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Outline

The Covariant Functional Integral over Geometries

Conformal Anomaly required by General Covariance

Effective Field Theory & Anomalies

Massless Scalar Poles in Anomaly Amplitudes

Effective Theory of Low Energy Gravity

Role of the Conformal/Trace Anomaly
New Scalar Degree of Freedom from the Trace Anomaly

Scalar Gravitational Waves in EFT of Gravity

Conformal Part of Metric becomes Dynamical

Consequences for Astrophysics and Cosmology

Pirsa: 17110117

Page 3/21




Functional Integral over Geometries
Treat an arbitrary metric as a ‘point’
XE g 00)
in the space of all metrics, and the one-form
dX® & 0gu(z) = hyu(z)

in the cotangent space, with covariant inner product

Gab( X NdXedX? & (h,h) = /d v/ —ghu(z ’”’”ﬁlm (2)
In local tangent frame vierbein notation
I n
Juv = P; -;j Tlmn e = det(e ;:1) —Vv—4g

e I
h’[.'.i.f — =€, €, h’-m.-n.

Ve
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Gaussian Measure

Inner Product becomes
(o = / d*x fr,,,,,( A E L /r,., ()

with the ‘Supermetric’

~ 1
ymnrs ,, ,, 1, Y
T = 5 (’]mrr Nns T NmsNnr + C '/-m.n.’]rs)

The pointwise functional measure

Dh,,] = Mo cn dhpn(2) = e P~ VPV dhy, (2)
is ill-defined, but can be fixed by defining

Dh,.| exp —i h.hi | =1
[ ) e (5010
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Gaussian Measure

Inner Product becomes

(h, iy = / dtx f}.,,,_.,,_(:r) GRE b, ()

with the ‘Supermetric’

1
Ymnrs ,, ,, 1, Y.
T — 5 (’]mrr/]-ns + msnr + C '/'n';.wn_.f]r.s‘)

The pointwise functional measure

[ =t dhyn () = M,eP~ D] /1( gL, < i ()
is ill-defined, but can be fixed by defining

/ Dh,,.| exp (2</1 /z>> —
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Extract Diffeomorphisms

Decompose Metric Perturbation

| 2 |
hltu = ] v (L&)l”’ (20 I DVA&A) v

with 3, )\
(L_{);u/ - v;z{r/ v vvép — BV)\é Yuv

Change variables in the measure
Dh,.,] = J[Dh, )D€, Do

Diffeomorphism Volume eliminated by

[Vol(G)] ! /['D/zlw} = / ][Dhl”,HDU}
Jacobian easily computed by Gaussians
! ]
J = ((l(rtvLT L)z (Fadeev-Popov)

v
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General Invariant Path Integral

General coordinates of Metric

Emaa b al

Gl exp (2(7 (X )) .(](i_ 5(X)

' OxH Oz¥

gives

Vol(G)] ]/ Dh,, ] exp ('J'S,-_,,..,,]__(/D : /.]\'D_{/Ilu Dol exp (iS,-_.,,.J. [(‘Eﬁg | ])

Generally Covariant Definition of Path Integral
over Lorentzian Geometries without Discretization

J removes unphysical gauge modes, ghosts
Agrees with Canonical Phase Space Defn.

Gives Trace Anomaly in 2D Gravity (a.k.a. non-
critical string theory) and in 4D (cf. Fujikawa)
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Extract Diffeomorphisms

Decompose Metric Perturbation
1 T -— 2 -\
hl“’ = h,u,,r./ + (L‘i)[“/ + 20 + Dv/\‘i guu

with

2
(Lé);w = Vuéo + Vo€ — D V& G
Change variables in the measure

Dhyw| =J [Dhy,, |[D Eul[Do)

gz
Diffeomorphism Volume eliminated by

Vol(@)) ™" [ [Dhyu] = [ 7 (DAL )Do]
Jacobian easily computed by Gaussians
! |
J = (dety L'L)? (Fadeev-Popov)
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General Invariant Path Integral

General coordinates of Metric
0X* §XxXP
- OxH Oz

exp (QU(X )) g(iﬁ (X)

Guv ( £ )

gives

V(@) [ Dhyu) exp (iSinalo]) = [ g ][D0) e (1S [

Generally Covariant Definition of Path Integral
over Lorentzian Geometries without Discretization

J removes unphysical gauge modes, ghosts
Agrees with Canonical Phase Space Defn.

Gives Trace Anomaly in 2D Gravity (a.k.a. non-
critical string theory) and in 4D (cf. Fujikawa)
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2D Gravity

Secilg]l = [ d?z/g(+R — 2))
has no local degrees of freedom in 2D, since
Gab = eXp(20)Gap — exp(20)Mqsp
(all metrics conformally flat) and
VIR = \/gR — 2,/g/ o
gives a total derivative in S,
Quantum Trace or Conformal Anomaly
(T%) = —» R
cm=N,+ N,. for massless scalars or fermions
Linearity in o in the variational eq.

ez = /g (T%)

determines the Wess-Zumino Action by
inspection
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General Invariant Path Integral

General coordinates of Metric
0X* §XP
Jria iz

exp (QU(X )) g(iﬁ (X)

guv(m)

gives

Vol(G) ]/Ww exp (-JS.,-_,,..,,]_(/D ' /']”D.(/;EU Dol exp (iS,-_.,,.J. [(‘3”9 { ])

Generally Covariant Definition of Path Integral
over Lorentzian Geometries without Discretization

J removes unphysical gauge modes, ghosts
Agrees with Canonical Phase Space Defn.

Gives Trace Anomaly in 2D Gravity (a.k.a. non-
critical string theory) and in 4D (cf. Fujikawa)
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2D Anomaly Action

Integrating the anomaly linear in O gives
Cm

Dy zlg, o] = e d’z+/G (—(_7[:]0‘ + Ro)
This is local but non-covariant. Note term for O
By solving for O the WZ action can be also written

FH-"Z [(1 U'} — Sa,-nmn, [,(j — 6 }] S””“m [(]]

Polyakov form of the action is covariant but non-local

*qc':'m')-m [(]] = d £ \f / (/ \/ql hi ( I)'.‘,,E_]:/ h)-';r’

967
A covariant local form 1mp]1u. a scalar field

('.

Sanom|9; Pl = = / *z/g [9°°(Vap)(Vep) + 2Ry

96

— Dl = iR Q > 20
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2D Ward Identity and Massless Poles

Fffects of Anomaly may be seen in flat space amplitudes

T,‘l rr‘i

Conservation of T, Ward Identity in 2D implies
Maped(k) = (Napk? = kaks) (neak? — kcka) TI(k?)

Anomalous Trace Ward Identity in 2D implies

k2 TI(k?) #£ 0 at £ =0

n %
al Ao 2 ()T Al
‘n, n—qg“q
|
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2D Ward Identity and Massless Poles

F.tfects of /"\n()mﬁly may be seen in flat space nmplitudcs

T,‘l rr‘ ]

Conservation of T, Ward Identity in 2D implies
Mabed(k) = (Navk? — kaks)(neak® — keka) TI(K?)

Anomalous Trace Ward Identity in 2D implies

k? H(k:z) £ (0 at ££=0

n—
al ~ 2 ()T dl
7 ) T —q g
I
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Quantum Effects of 2D Anomaly Action

in Anomalous Amplitude
Eftective Massless Boson in Two-Particle Intermediate
State: of the Vacuum
Anomalous Current Commutators are Canonical
Commutators of the Composite Boson
of Classical Theory required by Quantum
Fluctuations & Covariant Conservation of (1%)
Metric conformal factor e*° (was constrained) becomes
& itself fluctuates freely c-26 — c-25

Gravitational ‘Dressing’ of critical exponents:
list macroscopic physics

Additional non-local Relevant Operator in Sy

‘New’ Massless Scalar Degree of Freedom at low energy
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2D Ward Identity and Massless Poles

Fffects of Anomaly may be seen in flat space amplitudes

T,‘l rr‘i

Conservation of T, Ward Identity in 2D implies
Mabed(k) = (abk® — kaks) (Neahk® — kekq) TI(k?)

Anomalous Trace Ward Identity in 2D implies

k2 TI(k?) # 0 at £2=0

m—
al A 2 ()T il
‘n, n—q“q
|
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Quantum Effects of 2D Anomaly Action

in Anomalous Amplitude
Eftective Massless Boson in Two-Particle Intermediate
State: of the Vacuum
Anomalous Current Commutators are Canonical
Commutators of the Composite Boson
of Classical Theory required by Quantum
Fluctuations & Covariant Conservation of (T%,)
Metric conformal factor e*° (was constrained) becomes
mical & itself fluctuates freely c-26 — c-25

Gravitational ‘Dressing’ of critical exponents:
| macroscopic physics

Additional non-local Relevant Operator in S

‘New’ Massless Scalar Degree of Freedom at low energy
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Effective Field Theory &
Quantum Anomalies

EFT = Expansion of Effective Action in Local Invariants
Assumes Decoupling of Short (UV) from Long Distance (! 11)
But Massless /Light Fields do not decouple

Massless Chiral, Conformal Symmetries are Anomalous
Massless Poles in Anomalous Amplitudes

Special Non-Local Contributions Low Energy EFT
Equivalently, additional Low Energy Local Degrees of Freedom

Macroscopic Effects from Quantum Fluctuations
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