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Abstract: <p>Conventional quantum processes are described by quantum circuits, that represent evolutions of states of systems from input to output.
In this seminar we consider transformations of an input circuit to an output circuit, which then represent the transformation of quantum evolutions.
At thislevel, al the processes complying to admissibility conditions have in principle a physical realization scheme. The construction of a hierarchy
of transformations of transformations, however, can proceed arbitrarily far, and in the higher orders one encounters admissible functions that have
indefinite causal structures. These give rise to questions about possible realization schemes. Still, many of the maps in the hierarchy can be proved
to have aredlistic physical interpretation. In order to study the hierarchy, we introduce a simple rule for constructing new types of maps from known
ones, and show how the tensor product can be rephrased in terms of the new rule. We use the hierarchy of types to introduce a partial order, which
allows us to prove properties of maps by induction. We will then use induction proofs to discuss the characterisation of mathematically admissible
maps at every level. We show an important structural result for a subclass of higher-order maps, and we conclude with the open question of their
physical achievability.</p>
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Quantum channel

Sends input states into output states
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Admissibility conditions
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Non-deterministic maps
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Causality and time
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Causality and time
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Computational space-time
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Computational space-time
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Choi isomorphism
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Normalization
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Normalization
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General theorem

Admissibility conditions
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General theorem

Admissibility conditions
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Hierarchy of combs
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Realisation Theorem

Admissibility conditions
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Realisation Theorem
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Hierarchy of transformations
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Types of transtormations

r=(Ay > B) = (A, - C) = D)

proofs by induction
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Extension of types

(x> y)||A:=2—> (y|l A)
B | A:=BA
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Extension of types

tension by an elementary system
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Extension of types
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Extension of types
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Admissibility axioms
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Types and cones

T » ' DO _ pel ' K(x)

K(AB) = K(A — B)

» Type structures of combs: number of teeth m
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Normalisation constraints
o |

K(AB) = K(A — B)
N(AB) = {p > 0|Trp = 1}
N(A - B)={R>0|TrgR = I,}
r=1y < K(r)=K(y), N(z) = N(y)
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Parallel composition

TRY:=T Y
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Parallel composition
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Parallel composition
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Parallel composition
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Non-signalling channels
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Parallel composition

TQRQY=T Yy

Whynot z wy=a2®y ? 5= 2 — |
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Parallel composition

TRQY=Tr =Yy

Whynot 2 wy=a2®y ? z =2 — 1

Example: AB A B

\ A
A—- B> :_] [:Il_
» A—>B>3

Page 52/87



Uncurrying
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Uncurrying
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Uncurrying
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Uncurrying

(y = 2) = (x0y) = 2 h(z,y) = 9.(y)
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Maps on tensor products

111 > 11 !
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Uncurrying
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Uncurrying

h(z,y) = gu(y)
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The SWITCH

* Exam| map (I1®1)—1

88 (88 88

No-switch theorem:
a quantum circuit implementing the switch map
would be equivalent to a “time loop”
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Mathematical structure

m —> 1 (m & (n 1)) — |
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Mathematical structure

m —> 1 (m & (n 1)) — |
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Mathematical structure
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Mathematical structure
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Theorem

1 — 1 (m & (n 1)) — |

maps m—n are affine combinations of combs of two types
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—Xxample: process matrices

[:.'\| — ])>| ) — _(:.\-_3 —7 l))_):) —2 l
Equivalently by uncurrying

(A =5 B))®(Ay = By)| — 1
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Mathematical structure
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Theorem

1m — 1 (m & (n 1)) — 1

maps m—n are affine combinations of combs of two types
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Theorem
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—Xxample: process matrices
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—Xxample: process matrices

[:.'\| — ])>| ) — _(:.\-_3 —7 l))_):) —2 l
Equivalently by uncurrying

(A] = B)) ® (Ay = By)] = 1
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—easibllity

Implementation scheme for convex combinations:
random choice between different orders

p=0
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Purifications

Implementation schemes for purifications
of convex combinations via
quantum control
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Other maps

Feasibility of other affine combinations
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Other maps

Feasibility of other affine combinations
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Other maps

Feasibility of other affine combinations

?

Any relevant constraint besides admissibility”?
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Other maps

Feasibility of other affine combinations

?

Any relevant constraint besides admissibility”?
It cannot be “our ability to imagine a realisation”.
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Other problems
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