Title: The Fermion Bag Approach in the Hamiltonian Picture
Date: Dec 12, 2017 11:00 AM
URL: http://pirsa.org/17120010

Abstract: <p>Quantum Monte Carlo methods, when applicable, offer reliable ways to extract the nonperturbative physics of strongly-corr
many-body systems. However, there are some bottlenecks to the applicability of these methods including the sign problem and algorithmic
inefficiencies. Using the t-V model Hamiltonian as the example, | demonstrate how the Fermion Bag Approach--originally developed in the c
of lattice field theories--has aided in solving the sign problem for this model as well as aided in developing a more efficient algorithm to stut
model. Finally, | discuss some other potential uses for the new algorithm, including for a broader class of models known to be sign-problem-fi
to fermion bag ideas.</p>
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Goals

» Study critical behavior for strongly correlated many-body
systems.
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Goals

» Study critical behavior for strongly correlated many-body
systems.

1. Expand the family of models where calculations that scale
in polynomial time are possible.
2. Develop more efficient polynomial-time algorithms.
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Intro: Quantum Monte Carlo and the Sign Problem

» QMC methods are reliable ways to measure observables.

» Calculation:
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» QMC methods are reliable ways to measure observables.

» Calculation:

» The ()(C), are the weights, but in QM systems, how to
choose them is seldom obvious.

Pirsa: 17120010 Page 7/96



Intro: Quantum Monte Carlo and the Sign Problem

» QMC methods are reliable ways to measure observables.
» Calculation:

» The ()(C), are the weights, but in QM systems, how to
choose them is seldom obvious.

» For Q2 (C) < 0, often results in a calculation that scales
exponentially with the system volume.

Pirsa: 17120010
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Motivation

» Fermion bag ideas proven effective for calculations in
Lagrangian picture.
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Motivation

» Fermion bag ideas proven effective for calculations in

Lagrangian picture.
(1) New sign problem solutions, Chandrasekharan (2012),
(2) Calculations on larger (60°) lattices, Ayyar and Chandrasekharan,

(2014), (2015)
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Motivation

» Fermion bag ideas proven effective for calculations in

Lagrangian picture.
(1) New sign problem solutions, Chandrasekharan (2012),
(2) Calculations on larger (60?) lattices, Ayyar and Chandrasekharan,

(2014), (2015)

. 1
S = z Z x,aWx,iWVx+a,i — U Z Wx,1Wx 2Wx,3%Wx .4 (1)

Xo.l=1.234 X
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Motivation

» Fermion bag ideas proven effective for calculations in

Lagrangian picture.
(1) New sign problem solutions, Chandrasekharan (2012),
(2) Calculations on larger (60?) lattices, Ayyar and Chandrasekharan,

(2014), (2015)

1
S = z Z M, aWx,iWVx4+a,i — U Z Ux 1Wx 2Wx 3UWx 4 (1)

Xo.l=1.234 X

Sy
Ma

U=0 U U=zo

Interesting physics uncovered thanks to large lattice size calculation.
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Motivation

» Fermion bag ideas proven effective for calculations in

Lagrangian picture.
(1) New sign problem solutions, Chandrasekharan (2012),
(2) Calculations on larger (60?) lattices, Ayyar and Chandrasekharan,

(2014), (2015)

1
S = z Z N, aWx iWx4o,i — U Z Wx 1Wx 2Wx . 3Wx 4 (1)

X.ol=1.234 X

U=0 U U=oo

Interesting physics uncovered thanks to large lattice size calculation.

» Wanted to explore models in the Hamiltonian picture.
Continuous time calculations possible (less fermion doubling).
Understanding the physics of Ny = 1 Dirac fermions.
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Auxiliary Field Approach in the Lagrangian Picture

» Auxiliary Field:

e_L'i"'x"\""."'x — ; § e\/U "2(’7,\'\"-',\"'\'_”,\'\"'\"-'x)

oxy==+1
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Auxiliary Field Approach in the Lagrangian Picture

» Auxiliary Field:

e—L'if'xJ'\'l"-i‘x = ; E e\/U [2( Oxy Py Vy —Oxy Wy Uy )

{Tx\' — _+. 1

» Partition Function:

Z = / [dz'd(,']e So(,1)=U Sy Yty thythx

— Z / [d liCI( ‘] B_S“( Y )— \/.U /2 TxyPx Py —Oxy Py Px
[e] °
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Auxiliary Field Approach in the Lagrangian Picture

» Auxiliary Field:

e—L'if'xJ'\'l"-i‘x = ; E e\/U [2( Oxy Py Vy —Oxy Wy Uy )

{Tx\' — _+. 1

» Partition Function:

Z = / [dz'd('] o~ S0(0,10) U ), Pxtyihytx
. Z / [d liCI(‘] e_s(](f“"‘.)_\/U-;Z({T-\_\"-'x"v—r'Tn.;_-‘_,_.x
[rfJ -

= ZdetM([n}).
o]
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Auxiliary Field Approach in the Lagrangian Picture

» Auxiliary Field:

e_L'i"'x"\""."'x — ; § e\/U "2(’7,\'\"-',\"'\'_”,\'\"'\"-'x)

oxy==+1

» Partition Function:

Z = / [dz'd('] o~ S0(0,10) U ), Pxtyihytx
. Z / [d liCI(‘] e_s(](f“"‘.)_\/U-;Z({T-\_\"-'x"v—r'Tn.;_-‘_,_.x
[rfJ -

= ZdetM([n}).
o]

» If negative, there is a sign problem.
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Auxiliary Field Approach in the Lagrangian Picture

» Auxiliary Field:

(_‘—L-if',_-x'\.i'..-a‘x = 1 2 P\/U [2( Oxy Py Vy —Oxy Wy Uy )
.
Oxy==1

» Partition Function:

Z = / [dz'd('] o~ S0(0,10) U ), Pxtyihytx
. Z / [d liCI(‘] e_s(](f“"‘.)_\/U-;Z({T-\_\"-'x"v—r'Tn.;_-‘_,_.x
[rfJ -

= ZdetM([n}).
o]

» If negative, there is a sign problem.

» Even if positive, M (o) is nonlocal and may cause
Inefficiencies.
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A Different Approach

» Example: Lattice Thirring model. More efficient
calculations (403 lattices). (Chandrasekharan, 2010)

- / [d(i'd(’] e So(v.¥) H (1 — U[‘_\' Uy fi\-! '_\)

Xy

(2)
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A Different Approach

» Example: Lattice Thirring model. More efficient
calculations (403 lattices). (Chandrasekharan, 2010)

S i ) ) (2)
- / [dddy] e=So00) T (1 — Uttty dy i)
) = N
» The expansion terms 1 — Uy, 104 pictorially:
Y X y U X
(e} o T O—
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A Different Approach

» Example: Lattice Thirring model. More efficient
calculations (403 lattices). (Chandrasekharan, 2010)

' ; . ) (2)
= / [d(i'd( ’] e So(v.¥) H (1 — U(.'_\' Uy Wy '_\)
» The expaﬁsion terms 1 — Uty é\'-\;. V1) pictorially:
5 y U X
; o T O—

» Re-express the integral,
summing over groups of
Grassman variables.

Y
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A Different Approach

‘= z UNd / {d;dt ] ("_SU(“") ((_'-\1 Yy (_'\1 { ‘-\1) ({_'-\kl‘_\k{_'_\'k“-\k)
d '

» Strong coupling: » Weak coupling:
L |
_____ Y n“ 'Y -
L 2 ‘.

Z =" U™ ] Det (Waag) Z =Y U"det(M)det (Gprop)

[s] Bags [s]
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Exploring Models in the Hamiltonian Picture

» Lattice community cannot study phase transition for
Ny = 1 Dirac fermions with four fermi coupling.
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Exploring Models in the Hamiltonian Picture

» Lattice community cannot study phase transition for
Ny = 1 Dirac fermions with four fermi coupling.

» Think about Hamiltonian version?

» The t-V model:

H=Y —nyt ((:ic‘. cl )*VZ «—1/2)(n, —1/2),

(xy) (xy)
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Exploring Models in the Hamiltonian Picture

» Lattice community cannot study phase transition for
Ny = 1 Dirac fermions with four fermi coupling.
» Think about Hamiltonian version?
» The t-V model:
H=Y —nyt ((:ic‘. cl )*VZ ~1/2)(ny, — 1/2),
(xy) (xy) =

(nyy = +1 is a bond dependent . )
m-flux term) ’ ‘
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Exploring Models in the Hamiltonian Picture

» Lattice community cannot study phase transition for
Ny = 1 Dirac fermions with four fermi coupling.

» Think about Hamiltonian version?

» The t-V model:

H=Y -nyt(cle, +clex)+VY (nx - 1/2) (0, - 1/2),
()

(xy) :
(nxy = £1 is a bond dependent - F
m-flux term) ' |
» Free partis Ny =1, | / ) "1.
4-component Dirac e . SOV
fermions. i T
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Exploring Models in the Hamiltonian Picture

» Lattice community cannot study phase transition for
Ny = 1 Dirac fermions with four fermi coupling.

» Think about Hamiltonian version?
» The t-V model:

H-_Z;,_“t(cjc‘. cl )*VZ «—1/2)(n, —1/2),
(xy)

(xy) :
(1w = *1 is a bond dependent . ! i
7-flux term) ' |
f"

» Free partis Ny =1, | / ) "1.
4-component Dirac e . BV
fermions. " I

massless fermions massive fermions
-
Ve
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Exploring the t-V Model

» Unfortunately, sign problems prevented QMC studies
near the critical point.

Gubernatis, Scalapino, Sugar, Toussaint (1985)
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Exploring the t-V Model

» Unfortunately, sign problems prevented QMC studies
near the critical point.

Gubernatis, Scalapino, Sugar, Toussaint (1985)

» For V > 2t the sign problem was solved, but the critical
point occurs below this regime. (around V=1.3t)
Chandrasekharan and Wiese (1999).

» Using Fermion Bag related ideas, we found a solution to
the sign problem. EH and Chandrasekharan (2014)
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Exploring the t-V Model

» Unfortunately, sign problems prevented QMC studies
near the critical point.

Gubernatis, Scalapino, Sugar, Toussaint (1985)

» For V > 2t the sign problem was solved, but the critical
point occurs below this regime. (around V=1.3t)
Chandrasekharan and Wiese (1999).

» Using Fermion Bag related ideas, we found a solution to
the sign problem. EH and Chandrasekharan (2014)

» Nicer solutions for same model and related using
Majorana fermions. Li, Jiang, Yao. Phys. Rev. B (2015), Wei, Wu, Li,
Zhang and Xiang, (2016)
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Exploring the t-V Model

» Unfortunately, sign problems prevented QMC studies
near the critical point.

Gubernatis, Scalapino, Sugar, Toussaint (1985)

» For V > 2t the sign problem was solved, but the critical
point occurs below this regime. (around V=1.3t)
Chandrasekharan and Wiese (1999).

» Using Fermion Bag related ideas, we found a solution to
the sign problem. EH and Chandrasekharan (2014)

» Nicer solutions for same model and related using
Majorana fermions. Li, Jiang, Yao. Phys. Rev. B (2015), Wei, Wu, Li,
Zhang and Xiang, (2016)

» What follows is our original solution to the t-V model sign
problem.
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Solution to the Sign Problem in the t-V Model

» Disclaimer: there is a simpler way to see the solution
now, but the following explains how we found it!
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Solution to the Sign Problem in the t-V Model

» Disclaimer: there is a simpler way to see the solution
now, but the following explains how we found it!
» Inspired by the Lagrangian Fermion Bag approach, take

Ho =) ((\' cy + cf (_‘.\-) =) cd My ey and

La(x.y)

Hip = S“ (ny —1/2)(ny, — 1/2),
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Solution to the Sign Problem in the t-V Model

» Disclaimer: there is a simpler way to see the solution
now, but the following explains how we found it!
» Inspired by the Lagrangian Fermion Bag approach, take

11() — S: (xv (C\I C\‘ + C‘i- Cyx ) = T (-'\i ;!\I\\ C\' a n d

v (X,V)

Hine = Y, (Dx —1/2) (ny — 1/2), and expand:

» 3 “ty "ty 1 '
Z = Z / d{’l / C“"-]-"' / d’-k(*l )LTI‘ ((?_[\‘i_rh JH[IILHI ...flml.('.‘_rl””)
k YO J0 J0O

This is known as the CT-INT expansion.
(Beard, Wiese(1996), Sandvik (1998), Prokof’ev, Svistunov (1998),
Rubtsov, Savkin, Lichtenstein (2005))

Pirsa: 17120010 Page 34/96



Exploring Hamiltonian Models

» Further expanding H;,,, we get

}iml — Z Z (‘5_\ 1]_:\ ) (S\ 11;'\ ) .

(x,V) Sx,Sy €1

where nf = cicx, and ny =1 — ny = ¢y cl.
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Exploring Hamiltonian Models

» Further expanding H;,,, we get

}iml — Z Z (‘5_\ 1]_:\ ) (S\ 11;'\ ) .

’\\1\ \\k

f

T(:_\-,andn; = [ - = s,

where nJ = cy

» The partition function is

then:
. k
z=33 [l (-3)
k [b,s]
x (=1)=* lr((? (B—t1)Ho 1:]" 1:;‘
e (tk—1—t }”“”::h “::\;\ ﬂ—m;n)
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Exploring Hamiltonian Models

» Further expanding H;,,, we get

Hiy = Z Z (s_\ n*) (syn,),

’\‘IH\ ‘s\r—

where nf = cicx, and ny =1 — ny = ¢y cl.
» The partition function is
then: ; Y
. v\ K : 51 %2
. / Time
Z = dt] | —— 1 g
Z Z / dt] ( 4 ) ? . §3 4
k [b,s] -
) ‘\'. i -\lll 7“"'
x (—1 )2 S T (0_"%_“]”" 1:]" oy, i Ss  S¢
ONYY )
e (k—1—tk }”"n::" u::\'\ _.;_‘k”“) " 57 Sg

Coordinates
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Partition Function Terms

» The usual free particle propagator:

—tM
) e
) (8—=t)Hy A tHy T\ /T4 BHy |\ __
T (e Cy€ (J\.) /T (e =1 T o
’ X)
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Partition Function Terms

» The usual free particle propagator:

—tM
) e
) (8—=t)Hy A tHy T\ /T4 BHy |\ __
T (e Cy€ (ﬂ.) /T (e =1 T o
’ X)

» The formula | derived:

= det
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The Partition Function

» The partition function is then

. K
Z=2)» ) / (X) detG [b,s.t].

k [b,s]’
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The Partition Function

» The partition function is then

: v k
Z=2)» ) / (4) detG [b,s.t].
k [b,s]’

Key Matrix Properties:

Dimension : 2k x 2k
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The Partition Function

» The partition function is then
3 v k
2 =5 —— | detG |b,s,t]|,
2L [(-3) ameipan
Key Matrix Properties:

Dimension : 2k x 2k
G |b,s,t|j=Ab,t|+d|s]
Sx

dy [Ss] = ——.
‘ 2
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The Partition Function

» The partition function is then

. K
Z=2)» ) / (X) detG [b,s.t].

k [b,s]’

Key Matrix Properties:
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The Partition Function

» The partition function is then

: v k
Z=2)» ) / (4) detG [b,s.t].

k [b,s]’

Key Matrix Properties:

Dimension : 2k x 2k

G |b,s,t|j=Ab,t|+d|s]
. S
d,\,\' [S‘ f— 2\
A[b,t]=—-DA[b,t]" D, Dy = 0x0y
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Summing over s

Z=2Z) ¥ / ()A(letG[b.s.t].

k [b,s]’

» Summing analytically over s:

Zdetc b S. t Z/ dt df dl (d[s]+A[b,t])

s]

Pirsa: 17120010 Page 45/96



Summing over s

Z=2Z) ¥ / ()kdetG[b.s.t].

k [b,s]’

» Summing analytically over s:

Zdetc b S. t Z/ dt df vd (d[s]+A[b,t])

s]

2k

_-/.:dt] [d( d: e VAlb.tlY H Z (1 &;I!_‘ql'd)

q=1sq=+1,-1
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Summing over s

Z=2Z) ¥ / ()kdetG[b.s.t].

k [b,s]’

» Summing analytically over s:

Zdetc b S. t Z/ dt df vd (d[s]+A[b,t])

s]

2k

_-/.:dt] [d( d: e VAlb.tlY H Z (1 &;I!_‘ql'd)

q=1sq=+1,-1

x_.I\

= /'jdt} [didy] e ALY TT 2

q=1

= / dt] [dz'd{'} g~ VAPV gk
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New Summation
» Thus we have:

Z=Z) ). / [dt] (—V)* detA [b,t]. (3)
k [b]*

But there are always k odd sites, so
-1) = H(, q = detD.
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New Summation

» Thus we have:
Z=2) Y / [dt] (—V)* detA [b,t]. (3)
k [b] °

But there are always k odd sites, so
(=1)% = f," oq = detD.
» So we have

Z = Z()ZZ/ dt] V¥ det (A [b.t] D). (4)

bs'
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New Summation

» Thus we have:
Z=2) Y / [dt] (—V)* detA [b,t]. (3)
k [b] °

But there are always k odd sites, so
(=1)% = f," oq = detD.
» So we have

Z = Z()ZZ/ dt] V¥ det (A [b.t] D). (4)

bs'

Because matrix A [b.t] = —DA [b,t]' D, we know that
A[b.t]D = —DA |[b.t]", and so
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New Summation

» Thus we have:
Z=2) Y / [dt] (—V)* detA [b,t]. (3)
k [b] °

But there are always k odd sites, so

(=1)% = ﬁ" oq = det D.

» So we have

Z = Z()ZZ/ dt] V¥ det (A [b.t] D). (4)

bs'

Because matrix A [b.t] = —DA [b,t]' D, we know that
A[b.t]D = —DA |[b.t]", and so

det (A [b,t|D) > 0. (5)

» No sign problem!
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Another way to see the Result

» A simpler way to see our result (Li, Jiang and Yao (2014), Wei,
Wu, Li, Zhang and Xiang (2016)).
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Another way to see the Result

» A simpler way to see our result (Li, Jiang and Yao (2014), Wei,
Wu, Li, Zhang and Xiang (2016)).

» Majorana transformations:
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Another way to see the Result

» A simpler way to see our result (Li, Jiang and Yao (2014), Wei,
Wu, Li, Zhang and Xiang (2016)).

» Majorana transformations:

it > A e ey , =g
H=Y)" { 5 (b + &) + va\:\:ﬂax} (7)

(xy)
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Another way to see the Result

» A simpler way to see our result (Li, Jiang and Yao (2014), Wei,
Wu, Li, Zhang and Xiang (2016)).

» Majorana transformations:

1ty - - i
= { 5 (Gdy + 66 + VL\L\L\L_\} (7)
» We get two commuting Hilbert spaces and can express Z

as
Z = pr (A (C)) Zdet (8)
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t-V Model Calculations

» With the sign problem solved, a four fermion phase
transition involving a single layer of Dirac fermions could
be studied via QMC for the first time.
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t-V Model Calculations

» With the sign problem solved, a four fermion phase
transition involving a single layer of Dirac fermions could
be studied via QMC for the first time.

» Many calculations followed!

Method v n

’ _ : illl‘;r,:::ld:::‘_|l;.: 0] ::-i:; :j :;;’ |18] l.‘ \I\:mi:' P. Corboz, and M. Troyer, New J. Phys. 16, 103008
FRG (hinear cutofT) [ 10,11] 0927 0.52% (014)

FRG (exp. cutolf) [10] (.962 0.354 [19] Z.-X. Li, Y.-F Jiang, and H. Yoo, New J. Phys. 17, 085003
FRG [13] 0.y29 0.602 (2015)

| /N expansion [11] 0.738 0.635 [20] : \\',u‘._u, M. lazzi, P Corboz, and M. Tre wyer, Phys. Rev B9l
CT-INT (GS) [18] 0.80(3) 0.302(7) 115151 (2015)

MQMC (GS) [19] 0.77(3) 0.45(2)

LCT-INT (GS) [20] 0.80(3) 0.302(7)

CT-INT (finite 7)., here 0.74(4) 0.275(2%)
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t-V Model Calculations

» With the sign problem solved, a four fermion phase
transition involving a single layer of Dirac fermions could
be studied via QMC for the first time.

» Many calculations followed!

Method v n

; - : illl‘;r,:::ld:::‘_|[c: [0 :: -i;; :j :;: 18] 1-‘ \I\';mg. P. Corboz, and M. Troyer, New J. Phys. 16, 103008
FRG (linear cutofT) [ 10,11) 0927 (1.52§ (2014)

FRG (exp cutoft) [10] 0.962 0.554 [19] Z.-X. Li, Y.-F liang, and H. Yao, New J. Phys. 17, 085003
FRG [13] 0.929 0.602 (2015)

I/N expansion [11] 0.738 0.633 [20] L. Wang, M. lazzi, P Corboz, and M. Troyer, Phys. Rev. B 91,
CT-INT (GS) [18] 0.80(3) 0.302(1) 115151 (2015)

MQMC (GS) [19] 0.773) 0.45(2)

LCT-INT (GS) [20] 0.80(3) 0.302(7)

CT-INT (finite T), here 0.74(4) 0.275(15)

» Lattice sizes ranged from 484 sites to 576 sites on the
m-flux lattice. Could we do bigger lattices?
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Another Expansion

» Recall, t-V model is

1 1
H= Zr;\\ ((, Cy + jc_\)+vz (n_\ — 2) (n\, — 2) .

Pirsa: 17120010 Page 59/96



Another Expansion

» Recall, t-V model is

1 1
H= Z — Nyt ((, Cy + \'c_\)+VZ (n_\ — 2) (n\, — 2) .

(xy)
» Write:
Fo
H_—erﬁj{l(‘ (r+("') — —ZH\\ (9)
(xy) (xy)
where ,
. P
g=" (1 e (V,;‘Zt)“) |
L
1 + (V/2t)* 1Y% 1
cosh (2a) = il - ).). sinh (2a) = — 5
1—-(V/2t)° t1-(V/2t)
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Another Expansion

» Recall, t-V model is

1 1
H= Z — Nyt ((, Cy + \'c_\)+VZ (n_\ — 2) (n\, — 2) .

(xy)
» Write:
Fo
H_—erﬁj{l(‘ (r+("') — —ZH\\ (9)
(xy) (xy)
where ,
. P
g=" (1 e (V,;‘Zt)“) |
L
1 + (V/2t)* 1Y% 1
cosh (2a) = il - ).). sinh (2a) = — 5
1—-(V/2t)° t1-(V/2t)

» Related to SSE expansion. (wang, Liu, Troyer (2016))
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Another Expansion

» So another way to write the partition function expansion

would be
t bk —1
Z= ¥ /dt/ dt .. / dty Tr (Hy, 4. ... Hy,yo Hy, ys ) -
k. {(x,y)}

» Our formula shows these terms are positive, and also the
Majorana fermion transformation:

by = ((:x | ci‘) . £ = i ((,I c_x) (10)
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Another Expansion

» So another way to write the partition function expansion

would be
t bk —1
Z= ¥ /dt/ dt .. / dty Tr (Hy, 4. ... Hy,yo Hy, ys ) -
k. {(x,y)}

» Our formula shows these terms are positive, and also the
Majorana fermion transformation:

by = ((:x | ci‘) . £ = i ((,I c_x) (10)

» Leading to

H“' ) (1 — j”ixi\) (1 - jf'\i\,’(,\;) (11)
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Another Expansion

» So another way to write the partition function expansion

would be
t bk —1
P Z /dt/ dt,.. / dby Tr (v - Hy Hiom ) -
k. {(x,y)}

» Our formula shows these terms are positive, and also the
Majorana fermion transformation:

by = ((:x | ci‘) . £ = i ((,I c_x) (10)

» Leading to

Hyy =0 (1 — iadxéy) (1 — iadyéy) (11)
and a 2k x 2k Pfaffian squared:
Tr (Hy yy ---Hypyo Hu vy ) = Pf(a [x, ¥, k])°
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Calculating the terms

» So, we know there is a way to calculate the traces using
2k x 2k matrices.

Tr(H Hy,»Hy.y ) = det(a |x,y,k]|).

'\k“k“-
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