
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S-matrix. The full S-matrix is expressed in terms of the

2 — 2 amplitude S(0). 0 =0, — 0o

(can be an operator in the particle's " flavor" spaces). It satisfies
e Yang-Baxter equation

e Unitarity 4+ Crossing

e "Bootstrap equations”.

These conditions fix S(#) up to the " CDD factor”, i.e. leaves the
ambiguity
S(0) — S(0) (),
where the factor @ is to satisfy
{ (0) = P(im — ())}
P()DP(-0) = 1

plus possibly additional constraints from the bound-state structure
(the bootstrap conditions).

=  O2mi+0) = d(0),

25
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Formal but general representation

®(0) =exp{—i Y assinh(sh)}
s€{s)

(converges for sufficiently small 0, and defined by analytic con-
tinuation beyond this domain). Here s runs positive integers, but
the bootstrap conditions limit the admitted values to some infinite
subset {s} C Z4, which always coincides with the set of spins of
the local IM Ps. The curve {as = 0,5 > 1, a1 = a} reduces to the
(TT) flow. Generally

Infinitesimal CDD {Xs} deformations
deformations of S of AIQFT

2/
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Parameters {as} can be regarded as local coordinates in the space
of factorizable S-matrices (= £I"!). Alternative coordinates {B}
are given by the conventional representation @

i Bp — i sinh @

P(O) = ;
) pl:[l Bp + i sinh 6

{B} = UN{Bp}.

Note that for finite N such CDD factors have normal high energy
behavior.

It is expected that, just as in ¥ itself, majority of QFT in =I" are
not UV complete. On the other hand, as was observed, all ele-
ments of ="t are in correspondence with factorizable S-matrices.
Generally, S-matrix determines, in principle, all physical content of
the theory, and no UV cutoff needs to be introduced. Then, how
the "UV incompleteness” shows up in the S-matrix approach?

Consider again the ground state in a finite size geometry of a
cylinder of circumference R. In IQFT, given S(#), one can sys-
tematically compute the ground state energy FEvac(R) using the
"Thermodynamic Bethe Ansatz” (TBA) equation.
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TBA is a device which, with the input of S(0), computes (in most
cases numerically) the vacuum energy FEvac(R),

TBA:  8(0) —  Bvac(R).

Then one can taste the behavior of Eyac(R) for arbitrary CDD
factor ®(#). Technically, one can start with the product forms of
the CDD factors, with small number N of the CDD factors, and
then go up in N.

No systematic analysis was ever done, to the best of my knowl-
edge. However, preliminary calculations of this sort was done
in early 90th by Al. Zamolodchikov and myself, inspired by the
"staircase model”’. We studied several sample CDD deformations
with small number of factors (up to three). The results could be
summarizes as follows:

Unless the parameters Bj, are fine-tuned to special values where
UV complete behavior is observed (e.g. the "staircase model”),
the function FEyac(R) develops a singularity at some finite R, ,
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Moreover, high precision calculation at R close to R« reveals that
in all cases the singularity is a square root branching point.

e [ hese universal character of the singularity suggests the common
mechanism of developing of instability. Note that solution for the
(TT) flow exhibits the same singularity.

e Since the finite N CDD do not have abnormal high-energy be-
havior, it is unlikely that the UV problem is related to the too fast
growth of the scattering phase.
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Semiclassical analysis:

U

Lo
Some insight can be gained in the case when

e Ag = C'F'I', has no extra symmetry beyond Virasoro.
e c— oo, i.e. T, T are classical fields.

I assume that (i) The ground state is determined by some classical
configuration 7,,(2),T.(z), and (ii) T,,(z) and T,)(z) are constants,
independent of z. In the following discussion I drop the subscript
cl under T, T.

Generally, the currents Ts41, s = 2n — 1 are polynomials in T and
its derivatives,

Toqp1=T"+ay T"3(T")? + ...,
and when the classical configuration is constant, the derivatives
can be dropped, so that
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’léu =T, -\721*:—]. — (Ir)“ .

T herefore, for sufficiently small as,,_1, the general Xs-deformed
action (for the purpose of the ground state calculation) can be
replaced by

x : :

A= Acpr+ ) a1 / (TT)"d%z = Acgr + L [ U@2TT)d?
n=1 ‘ o

where I wrote a»,,_1 = a2~ 1), with dimensionless C,, the Taylor

coefficients of U. When as are finite, the currents T4 1,.©,_1, etc,

receive a-dependent corrections, but clearly for constant 7', T this

structure is preserved.

Now, introducing the auxiliary fields yu, iz, one can further replace
the above action with
4 o G - .
Ay —— | W(pn) d°z Ay = AcrT +— / (T + l;r)r/“?.: :

x .

where W (uji) is the double (in T and T) Legendre transform of U.

For constant pu, i
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’léu =T, -\721*:—]. — (Ir)“ .

T herefore, for sufficiently small as,,_1, the general Xs-deformed
action (for the purpose of the ground state calculation) can be
replaced by

x : :

A= Acpr+ ) a1 / (TT)"d%z = Acgr + L [ U@2TT)d?
n=1 ‘ o

where I wrote a»,,_1 = a2~ 1), with dimensionless C,, the Taylor

coefficients of U. When as are finite, the currents T4 1,.©,_1, etc,

receive a-dependent corrections, but clearly for constant 7', T this

structure is preserved.

Now, introducing the auxiliary fields yu, iz, one can further replace
the above action with
4 o G - .
Ay —— | W(pn) d°z Ay = AcrT +— / (T + l;r)r/“?.: :

x .

where W (uji) is the double (in T and T) Legendre transform of U.

For constant pu, i
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Y T TS S T R Y

(e™M)cFT =€~

B = TC 1 4 1 1
T 6R (14 14a |

where [ assumed the geometry of a cylinder of the circumference
R and the length L. Finally, the ground state energy is obtained
by minimizing the function

R { { e =
E(u,p) = —— [ + —=t==W (!fﬂ)]

a |14 u | R 7
with respect to i and . Here again
L 27\'('(\
T 3R2°

The problem deserves systematic analysis with different forms of
W, which is still under way. However, it is possible to identify W
associated with the (7'T) flow. It turns out

JLfL
1 — puj .
With this form the above minimization nroblem vields the vacuum

Wit flow(pit) =
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B = e 1 i 1 1
A R |14 T L4 ;
where [ assumed the geometry of a cylinder of the circumference

R and the length L. Finally, the ground state energy is obtained
by minimizing the function I

1

R l l
E(pu,p) = — [ -+ —t 4+ H'(;rﬁ)]

a |14 pu 144
with respect to i and ji. Here again
- 2Tca
T 3R2°

The problem deserves systematic analysis with different forms of
W, which is still under way. However, it is possible to identify W
associated with the (7'T) flow. It turns out

JLjt
1 —pji
With this form the above minimization problem vields the vacuum
enerqgy

Wre fiow(kit) =

Evac = 2’(‘] (\1 F5 = 1) :

32
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which is exactly our result for the (77T) flow from the Burgers
equation.

)
It is interesting to observe the mechanism behind the singularity
formation in this model. Looking again at the energy function

. oy R l [ /lﬁ
E(pu, i) = —— + — e
W)= et 1+a 1 — ufi
we observe that the configuration space is divided into two distinct
domains,

which are separated by an infinite " barrier’” at pup = 1.

-‘\\HH:1

23
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It is natural to assume that the relevant doméin iIs M, since it
is the one that contains the point (i, 1) = 0, the saddle point at
o = 0. Then, obviously, with positive a the energy function is
unbounded from below in the A, at any R, suggesting that at
« > 0 the theory is ill defined.

At o« < 0, instead, the W-term is bounded from below in AM;,, and
it grows indefinitely as one approaches the "boundary” . However,
the other terms are singular at special point (p,ji) = (—1,—1) on
the boundary, and diverge to —oc as one approaches this point
from M,;,. Competition of these two term makes FE(u, i) bounded
from below at R > R,, but it looses the lower bound at R < R,.
Thus, at R < Rs« the theory is unlikely to have a ground state.

4
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In general semiclassical models, it is tempting to explore various
types of UV behavior which emerges under different choices of W .
However, it is important to understand how rfg!iable the leading
classical analysis is. Also, it is not yet clear how the classical
description in terms of the " potential” W relates to the realization
via the CDD factor.

It is also not clear if the short-scale singularity in the finite-size
energy really signals violation of locality. For that one would like
to get hold of the correlation functions. The latter generally admit
the intermediate-state decomposition

(0] O(R)O(0) | 0) =
N o,

X l . ) , " -
b I / (0 | ©(0) | A(87)...A(0N))|2 e~ ME Xi=y coshb; 11 _
N=0 \I 3 — >t

where I assumed that the separation is purely in space. Note
that in IQFT with finite-product CDD deformations the high-
energy behavior of the form factors is quite normal, so that the
integrals in every individual N-particle term should converge just
fine. Potential source of trouble could be the convergence of the

<iim nver N
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In general semiclassical models, it is tempting to explore various
types of UV behavior which emerges under different choices of W,
However, it is important to understand how reliable the leading
classical analysis is. Also, it is not yet clear how the classical
description in terms of the " potential” W relatel to the realization
via the CDD factor.

It is also not clear if the short-scale singularity in the finite-size
energy really signals violation of locality. For that one would like
to get hold of the correlation functions. The latter generally admit
the intermediate-state decomposition

(0| O(R)O(0) | 0) =

© 1 r _MRN o do;
>, = [ H010(0) | A(81)...A(8N)) 2 e~ MR Timy cosnbi T =,
N=o V% =12

where I assumed that the separation is purely in space. Note
that in IQFT with finite-product CDD deformations the high-
energy behavior of the form factors is quite normal, so that the
integrals in every individual N-particle term should converge just
fine. Potential source of trouble could be the convergence of the
sum over N.

35
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It is possible that, while convergent at sufficiently large R, the
sum starts to diverge at short R, vielding a singularity at some Hx.
T he associated discontinuity at R < R« would then manifest non-
zero commutator at the space-like separationg. This important
problem remains open...

To be continued...

A
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