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Abstract: <p>We consider classical, pure Yang-Mills theory in a box. We show how a set of static electric fields that solve the theory in an ad
limit correspond to geodesic motion on the space of vacua, equipped with a particular Riemannian metric that we identify. The vacua are ge
by spontaneously broken global gauge symmetries, leading to an infinite number of conserved momenta of the geodesic motion. We show tf
correspond to the soft multipole charges of Yang-Mills theory.</p>
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Motivation

» Gauge theory in the presence of boundaries
» Global (large) gauge symmetries
» Moduli space of vacua

» Manton approximation. Low energy dynamics is captured

by motion along the moduli space. [Manton'82]
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» Gauge theory in the presence of boundaries
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by motion along the moduli space. [Manton'82]

» Moduli space of magnetic monopole (x, «)
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Motivation

» Gauge theory in the presence of boundaries
» Global (large) gauge symmetries
» Moduli space of vacua

» Manton approximation. Low energy dynamics is captured

by motion along the moduli space. [Manton'82]

000

» Moduli space of magnetic monopole (x, «)

x — x(t) moving monopole

a — «ft) Dyon [Julia, Zee '75]
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Plan of the talk

Classical pure YM theory in temporal gauge

Space of vacua and the global gauge symmetries
Geometry of the space of vacua

Adiabatic motion on the space of vacua
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Yang-Mills theory

» Classical pure Yang-Mills action with group G

§=—3 TrF P!

» Field equations
DIJ’ E“H/ pr— O

where D = 0 + (A, -]
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Yang-Mills in temporal gauge

» Temporal gauge Ag =0 A = Ai(t,z)dx

» Equations of motion

D;A*=0, Aj=D;F¥V
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Yang-Mills in temporal gauge

Temporal gauge Ag = 0 A = Ai(t,z)dx

Equations of motion

D;A*=0, Aj=D;F¥V

Lagrangian of the natural form
L=T-V
where
! ] . 3.1 1. A? ' ] 3 179
r= / PoTrAdi, V= / BrTeF; F
Residual gauge symmetry group ¢

A—g-A=gAg  +gdg!, g=g(x)
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Yang-Mills in temporal gauge

» Temporal gauge Ag =0 A = Ai(t,z)dx

Equations of motion

D;A*=0, Aj=D;F¥V

Lagrangian of the natural form
L=T-V
where
s B ] : 'i o A -’i i ] 3 (o B T 1?‘, ]
r= / PoTrAdi, V= / BrTeF; F
Residual gauge symmetry group ¢
A—g-A=gAg'+gdg™', g=g(z)

Note. g(t,x) is not a symmetry.
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Configuration space

» Configuration space I' = { A(z)}

» Time dependent solutions as curves
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Configuration space

» Configuration space I' = {A(z)}
» Time dependent solutions as curves

» Electric field as the tangent vector
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Configuration space

» Configuration space I' = {A(z)}
» Time dependent solutions as curves

» Electric field as the tangent vector

» Kinetic energy

re [ detedid
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Configuration space

» Configuration space I' = {A(z)}

» Time dependent solutions as curves

» Electric field as the tangent vector
» Kinetic energy

re [ detedid

» Metric on the configuration space

g(E A, S ) = / 32 Tr 6, A; 5o A*

Pirsa: 17100060 Page 16/99



Vacuum configurations

» Vacuum A solution with absolute minimum energy

A=0, F=0
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Vacuum configurations

» Vacuum A solution with absolute minimum energy

A=0, F=0

» This implies

A= gdg!
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» This implies
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A=g-A A, = a reference vacuum
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Vacuum configurations

» Vacuum A solution with absolute minimum energy

A=0, F=0

» This implies

A=g-A A, = a reference vacuum

» Vacuum configuration space

» Bundle structure
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Vacuum configurations

» Vacuum A solution with absolute minimum energy

A=0, F=0

» This implies

A=g-A A, = a reference vacuum

» Vacuum configuration space

» Bundle structure

» Choose coordinates z% on the
space of physical vacua V
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

qsu:i (.I‘) - qf)(i;, .I‘) - Qb(x.g(f;)(m)
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

qs(lfi (I) - qf)(i;, .I‘) = Qb(x.,;(f;)(m)
» Coordinates z® on the space of physical vacua

A(, .I') = g;;(ﬂ?) ' fi(,(l‘)
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

qsu:i (.I‘) - qf)(i;, .I‘) - Qb(x.g(f;)(m)

» Coordinates z® on the space of physical vacua

A(, .I') = g;;(ﬂ?) ' fi(,(l‘)

2% = () corresponds to a reference vacuum AO
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Adiabatic motion on vacua

» Manton approximation [Manton’82, Stuart'07]

qsu:i (.I‘) - qf)(i;, .I‘) - Qb(x.g(f;)(m)

» Coordinates z® on the space of physical vacua

A(, .I') = g;;(ﬂ?) ' fi(,(l‘)

2% = () corresponds to a reference vacuum AO

» Motion on the space of vacua

A(2(t),x) = g.(1) -
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Adiabatic motion on vacua

Manton approximation [Manton’82, Stuart'07]

qsu:i (.I‘) - qf)(i;, .I‘) - Qb(x.g(f;)(m)

Coordinates z® on the space of physical vacua

A(, .I') = g;;(ﬂ?) ' fi(,(l‘)

2% = () corresponds to a reference vacuum AO

Motion on the space of vacua
Alz(t),z) = g9y

Electric field
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Adiabatic motion on vacua

Manton approximation [Manton’82, Stuart'07]

qsu:i (.I‘) - qf)(i;, .I‘) - Qb(x.g(f;)(m)

Coordinates 2% on the space of physical vacua

A(, .I') = g;;(ﬂ?) ' fi(,(l‘)

2% = () corresponds to a reference vacuum AO

Motion on the space of vacua
A(Z’\ .‘:iJ :E) =Gg:(t)

Electric field
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Physical directions on the space of vacua

» Gauss constraint

D;A! = —gﬁ,chrgz_l =1

~ Q
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Physical directions on the space of vacua

» Gauss constraint
D?;.A"" = —g,_[)zcrq, =1

» Therefore physical directions are generated by

o€ 9, 6 =kerD? C
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Physical directions on the space of vacua

Gauss constraint
D?;.A"" = —g,_[)zcrq, =1

Therefore physical directions are generated by

o€ 9, 6 =kerD? C

The solutions are g valued harmonic functions
O =T Ypml]

Note. We consider the theory in a finite box.
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Physical directions on the space of vacua

» Gauss constraint
D?;.A"" = —g,_[)zcrq, =1

Therefore physical directions are generated by

o€ 9, 6 =kerD? C

The solutions are g valued harmonic functions
O =T Ypml]

Note. We consider the theory in a finite box.

First characterization of global gauge symmetries

6o Ao is physical iff g€

Pirsa: 17100060 Page 33/99



Second characterization of global gauge symmetries

» Scalar product on gauge algebra

(71 ) 72) 5 .9(571 Avﬂ 5”/2’4_-0)
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Second characterization of global gauge symmetries

» Scalar product on gauge algebra

(71 ) 72) 5 .9(571 Avﬂ 5”/2’4_-0)

» Group of local (pure) gauge symmetries
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Second characterization of global gauge symmetries

» Scalar product on gauge algebra

(71 ) 72) 5 .9(571 Avﬂ 5”/2’4_-0)

» Group of local (pure) gauge symmetries

Go = {g €g, g|a]w - ]}
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Second characterization of large gauge symmetries
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Second characterization of large gauge symmetries

Orthogonal decomposition of the gauge algebra

g=g9o®s, o=gp

» Proof. Take any vv € gy, 0€g

(70,0) d’z Tr D}yo D}yo
M

ddfr Tr~o D0 + f d¥;Trvo Do
oM

M
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Second characterization of large gauge symmetries

Orthogonal decomposition of the gauge algebra

g=g9o®s, o=gp

» Proof. Take any vv € gy, 0€g

(v0,0) = Md z Tr DYy Do

= —f dBETI")fU Dﬁ()’
M

Check that 6 C g3, g7 C 4.
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Second characterization of large gauge symmetries

Nl wsrn=al Aararas o T PR V] I laahera
Orthogonal decomposition of the gauge algebra

g=g9o®s, o=gp

» Proof. Take any vv € gy, 0€g

(70,0) = £ d3z Tr Difm Df')o*

= —f dBETI")fU Dﬁ()’
M

Check that 6 C g3, g7 C 4.

» Decomposition v = v, + Yo
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Second characterization of large gauge symmetries

Orthogonal decomposition of the gauge algebra

g=g9o®s, o=gp

» Proof. Take any vv € gy, 0€g

(v0,0) = Md z Tr DYy Do

= —f dBETI")fU Dﬁ()’
M

Check that 6 C g, g¢ Co.
» Decomposition v = v, + Yo

» Remark. s does not form an algebra w.r.t the usual bracket!
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Third characterization of global gauge symmetries

» Go is a normal subgroup of G
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Third characterization of global gauge symmetries

» (o is a normal subgroup of G
» Group of global gauge symmetries S = G/Gg

» The algebra of S can be identified with 8 = ker D?

with the modified bracket

[01: 02]* — [01) 02]6
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Third characterization of global gauge symmetries

» (o is a normal subgroup of G
» Group of global gauge symmetries S = G/Gg

» The algebra of S can be identified with 8 = ker D?

with the modified bracket
[01: 02]* — [01: 02]6

Third charactorizatiner W aolohal oo -vimmotrioc
I hird characterization of giobal gauge symmetries
S o o o

S = Glan
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Third characterization of global gauge symmetries

» (o is a normal subgroup of G
» Group of global gauge symmetries S = G/Gg

» The algebra of S can be identified with 8 = ker D?
with the modified bracket
[01: 02]* — [01: 02]6

I'hird characterization of global gauge symmetries

S = Glan

Proof [First isomorphism thm.] If ¢ : G — H is a homomorphism,
G/ ker ¢ = ¢(G)

Take ¢ to be the restriction to the boundary ¢(G) = G|, .
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Inner product on global gauge symmetries

» Given the identification s = one can naively define the

9o

inner product

(o1,09) = d¥. Troq09
oM
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Inner product on global gauge symmetries

» Given the identification s = one can naively define the

Ilonr
inner product

(o1,09) = d¥. Troq09
oM

» However, the metric on 4 is more nontrivial

(o1,09) = /d3:13 Dioy D o3
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Inner product on global gauge symmetries

» Given the identification s = one can naively define the

Ilonr
inner product

(o1,09) = d¥. Troq09
oM

» However, the metric on 4 is more nontrivial

<01,02> = % dZiT‘I‘UlDiUQ
JOM

— (Ul, |0‘2)

where (]DU)|3M = (?11Doif7)|an.f
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Inner product on global gauge symmetries

» Given the identification s = one can naively define the

Ilonr
inner product

(o1,09) = d¥. Troq09
oM

» However, the metric on 4 is more nontrivial

<01,02> = % dZiT‘I‘UlDiUQ
JOM

= (01, Do)
where (Do)|55 = (”iDm'G)'BM

» D can be extended into the bulk by further requiring that

Do € 4, Vo € 6
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Degenerate directions

» The introduced inner product is degenerate when Do = 0
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Degenerate directions

» The introduced inner product is degenerate when Do = 0

» |t can be shown that

Do =0,D20 =0 = Do =0

that is o acts trivially on the gauge field
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Degenerate directions

» The introduced inner product is degenerate when Do = 0

» |t can be shown that

Do =0,D20 =0 = Do =0

that is o acts trivially on the gauge field

lentroamnier oo cummoatr: ~
Isotropic gauge symmetries

K={keg,k-A,=0}
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Degenerate directions

» The introduced inner product is degenerate when Do = 0

» |t can be shown that

Do =0,D20 =0 = Do =0

that is o acts trivially on the gauge field

lentroamnier oo cummoatr: ~
Isotropic gauge symmetries

K={keg,k-A,=0}

» That is ker D = A&, the algebra of K.
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Geometry of the space of vacua
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Space of vacua
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Space of vacua

» Moduli space of vacua
V — S * A'()
» It is a homogeneous space

yS§S/K
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Space of vacua

» Moduli space of vacua
V=S§-A4,
» It is a homogeneous space
VES/K=G\G/K
» Around the reference vacuum

s=mO®>AR,
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of vacua

Moduli space of vacua
V=S§-A4,
It is a homogeneous space
VES/K=G\G/K
Around the reference vacuum

s=mO®>AR,

Choose a basis {A,} for m
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of vacua

Moduli space of vacua
V=S§-A4,
It is a homogeneous space
VES/K=G\G/K
Around the reference vacuum

s=mO®>AR,

Choose a basis {A,} for m

Coordinate on V

1{1;::9:5'11
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Geometry of the space of vacua

» Remind that for adiabatic motion

A: —9z (DOU.Z)QZ_I ; gz:g;]gz

Pirsa: 17100060 Page 61/99



Geometry of the space of vacua

» Remind that for adiabatic motion

A: —9z (DOU.Z)QZ_I ; gz:g;]gz

» Lagrangian

L =] &PrTrdtl;=lo:a:)
M
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Geometry of the space of vacua

» Remind that for adiabatic motion
A: —gz (DOU.Z)QZ_I 3 gz:g;]gz
» Lagrangian

L =] &PrTrdtl;=lo:a:)
M

» Since time appears only through the z(t),

L= éﬂéb(@u eb)
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Geometry of the space of vacua

» Remind that for adiabatic motion
A=—g,(Do0z)g;',  02=9;'
» Lagrangian
L= L d’zTr A* A; = (0,,0,)

» Since time appears only through the z(t),

L= éﬂéb(@u eb)

e = (97! (2)dg(2))

m
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Geometry of the space of vacua

» Remind that for adiabatic motion
A: —gz (DOU.Z)QZ_I 3 gz:g;]gz
» Lagrangian

L =] &PrTrdtl;=lo:a:)
M

» Since time appears only through the z(t),

L= éﬂéb(@u eb)

where ¢ is the Maurer Cartan form pulled back to V

e = (97! (2)dg(2))

m
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Geometry of the space of vacua

» Remind that for adiabatic motion
A: —gz (DOU.Z)QZ_I 3 gz:g;]gz
» Lagrangian

L =] &PrTrdtl;=lo:a:)
M

» Since time appears only through the z(t),

L= éﬂéb(@u eb)

where ¢ is the Maurer Cartan form pulled back to V

g = (g_l(z)dg(z))m = g2 Xg 42"
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