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Abstract: <p>Quantum error correction -- originally invented for&nbsp;quantum computing -- has proven itself&nbsp;useful&nbsp;in a varie
non-computational&nbsp;physical systems, as the ideas of QEC are broadly applicable. In this talk, I'll mention a few examples of error cor
in the wild, including the&nbsp;recent discovery that the AdS/CFT correspondence implements&nbsp;quantum error correction.&nbsp; W
then study the&nbsp;hypothesis that&nbsp;any local bulk operator in AdS&nbsp;can be reconstructed using only a causally disconnected su
of the CFT.&nbsp; This hypothesis has been proven under the assumption that error correction in&nbsp;AdS/CFT is exact
this&nbsp;assumption is&nbsp;not expected to be true.&nbsp; Fortunately, recent&nbsp;advances in the theory of approximate quantur
correction have emerged.&nbsp;&nbsp;We will&nbsp;review these results on&nbsp;recoverability and approximate quantum error correcti
well as&nbsp;AdS/CFT and the so-called entanglement wedge reconstruction&nbsp;hypothesis.&nbsp; We will&nbsp;then prove the entang
wedge hypothesis robustly and&nbsp;find an explicit formula for reconstructed bulk operators.&nbsp; If time permits, we will explot
generalization of the theory of universal recovery channels&nbsp;to the case of finite-dimensional&nbsp;von Neumann algebras.</p>
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Smorgasbord of QEC in the wild

Information Replication
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Smorgasbord of QEC in the wild
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TQFT States
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Holography

A 1 1;

Taken from Pastawski, Yoshida, Harlow, Preskill JHEP 2015
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Where are we headed?

Context: AdS/CFT

Main question: What in the bulk is dual to a subregion of the boundary?

For the experts: our end goal is an explicit formula for entanglement
wedge reconstruction in AAS/CFT

We generalize results on universal recovery channels to prove the
entanglement wedge hypothesis robustly, and we give an explicit formula

irsa: 17110136 Page 11/84



Recovery: Classical case — Bayes’ Rule

Problem: Given a classical, stochastic map p(y|L) and an observation of Y, try to infer .

In other words, we want to find a different stochastic map that reverses the original map.
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Recovery: Classical case — Bayes’ Rule

Problem: Given a classical, stochastic map p(y|fL‘) and an observation of Y, try to infer .

In other words, we want to find a different stochastic map that reverses the original map.

--------------------------- _ p(@)p(y|z)
,,,,,,,,,,,,,,,,,,,,,,,,,, p(xly) = oy

We think of the map p(y|:1:) as a channel, with p() as input.
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iIse — Bayes’ Rule

) | ' channel
Sanity check: input p(y) into the new

p(z|y). This gives /|33) and an observation of Y, try to infer .

E ('] \TJ)T)(U) = E —('—)}()%}'\_)‘P(’U) :l IaStiC lllap tl 1at reverses the Ol |g|na| lllap.
Y

Y

= Z p(:l:)p(y\‘l’) ‘)p(y | x)
o(y)

= p(x)

' Y as expected.
which is the random variable X, as €X]

h p(x) as input.

—
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Recovery: Classical case — Bayes’ Rule

Problem: Given a classical, stochastic map p(y|:1’:) and an observation of Y, try to infer .

In other words, we want to find a different stochastic map that reverses the original map.

Bayes'Rule: . plaly) = (ZB;E(’SW

We think of the map p(J|J,) as a channel, with p(z) as input.
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Recovery: Quantum case

Problem: Given a quantum channel A/, find another quantum channel R that reverses the
action of A/ (i.e., a recovery map)

p— N N RoN(p)=p

.
.
-
......
., .
-----
........
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Recovery: Quantum case

Problem: Given a quantum channel A/, find another quantum channel R that reverses the
action of A/ (i.e., a recovery map)

p— N N RoN(p)=p

.
.
-
......
L] .
-
......
-------

Equal to zero iff p = O

Relative Entropy: D(pHO‘) = Tr(p log p) — Tr(p log 0)

| Ameasure of distinguishability.
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Recovery: Quantum case

Problem: Given a quantum channel A/, find another quantum channel R that reverses the
action of A/ (i.e., a recovery map)

p— N | N(p) RoN(p)=p

.
-
-
......
-. "
.....
-------

Equal to zero iff p = O

Relative Entropy: D(pHO‘) = Tr(plog p) — Tr(plog o)

| Ameasure of distinguishability.

Monotonicity of relative entropy: D(pHO’) Z D (N(p) HN(O'))

Equality in the relative entropy condition means that we don’t lose any information

This suggests that we should be able to “undo” the channel and recover the initial state
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Exact recovery: Petz map
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D(pllo) = D (N(p)|N (o))
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Exact recovery: Petz map

.
.
*
*

D(pllo)= D (N(p)|N (o))

3 P suchthat,V p,a, PoMN(p)=p PoN(c)=0c

"""""""""""""""""""""""""""""""""""""""

.....................................................................

.'PU,N( ) =o2NT (N(U)-l/g( | )N(U)—lm) 01/2,

M. Ohya and D. Petz. Quantum Entropy and Its Use. Springer-Verlag, 1993.



Approximate recovery: universal channels

P N N Reo N oN(p) = p

.
.
.
. .
......
"""""

For any channel N there exists a recovery channel R, »r depending only on o and N such that

D(pllo) ~ DN (DN (@) > ~210g Flp, (Rauw o N (p)) |
ey F(p,0) = [|V/pv/alh

RG,N(‘):/

J R

dt Bo(t)o TN (N (o)™ =" (- IN(0) 7 ) o

Explicit form of recovery channel

1—it 144t 1+if‘

Bt} = g(cosh(:rrt) + 1!

M. Junge, R. Renner, D. Sutter, M. M. Wilde, and A. Winter, arXiv preprint arXiv:1509.07127 (2015).
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P N N Reo N oN(p) = p
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RG,N(‘):/

J R

dt Bo(t)o TN (N (o)™ =" (- IN(0) 7 ) o

Explicit form of recovery channel

1—it 144t 1+if‘

Bt} = g(cosh(:rrt) + 1!

M. Junge, R. Renner, D. Sutter, M. M. Wilde, and A. Winter, arXiv preprint arXiv:1509.07127 (2015).
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Tools we use

w
In[8]:= Plot[; (Cosh[rxt] +1)7', {t, -3, 3}, PlotRange -» All, AxesLabelaAutomat'ic]

Bu(f) = - (COSh(’]Tt) -+ 1)—1

TS

Oul[8]=

| 1 - 2 3
il =]
In[9):= Integrate[-z- (Cosh[nt] + 1), {t, -c, co}]

outigl= 1

Pirsa: 17110136 Page 23/84



A non-commutative version of Bayes’ Rule

Fazman] Pow(-) = o V2NT (N (@) V2( )N (o)) o2

: : Provided 1) =D (N(p) N
The Petz map reduces to Bayes’ rule in the classical case: rouded Diplje) Wil d

e NV ~p(ylz), and NT =N
o 0~ p(x)
« No)~ply) (X, pyloin(@) = ply))

Since all terms commute, the Petz map reduces to Bayes’ rule as follows:

Poa () = PN (N(0) ™ 2( N (o) /%) o2

=oN ((-)N(o)™") ~ p(rzf(’if)lh)
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A non-commutative version of Bayes’ Rule

Do~ R : _ d
. Classical case: | p(z|y) = =
...................... dt

~ log (M 4 f-P(?J|-’“)> o— N _N(U)
t=0 p(x) 4

e -
. .
. .
. .
. ..
LT PP L




A non-commutative version of Bayes’ Rule

d

dt

log (
t=0

p(y)
p(x)

+t p(y|:n)>

Approximate recovery:

-
-
-
‘‘‘‘‘‘
L .
.....
.......

—
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A non-commutative version of Bayes’ Rule

Classicalcaser | p(rly) = [ 1oa (1) 1 1510 g B N (o)
’R RoN (o) =0
Approximate recovery
Choi states of the chamnels: | @ r = (id @ N) [ | D) ]
D) = |5)14) or = ([d®R)[|PKP| ]
J
d —1
Choi state of universal recovery channel (I)’R = g lo (N(O') X o + 1 (DN*)
, 1t=0
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Tools we use

00
1+it _ 1—it

a4 log(A—I—tB):/ dt Bo(t) A~ 2 B

dt lt=0 e

Dlog(A)|B] :

Schwarz inequality: M[XTIM[X] < M[XTX]

D. Sutter, M. Berta, and M. Tomamichel, Commun. Math. Phys. 352, 37 (2017), 1604.03023
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Recovery: Quantum case

Problem: Given a quantum channel A/, find another quantum channel R that reverses the
action of A/ (i.e., a recovery map)

p— N | N(p) RoN(p)=p

.
-
-
......
-. "
.....
-------

Equal to zero iff p = O

Relative Entropy: D(pHO‘) = Tr(plog p) — Tr(plog o)

| Ameasure of distinguishability.

Monotonicity of relative entropy: D(pHO’) Z D (N(p) HN(O'))

Equality in the relative entropy condition means that we don’t lose any information

This suggests that we should be able to “undo” the channel and recover the initial state
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A non-commutative version of Bayes’ Rule

Classicalcaser | p(rly) = [ 1oa (1) 1 1510 g B N (o)
’R RoN (o) =0
Approximate recovery
Choi states of the chamnels: | @ r = (id @ N) [ | D) ]
D) = |5)14) or = ([d®R)[|PKP| ]
J
d —1
Choi state of universal recovery channel (I)’R = g lo (N(O') X o + 1 (DN*)
, 1t=0
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Approximate universal recovery for algebras

- -

' Lemma: | o A and B be finite-dimensional von Neumann algebras

let o N :S(A) — S(B) be a quantum channel

e p,0 € S(A) be states such that supp p C suppo

Then  D(pllo) - DWTpl|No]) > ~2log Flp, (R o A)[o])

Ron[y] = /dt Bo(t)o ™82 P, u [N[J]'it/Q'yN[a]_it/Q git/2

B,(t) = g(msh(m) +1)-1
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AdS/CFT

Gravity in anti-de Sitter space in d+1 dimensions
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Conformal field theory in d dimensions
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AdS/CFT

Gravity in anti-de Sitter space in d+1 dimensions
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AdS/CFT

Gravity in anti-de Sitter space in d+1 dimensions

--------
- - -
- -
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Conformal field theory in d dimensions

We often think of the CFT as living on
the boundary of AdS

______________________________________________
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AdS/CFT

Gravity in anti-de Sitter space in d+1 dimensions

--------
- - -
- -
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Conformal field theory in d dimensions

We often think of the CFT as living on
the boundary of AdS

______________________________________________

The entropy of a boundary subregion
is given by the area of the RT surface

______________________________________________
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AdS/CFT

Gravity in anti-de Sitter space in d+1 dimensions

--------
- - -
- -
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We often think of the CFT as living on
the boundary of AdS

______________________________________________

The entropy of a boundary subregion
is given by the area of the RT surface
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AdS/CFT

Gravity in anti-de Sitter space in d+1 dimensions
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Adua

Conformal field theory in d dimensions

We often think of the CFT as living on
the boundary of AdS

______________________________________________

The entropy of a boundary subregion
is given by the area of the RT surface

______________________________________________
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Bulk reconstruction and HKLL

Gravity in anti-de Sitter space in d+1 dimensions

A2

v
)
)
)

A Y XN

- -
Ch |

Conformal field theory in d dimensions

A. Hamilton, D. Kabat, G. Lifschytz, and D. A. Lowe, Phys. Rev. D 74, 066009 (2006).
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Bulk reconstruction and HKLL

Gravity in anti-de Sitter space in d+1 dimensions

Conformal field theory in d dimensions

+ HKLL: express local bulk operators as
! smeared boundary operators

A2

5
)
)

VA

- -
Ch |

-------------
- * -

A. Hamilton, D. Kabat, G. Lifschytz, and D. A. Lowe, Phys. Rev. D 74, 066009 (2006).
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Bulk reconstruction and HKLL

Gravity in anti-de Sitter space in d+1 dimensions

Conformal field theory in d dimensions

—

HKLL: express local bulk operators as
smeared boundary operators

4 29

5
‘a
)
1Y

g\

A. Hamilton, D. Kabat, G. Lifschytz, and D. A. Lowe, Phys. Rev. D 74, 066009 (2006).
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