Title: Strolling along gauge theory vacua
Date: Oct 12, 2017 02:30 PM
URL.: http://pirsa.org/17100060

Abstract: <p>We consider classical, pure Y ang-Mills theory in abox. We show how a set of static electric fields that solve the theory in an adiabatic
limit correspond to geodesic motion on the space of vacua, equipped with a particular Riemannian metric that we identify. The vacua are generated
by spontaneously broken global gauge symmetries, leading to an infinite number of conserved momenta of the geodesic motion. We show that these
correspond to the soft multipole charges of Y ang-Mills theory.</p>
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Motivation

» Gauge theory in the presence of boundaries
» Global (large) gauge symmetries
» Moduli space of vacua

» Manton approximation. Low energy dynamics is captured

by motion along the moduli space. [Manton'82]

Pirsa: 17100060 Page 2/99



Motivation

» Gauge theory in the presence of boundaries
» Global (large) gauge symmetries
» Moduli space of vacua

» Manton approximation. Low energy dynamics is captured

by motion along the moduli space. [Manton'82]

Pirsa: 17100060 Page 3/99



Motivation

» Gauge theory in the presence of boundaries
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» Manton approximation. Low energy dynamics is captured
by motion along the moduli space. [Manron’82]
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Motivation

» Gauge theory in the presence of boundaries
» Global (large) gauge symmetries
» Moduli space of vacua

» Manton approximation. Low energy dynamics is captured

by motion along the moduli space. [Manton'82]
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» Moduli space of magnetic monopole (x, «)

x — x(1) moving monopole

a — «ft) Dyo [Julia, Zee '75]
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Plan of the talk

Classical pure YM theory in temporal gauge

Space of vacua and the global gauge symmetries
Geometry of the space of vacua

Adiabatic motion on the space of vacua

Pirsa: 17100060 Page 8/99



Yang-Mills theory

» Classical pure Yang-Mills action with group G

] T (Ll
S =~ TrFu F*

» Field equations

where D = 0 + [A, -]

Pirsa: 17100060 Page 9/99



Yang-Mills in temporal gauge

» Temporal gauge Ag =0 A = Ai(t, z)dz

» Equations of motion

D;A*=0, A;=DF%
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Yang-Mills in temporal gauge

Temporal gauge Ag =0 A = A;(t,z)dx*

Equations of motion

D;A*=0, A;=DF%

Lagrangian of the natural form
L=T-V
where
T = ;/dgrrl‘rAlAz, V= ;/d‘gmfﬁ_ﬁ"ﬁjpij
Residual gauge symmetry group ¢

A—g-A=gAg ' +gdg ', g=g()
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Yang-Mills in temporal gauge

» Temporal gauge Ag =0 A = Ai(t, z)dz

» Equations of motion
D;A* =0, A; = D;F"%
Lagrangian of the natural form
L=T-V

where

1 . 1 L
T=3 / d>zTrA;AY, V= > / d>zTrF,; FY

Residual gauge symmetry group &

Note. g(t,x) is not a symmetry.
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Configuration space

» Configuration space I' = { A(z)}

» Time dependent solutions as curves
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Configuration space

» Configuration space I' = {A(z)}
» Time dependent solutions as curves

» Electric field as the tangent vector
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Configuration space

» Configuration space I' = {A(z)}
» Time dependent solutions as curves

» Electric field as the tangent vector

» Kinetic energy

T — /df‘.cz,-TrA,iA?"
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Configuration space

» Configuration space I' = {A(z)}

» Time dependent solutions as curves

» Electric field as the tangent vector
» Kinetic energy

T — /df‘.cz,-TrA,iA?"

» Metric on the configuration space

g(01A,52A) = f A3z Tr 61 A; 5 A
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Vacuum configurations

» Vacuum A solution with absolute minimum energy

A =0, F=0
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Vacuum configurations

» Vacuum A solution with absolute minimum energy

A =0, F=0

» This implies

A= gdg?
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» Vacuum A solution with absolute minimum energy

A =0, F=0

» This implies

A=g-A,, A, = a reference vacuum

» Vacuum configuration space
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Vacuum configurations

» Vacuum A solution with absolute minimum energy

A =0, F=0

» This implies

A=g-A,, A, = a reference vacuum

» Vacuum configuration space

» Bundle structure
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Vacuum configurations

» Vacuum A solution with absolute minimum energy

A=0, F=0

» This implies

A=g-A,, A, = a reference vacuum

» Vacuum configuration space

» Bundle structure

» Choose coordinates z% on the
space of physical vacua V
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

(}Sﬂfi (‘1:) == qb(t, '1:) . gbab(t)(l:)
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

(}Sﬂfi (‘1:) == qb(t, '1:) . gbab(t)(l:)

» Coordinates z% on the space of physical vacua

A(3§ -T) = 9z (‘E) ' A(’(‘L‘)
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

(}Sﬂfi (‘1:) == qb(t, '1:) . gbab(t)(l:)
» Coordinates z% on the space of physical vacua

A(3§ -T) = 9z (‘E) ' A(’(‘L‘)

2% = () corresponds to a reference vacuum A,
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

(}Sﬂfi (‘1:) == qb(t, '1:) . gbab(t)(l:)
» Coordinates z% on the space of physical vacua

A(3§ -T) = 9z (‘E) ' A(’(‘L‘)

2% = () corresponds to a reference vacuum A,

» Motion on the space of vacua

A(Zif\i, .’.[!) - g;ﬂ{\.ﬂ'_‘} '

Pirsa: 17100060 Page 27/99



Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

(}Sﬂfi (‘1:) == qb(t, '1:) . gbab(t)(l:)

» Coordinates z% on the space of physical vacua

A(3§ -T) = 9z (‘E) ' A(’(‘L‘)

2% = () corresponds to a reference vacuum A,

» Motion on the space of vacua

A(z(t),x) = g.¢) - Ao

» Electric field
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

(}Sﬂfi (‘1:) == qb(t, '1:) . gbab(t)(l:)

» Coordinates z% on the space of physical vacua

A(3§ -T) = 9z (‘E) ' A(’(‘L‘)

2% = () corresponds to a reference vacuum A,

» Motion on the space of vacua

A(z(t),x) = g.¢1) - Ao

» Electric field
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Physical directions on the space of vacua

» Gauss constraint

D;A* = —g.D?cg; ' =0
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Physical directions on the space of vacua

» Gauss constraint
D;A* = —g.D?cg; ' =0

» Therefore physical directions are generated by

o€ 9, s=kerD:Cyg
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Physical directions on the space of vacua

Gauss constraint
D;A* = —g.D?cg; ' =0

Therefore physical directions are generated by

o€ 9, s=kerD:Cyg

The solutions are g valued harmonic functions
O =T Yymdl]

Note. We consider the theory in a finite box.
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Physical directions on the space of vacua

» Gauss constraint

D;A* = —g.D?cg; ' =0

Therefore physical directions are generated by
o € 4, s=kerD:Cg
The solutions are g valued harmonic functions
O =T Yymdl]

Note. We consider the theory in a finite box.

First characterization of global gauge symmetries

6o Ao is physical iff o€
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Second characterization of global gauge symmetries

» Scalar product on gauge algebra

(71 ) 72) = 9(571 Aw 572:‘10)

Pirsa: 17100060 Page 34/99



Second characterization of global gauge symmetries

» Scalar product on gauge algebra

(71 ) 72) = 9(571 Aw 572:‘10)

Pirsa: 17100060 Page 35/99



Second characterization of global gauge symmetries

» Scalar product on gauge algebra

(71 ) 72) = 9(571 Aw 572:‘10)

» Group of local (pure) gauge symmetries
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Second characterization of global gauge symmetries

» Scalar product on gauge algebra

(71 ) 72) = 9(5'71 Ao, 572A())

» Group of local (pure) gauge symmetries

gO = {(7 (= g': g|a_]w - 1}
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Second characterization of large gauge symmetries

1 A g e C al
nNal decombposition or the oalloce
idl decom Hu SILIUI U1 LIIC (e | L §
] . -

g=g,0s o=gp
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Second characterization of large gauge symmetries

L

: [ | | | B e e 2 al | | | | "
nanal decomnos<ition of the canioe aloehra
1dl decom [._;‘ OSITION Orf tne auge c’ll 24 = B 'd
| - . | - )

g=g,0s o=gp

» Proof. Take any v € gy, 0€g

(70, 0) y d>z Tr D' vy Dio

— / d3x Tr Y0 Dgo + d; Tr v DE’,U
M oM
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Second characterization of large gauge symmetries

L

: [ | | | B e e 2 al | | | | "
nanal decomnos<ition of the canioe aloehra
1dl decom [._;‘ OSITION Orf tne auge c’ll 24 = B 'd
| - . | - )

g=g,0s o=gp

» Proof. Take any v € gy, 0€g

<701 U) — v d3:1? Ty .Di")’o D;O’

= —/ d*z Tr vy D20
M

Check that 6 C g5, gg C 4.

Page 40/99



Pirsa: 17100060

Second characterization of large gauge symmetries

g=g,0s o=gp

» Proof. Take any v € gy, 0€g

<701 U) — v d3:1? Ty .Di")’o D;O’

= —/ d*z Tr vy D20
M

Check that 6 C g3, gp C 6.

» Decomposition v = v, + Yo
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Second characterization of large gauge symmetries

g=g,0s o=gp

» Proof. Take any v € gy, 0€g

<701 U) — v d3:1? Ty .Di")’o D;O’

= —/ d*z Tr vy D20
M

Check that 6 C g3, gp C 6.

» Decomposition v = v, + Yo

» Remark. s does not form an algebra w.r.t the usual bracket!
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Third characterization of global gauge symmetries

» Go is a normal subgroup of G
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Third characterization of global gauge symmetries

» Go is a normal subgroup of G
» Group of global gauge symmetries S = G/Gy

» The algebra of S can be identified with 8 = ker D?

with the modified bracket

[01; 02]* - [01; 02]0
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Third characterization of global gauge symmetries

» Go is a normal subgroup of G
» Group of global gauge symmetries S = G/Gy

» The algebra of S can be identified with 8 = ker D?

with the modified bracket
[01; 02]* - [01; 02]6

Inkhhhyal oo cyviemrmaoatrrioncec
I ZI10DA4dl B8d u é:;__ < ;‘:E‘ffl nmesLries

S = g|8ﬂd
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Third characterization of global gauge symmetries

» Go is a normal subgroup of G
» Group of global gauge symmetries S = G/Gy

» The algebra of S can be identified with 8 = ker D?

with the modified bracket
[01: 02]* - [01; 02]6

Lerization or giobal gauge symmetries

S = g|8ﬂd

Proof [First isomorphism thm.] If ¢ : G — H is a homomorphism,
G/ ker ¢ = ¢(G)

Take ¢ to be the restriction to the boundary ¢(G) = G|,
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Inner product on global gauge symmetries

» Given the identification 4 = g|8M, one can naively define the

inner product

(o1,09) = d¥. Troq09
oM
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Inner product on global gauge symmetries

» Given the identification 4 = g|8M, one can naively define the
inner product

(o1,09) = d¥. Troq09
oM

» However, the metric on 4 is more nontrivial

(o1,092) = /d3:r_: D'o1 Doy
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Inner product on global gauge symmetries

» Given the identification 4 = g|8M, one can naively define the

inner product

(o1,09) = d¥. Troq09
oM

» However, the metric on 4 is more nontrivial

<01302> = dEiTI'CTngCIQ
JOM

= (01, ]E‘Ug)

where (Do)|s,, = (nfiDm-J)|3M
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Inner product on global gauge symmetries

» Given the identification 4 = g|8M, one can naively define the

inner product

(o1,09) = d¥. Troq09
oM

» However, the metric on 4 is more nontrivial

<01302> = dEiTI'CTngCIQ
JOM

= (01, ]E‘Ug)
where (Do)|s,, = (nfiDm-J)|3M
» D can be extended into the bulk by further requiring that

Do € 4, Vo € ¢
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Degenerate directions

» The introduced inner product is degenerate when Do =0
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Degenerate directions

» The introduced inner product is degenerate when Do =0

» |t can be shown that

]DU:O,DEU:D = Dic’;r:()

that is o acts trivially on the gauge field
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Degenerate directions

» The introduced inner product is degenerate when Do =0

» |t can be shown that

DUZO,D(%U:O = DiUZO

that is o acts trivially on the gauge field

| P 2 2o % B b 2 ST SRR B A Wy S
Isotropic gauge symmetries

k=lkecg L4 =0l
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Degenerate directions

» The introduced inner product is degenerate when Do =0

» |t can be shown that

DUZO,D(%U:O = DiUZO

that is o acts trivially on the gauge field

| P 2 2o % B b 2 ST SRR B A Wy S
Isotropic gauge symmetries

k=lkecg L4 =0l

» That is ker D = &, the algebra of K.
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Geometry of the space of vacua
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Space of vacua

» Moduli space of vacua
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Space of vacua

» Moduli space of vacua
» It is a homogeneous space

y=S§S/K
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of vacua

Moduli space of vacua

V=S§S-A,

It is a homogeneous space
V=S/K=G\G/K
Around the reference vacuum

6 =m®DAR, .V =m
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of vacua

Moduli space of vacua
V=S§S-A,
It is a homogeneous space
VES/K=G\G/K
Around the reference vacuum

6 =m®DAR, .V =m

Choose a basis {A,} for m
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of vacua

Moduli space of vacua
V=S§S-A,
It is a homogeneous space
VS/K=G\G/K
Around the reference vacuum
6 =m®Rk, T,V =m

Choose a basis {A,} for m

Coordinate on V

Az =gz Ao; g = exp()\a_z”’)
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Geometry of the space of vacua

» Remind that for adiabatic motion

A = —30: (D()U_z) 9;1 ) Oz = g,'z_].gz
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Geometry of the space of vacua

» Remind that for adiabatic motion

A = —30: (D()U_z) 9;1 ) Oz = g,'z_].gz

» Lagrangian

L= | dzTrA'A; = (0.,0,)
M
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Geometry of the space of vacua

» Remind that for adiabatic motion
A = —3gz (Dogz) ‘_7;3_1 ) Oz = gz_].gz
» Lagrangian

L= | dzTrA'A; = (0.,0,)
M

» Since time appears only through the z(t),

L= z'“,éb(ea,, ep)
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Geometry of the space of vacua

» Remind that for adiabatic motion
A=—g.(Dooz)g;",  02=g;"¢:
» Lagrangian
L= y dxTr A* A; = (0, 0,)

» Since time appears only through the z(t),

L= z'“,éb(ea,, ep)

e= (97 (2)de(2))
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Geometry of the space of vacua

» Remind that for adiabatic motion
A = —3gz (Dogz) ‘_7;3_1 ) Oz = gz_].gz
» Lagrangian

L= | dzTrA'A; = (0.,0,)
M

» Since time appears only through the z(t),

L= z'“,éb(ea,, ep)

where e is the Maurer Cartan form pulled back to V

e=(97'(2)dg(2))
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Geometry of the space of vacua

» Remind that for adiabatic motion
A = —3gz (Dogz) ‘_7;3_1 ) Oz = gz_].gz
» Lagrangian

L= | dzTrA'A; = (0.,0,)
M

» Since time appears only through the z(t),

L= z'“,éb(ea,, ep)

where e is the Maurer Cartan form pulled back to V

e = (g—l.(z)dg(z))m = €2\, d2°
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Geometry of the space of vacua
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Geometry of the space of vacua

» Lagrangian is that of a free particle on the space of vacua,
with metric

ga,b( ) = (Ga: eb) = (Gm Deb)
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Geometry of the space of vacua

» Lagrangian is that of a free particle on the space of vacua,
with metric

ga,b( ) = (Ga: eb) = (G(L?Deb) = ng e%(z) eg(z)
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Geometry of the space of vacua

» Lagrangian is that of a free particle on the space of vacua,
with metric

ga,b( ) = (Ga: eb) = (G(L?Deb) = ng e%(z) eg(z)
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Geometry of the space of vacua

» Lagrangian is that of a free particle on the space of vacua,
with metric

ga,b( ) = (Ga: eb) = (G(L?Deb) = ng e%(z) eg(z)

> e plays the role of a vielbein
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Dynamics

» Solutions are geodesics on the space of vacua
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Dynamics

» Solutions are geodesics on the space of vacua
» A large set of solutions are of the form

g(t,x) = exp(tvAy)
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Dynamics

» Solutions are geodesics on the space of vacua
» A large set of solutions are of the form
g(t,x) = exp(tvAy)

if A is an eigenvector of .
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Dynamics

» Solutions are geodesics on the space of vacua
» A large set of solutions are of the form
g(t,x) = exp(tvAy)
if A is an eigenvector of .

» Corresponding spacetime field

FE = —'UgDo)\ggil,
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Conserved charges
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Conserved charges

» The metric is left invariant under S
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Conserved charges

» The metric is left invariant under S

» Associated to each o € 4, there is a Killing vector on V

§o(2) = (9.0 92)" €4(2)0a

where €] is the inverse of the vielbein ea. |[Castellani et.al. '
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Conserved charges

» The metric is left invariant under S

» Associated to each o € 4, there is a Killing vector on V

§o(2) = (9.0 92)" €4(2)0a

where €] is the inverse of the vielbein ea. |[Castellani et.al. '84]

» There is a conserved charge associated to each Killing vector

Pl = o€

sa ot
e € = e
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Conserved charges

» The metric is left invariant under S

» Associated to each o € 4, there is a Killing vector on V

§o(2) = (9.0 92)" €4(2)0a

where €] is the inverse of the vielbein ea. |[Castellani et.al. '84]

» There is a conserved charge associated to each Killing vector

8_[; E
P — T ea 2@ -0
[6] 82&5 gﬂ,bz f
» The momentum is equal to the corresponding Noether charge
in the full theory

P, — j{ dSn, Tro B = Q,
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Maxwell theory

» Global gauge symmetries

Ofm — (
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Maxwell theory

» Global gauge symmetries

» The D operator
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Maxwell theory

» Global gauge symmetries

» The D operator

» s =m® A where

{=0—R&, {>1—>m
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Maxwell theory

» Global gauge symmetries

» The D operator

» s =m®D A where
{=0—R&, {>1—>m

» Vielbein

€ = Z vamdzgm

£21,m
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Maxwell continued

» Metric

ds* =R Y £(dz"™)?

2>1,m
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Maxwell continued

» Metric

ds® = R Z 14 (dzgm)2

2>1,m
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Maxwell continued

» Metric

ds® = R Z 14 (dzgm)2

2>1,m
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Maxwell continued

» Metric

ds® = R Z 14 (dzgm)2

2>1,m

—9g. (0;0) 9;1 = —00,
o=

Adiabatic motion on the space of vacua corresponds to spacetime
field which is a source-free electrostatic solution.
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Yang-Mills theory

» Global gauge symmetries

O¢mI = (
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Yang-Mills theory

» Global gauge symmetries

r ¢
O¢mlI = (R) rl}?mv—jia 17 € g

» Modified algebra of global gauge symmetries

%
[Oem1, Oemeg)s = Z J17 Comermerm» O

{'m" K

where [T7,T;] = fr;%Tx and C are the Clebsch-Gordan
coefficients.
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Yang-Mills theory
» Global gauge symmetries

R
» Modified algebra of global gauge symmetries

r ¢
O¢mlI = ( ) rl}?mv—jia T7 € g

%
[Oem1, Oemeg)s = Z J17 Comermerm» O

{'m" K

where [T7,T;] = fr;%Tx and C are the Clebsch-Gordan

coefficients.

» Metric becomes too complicated
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Yang-Mills theory

» Global gauge symmetries

r ¢
O¢mlI = (R) rl}?mv—jia 17 € g

» Modified algebra of global gauge symmetries

%
[Oem1, Oemeg)s = Z J17 Comermerm» O

{'m" K

where [T7,T;] = fr;%Tx and C are the Clebsch-Gordan
coefficients.

» Metric becomes too complicated

» Spacetime fields are again source free electrostatic solutions
dressed by global gauge symmetries
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Discussion
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Discussion

» Memory effect
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Discussion

» Memory effect

» The large R limit
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Thank you for your attention

In memory of Maryam Mirzakhani (1977-2017)
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