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Abstract: <p>There isagrowing list of examples where soft factorization theorems in scattering amplitudes can be understood as Ward identities of
asymptotic charges. | will review some of these, with emphasis on cases that are not associated to usual conservation laws. leading scalar,
subleading photon and sub-subleading graviton soft theorems.</p>
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Introduction

» Penrose description of asymptotically flat spacetimes

(Phys Rev Lett 1963)
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Introduction

» Penrose description of asymptotically flat spacetimes

(Phys Rev Lett 1963)

» Penrose’s list of motivations include:
“...(6) geometric derivation of the Bondi-Metzner-Sachs

asymptotic symmetry group. A longer term aim of this
approach is for a covariant S-matrix theory incorporating
gravitation.”
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» S-matrix for massless fields:

S:H[I ] = H[FH

» Approach developed in Ashtekar's
“Asymptotic Quantization” (1981)
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» S-matrix for massless fields:

S:H[I ] = H[FH

» Approach developed in Ashtekar's
“Asymptotic Quantization” (1981)

— | BMS supertranslation charges Qst

infinite dimensional generalization of energy-momentum
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» S-matrix for massless fields:

S:H[I ] = H[FH

» Approach developed in Ashtekar's
“Asymptotic Quantization” (1981)

— | BMS supertranslation charges Qst

infinite dimensional generalization of energy-momentum

» Strominger et.al. 2014:

QstS = SQst <= Weinberg's soft graviton theorem (1965)

infinite dim generalization of conservation of energy-momentum
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» Many works followed establishing similar relations:
“QS = SQ <= soft factorization”
He, Lysov, Mitra, Strominger, Kapec, Pasterski, Porfyriadis, Mohd, MC,

Laddha, Pate, Avery, Schwab, Dumitrescu, Low, Mao, Conde,
Campoleoni, Francia, Heissenberg, Coito, Mizera, Wu, Hamada,

Sugishita, ...

Pirsa: 17100053 Page 11/56



» Many works followed establishing similar relations:
“QS = SQ <= soft factorization”
He, Lysov, Mitra, Strominger, Kapec, Pasterski, Porfyriadis, Mohd, MC,
Laddha, Pate, Avery, Schwab, Dumitrescu, Low, Mao, Conde,
Campoleoni, Francia, Heissenberg, Coito, Mizera, Wu, Hamada,

Sugishita, ...

» In this talk | will review some of these examples.

| will restrict attention to the simplest case of 4d tree-level amplitudes of
massless particles. But many extensions to this case are known.
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Soft factorizations (Low '58, Weinberg '65, Strominger-Cachazo '14, .. .)

- . |g|—0
An-l-l(plﬁ“wpmé’) = v
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Soft factorizations (Low '58, Weinberg '65, Strominger-Cachazo '14, .. .)

- . |g|—0
An-l-l(plﬁ“wpmé’) = v

e graviton: (sér:)\].;) i Sé?a)v + Sg(}a)v) An+ O(|q)
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Soft factorizations (Low '58, Weinberg '65, Strominger-Cachazo '14, .. .)

- . |g|—0
An-l-l(plﬁ“wpmé’) = v

e graviton: (sér:)\].;) + Sé?a)v Sg(}a)v) An+ O(|q)

e photon: (Sél:oltln + Spgglton) An+ 0O(|q])

o scalarr  SUD A+ 0(4]%)

scalar
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Soft factorizations (Low '58, Weinberg '65, Strominger-Cachazo '14, ...

- . |g|—0
An-l-l(Pl&-'wpmé’) = v

(1) 0  o1)

e graviton: (Sgrav s Sgrav grav) Ap+ O(lql )

photon photon

e photon: (5( IR ).A +0(|g))

e scalar:

D A+ 0(/3%)

scalar
» Terms in blue:

» Gauge invariance = conservation law

» Terms in red:
» Gauge-invariant = do not imply conservation laws
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Soft factorizations (Low '58, Weinberg '65, Strominger-Cachazo '14, ...

- . |g|—0
An-l-l(Pl&-'wpmé’) = v

e graviton: (Séra\l.r) *+ Sé?a)v g(}a)v) An+ 0(|1)

e photon: (Sggl:olt)on + Spgglton) An+ 0O(|q])

e scalar: A& 0(14%)

scalar

» Terms in blue:

» Gauge invariance = conservation law
» Universal

» Terms in red:
» Gauge-invariant = do not imply conservation laws

Ss(c_a,a)Ir non-universal. Séhlton and S{J, are universal pieces of
more general factorizations (Elvang, Jones and Naculich '16;
Laddha and Sen '17)
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Séh—olt)on and Sg(,_a\l,) factorizations

» Weinberg's soft photon theorem:

i=1 .

. L. 0 [ eup! - .
-An+1 (pla vy P (qas,u)) l‘-ﬂ; (Z €i “pp )An(pla i ,p,,)—l—O(|c'f|°)
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Séh—olt)on and Sg(,_a\l,) factorizations

» Weinberg's soft photon theorem:

— 0 u 3 —
Ans1 (Bry - i (@,84)) = ( it o B+ 0(141°)
i=1

Gauge invariance = conservation of electric charge:
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Séh—olt)on and Sg(,_a\l,) factorizations

» Weinberg's soft photon theorem:

— 0 u 3 —
Ans1 (Bry - i (@,84)) = ( it o B+ 0(141°)
i=1

Gauge invariance = conservation of electric charge:

» Weinberg's soft graviton theorem:

s o
s — - I’l 0 EuvP; Pj o — 4
Anit (B B (@) ' (Z M)*“‘n(px, e B)+0(d)

=1 TP
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Séh—olt)on and Sg(,_a\l,) factorizations

» Weinberg's soft photon theorem:

— 0 4 3 — —
At (B -+ Poi (r20)) T2 ( it 2 Bn)+0(11°)
i=1

Gauge invariance = conservation of electric charge:

An-i-l( = qv =0 = (Z e.l) =

» Weinberg's soft graviton theorem:

s o
s o s I’l_)o [ Up' p — . —
Ao (B oo o D@ 8n)) = (Z #)An(ph...,pﬂ)w(w)
i=1 !

Gauge invariance = conservation of linear momentum:

n
Ant1(ep = cuq) =0 = (Z C“Pf") =0

i=1
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Q's for S;Eh—oltz:m and Si..\) factorizations

» Strominger et.al:

Prpuiog) =

. wAsrilen) =
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Q's for S;Eh—oltz:m and Si..\) factorizations

» Strominger et.al:

lim wApi1(wq) = (w " = QUIINS = SQUy]

lim wAp1(wq) = (wSé;\l,)) Ap <= QEFV[)\]S = SQE™V[)\]

w—0

» QU[)] charge for ‘large’ U(1) gauge parameter \(Q)
> QB[] = Qg7 for supertranslation A(Q2)d,
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» For both charges

Q[/\] = Qhard [’\] i Qsoft[)\]
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» For both charges
Q[/\] = Qhard [’\] i Qsoft[)\]

» ‘Hard’ part:

Qhard [/\] = ]j A(Q) p(U1 Q)

with

pU(l) electric charge density flux across ¢
p

grav energy density flux across .#
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For both charges
Q[A] = Qnard[A] + Qeort[A]
‘Hard' part:
QnardN] = [ () plu.)
with
pU(l) electric charge density flux across ¢
p

grav energy density flux across .#

‘Soft’ part:

Qi N = L DAXO,Ax,  QER[N] = /j DADBNO,Cag
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For both charges

Q[/\] = Qhard [’\] i Qsoft[)\]
‘Hard' part:

Qhard [/\] = ]j A(Q) p(U1 Q)

with
pU(l) electric charge density flux across ¢

grav energy density flux across .#

p
‘Soft’ part:

Qi N = L DAXO,Ax,  QER[N] = / DADBNO,Cag

z)(f:)[A] 0 <= A=const. <= QU « electric charge
grav

oot A =0 <= A=Y",, <= QF « linear momentum

8/15
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Other factorizations
» Similarly: sé?a)v factorization <= infinite dim generalization
of angular momentum conservation. The Q's are associated
to 'superrotations’ & = X404

- -t 0 _ -
Anss(Brr- o B @) 20 (Ska + SER + SN An + O(1GT)

(SSabn + SShon) An + O(14)

SicaaAn + 0(11%)

scalar
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Other factorizations

» Similarly: sé?a)v factorization <= infinite dim generalization
of angular momentum conservation. The Q's are associated
to 'superrotations’ & = X404

» The situation is more subtle for the red factorizations: There
seems to be no symmetry guidance.

- — 0 - B
Anit(Bir- o P 27 (S50 + 58+ SE) An + O(1FP)

(SSobn + SSon) An + 0(12)

SicataAn + 0(141%)

scalar
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Other factorizations
» Similarly: sé?a)v factorization <= infinite dim generalization
of angular momentum conservation. The Q's are associated

to 'superrotations’ & = X404

» The situation is more subtle for the red factorizations: There
seems to be no symmetry guidance.

» One can obtain Q's by ‘reverse engineering’' the soft theorems.
But this strategy does not guarantee a symmetry
interpretation for Q

-t ] 0 - -
Anra(Bry- B @) 5 (Shear + S5+ Shid) An + O(4T)

(SSobn + Son) An + O(1)

SicataAn + 0(11%)

scalar
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Charges for S Y factorization (MC, Coito, Mizera '17)

calar

» A scalar analogue of Weinberg's soft theorem

An-l-l (pl, vory P -‘ns Q) |fﬂ—”0 (Z

(for instance in L = —%(&p) + £4%)

)An(ﬁ]., wwey ﬁﬂ) + O(|(-f|0)

2q-
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Charges for S Y factorization (MC, Coito, Mizera '17)

scalar

» A scalar analogue of Weinberg's soft theorem

— — - _)0 “ 1 — — —
An+1(p17 A pm q) lfﬂz (Z % q : p‘)Aﬂ(pla LY Pn) + O(|q|0)
i=1 !

(for instance in L = —1(0¢)? + £¢°)
» No condition from gauge invariance =—> no conserved
quantity
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Charges for S Y factorization (MC, Coito, Mizera '17)

scalar

» A scalar analogue of Weinberg's soft theorem

— — - _)0 “ 1 — — —
An+1(p17 A pm q) lfﬂz (Z % q : p‘)Aﬂ(pla LY Pn) + O(|q|0)
i=1 !

(for instance in L = —1(0¢)? + £¢°)

» No condition from gauge invariance =—> no conserved
quantity

» Charge takes the form:

Q)] = ]J Au¢ + Qi I
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Charges for S Y factorization (MC, Coito, Mizera '17)

scalar

» A scalar analogue of Weinberg's soft theorem
— — — _)0 “ 1 — — —
An+1(p17 A pm q) lfﬂz (Z % q : p‘)Aﬂ(pla LY Pn) + O(|q|0)
i=1 !

(for instance in L = —1(0¢)? + £¢°)

» No condition from gauge invariance =—> no conserved
quantity

» Charge takes the form:

Q)] = ]J Au¢ + Qi I

o IR = = =1 = =D
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Charges for S Y factorization (MC, Coito, Mizera '17)

calar

» A scalar analogue of Weinberg's soft theorem

An-l-l (pl, vory P -‘ns Q) |fﬂ—”0 (Z

(for instance in L = —1(0¢)? + £¢°)

No condition from gauge invariance =—> no conserved
quantity

Charge takes the form:

Q)] = / Au¢ + Qi I

QIR =0 = 3=0 = == =0

)A (P1,--.,Pn) + 0(14°)

2q-

Symmetry interpretation?
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Charges for S Y factorization (MC, Coito, Mizera '17)

calar

» A scalar analogue of Weinberg's soft theorem

An-l-l (pl, vory P -‘ns Q) |fﬂ—”0 (Z

(for instance in L = —1(0¢)? + £¢°)

No condition from gauge invariance =—> no conserved
quantity

Charge takes the form:

Q)] = / Au¢ + Qi I

ORI = = =0 =3 @ =]

)A (P1,--.,Pn) + 0(14°)

2q-

Symmetry interpretation?

Qscalar ghares other features with QPhoton  Qgrav  For instance,
it has an expression: Q1" = [ dS,0,(k?P) for a locally
defined tensor k2.
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Charges for S Y factorization (MC, Coito, Mizera '17)

calar

» A scalar analogue of Weinberg's soft theorem

An-l-l (pl, vory P -‘ns Q) |fﬂ—”0 (Z

(for instance in L = —1(0¢)? + £¢°)

No condition from gauge invariance =—> no conserved
quantity

Charge takes the form:

Q)] = / Au¢ + Qi I

ORI = = =0 =3 @ =]

)A (P1,--.,Pn) + 0(14°)

2q-

Symmetry interpretation?

Qscalar ghares other features with QPhoton  Qgrav  For instance,
it has an expression: Q1" = [ dS,0,(k?P) for a locally
defined tensor k2.
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0 . .
Charges for Séhlton factorization (Lysov, Pasterski, Strominger '14)

» Subleading soft photon factorization:

lim Dl Ansa( wg) = [ 3 e ) 4 ¢ )
le;‘O w|lWAn+1\P1, - - -, Pny WQq)| = €; i n\P1,---,Pn

i=1
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Charges for st

S hetin factorization (Lysov, Pasterski, Strominger '14)

» Subleading soft photon factorization:

n

lim Dl Ansa( wa)] = (St 4 )
wlLPO w|lWAn+1\P1, - - -, Pny WQq)| = €; O n\P1,---,Pn

i=1

» Charges are now parametrized by sphere vector fields YA(Q) :

o[Y] = /j dud?Q((D-Y)(D-A)+(D x Y)(D x A))+ Qhara[ Y]

D-YEDAYA; D x YEEABDAYB
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Charges for st

S hetin factorization (Lysov, Pasterski, Strominger '14)

» Subleading soft photon factorization:

n

lim Dl Ansa( wa)] = (St 4 )
wlLPO w|lWAn+1\P1, - - -, Pny WQq)| = €; ) n\P1,---,Pn

i=1

» Charges are now parametrized by sphere vector fields YA(Q) :

o[Y] = /j dud?Q((D-Y)(D-A)+(D x Y)(D x A))+ Qhara[ Y]

D-YEDAYA; D x YEEABDAYB

» Symmetry interpretation?
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» MC, Laddha '16: Q[Y] can be understood as a large U(1)
gauge charge for

ANryu,Q2) =rA(Q)+...

= QA+ Q[\] = Q[Y” = DX + ¢*BDg)]

where Q is the magnetic-dual version of Q.
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» MC, Laddha '16: Q[Y] can be understood as a large U(1)
gauge charge for

ANryu,Q2) =rA(Q)+...

= QA+ Q[\] = Q[Y” = DX + ¢*BDg)]

where Q is the magnetic-dual version of Q.
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» MC, Laddha '16: Q[Y] can be understood as a large U(1)
gauge charge for

ANryu,Q2) =rA(Q)+...

= QA+ Q[\] = Q[Y” = DX + ¢*BDg)]

where Q is the magnetic-dual version of Q.

» Laddha, Mitra '17: Prescription takes into account corrections

to Séglton described by Elvang et.al. (arising in presence of

non-minimal couplings such as @Fqu”’”)
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» MC, Laddha '16: Q[Y] can be understood as a large U(1)
gauge charge for

ANryu,Q2) =rA(Q)+...

= QA+ Q[\] = Q[Y” = DX + ¢*BDg)]

where Q is the magnetic-dual version of Q.

» Laddha, Mitra '17: Prescription takes into account corrections

to Séglton described by Elvang et.al. (arising in presence of

non-minimal couplings such as @F“VF“”)

» It also suggest why soft photon theorems stop at subleading
order
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s charges as large U(1) charges

photon

» Work in Lorenz gauge =— [UA =0
and take A(r,u,2) = rA(2) + ...

e ) (O
QN = /Z dS,0,(AF?) F2%° t O\ + Q)]
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s charges as large U(1) charges

photon

» Work in Lorenz gauge =— [UA =0
and take A(r,u,2) = rA(2) + ...

e o D
QN = /z dS,05(AF?) "2 t Q[N + Q)]

(1) (0)
= [Q[A], 8] = t[Q[A], S] + [Q[A], 8]

- T (1)
» QJ[)] coincides with “S charge " = [Q[\],S] =0

photon
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s charges as large U(1) charges

photon

» Work in Lorenz gauge =— [UA =0
and take A(r,u,2) = rA(2) + ...

e o D
QN = /z dS,05(AF?) "2 t Q[N + Q)]

(1) (0)
= [Q[A], 8] = t[Q[A], S] + [Q[A], 8]

- T (1)
» QJ[)] coincides with “S charge " = [Q[\],S] =0

photon

(0)
» Q)] gives the «5(0)

- charge
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s charges as large U(1) charges

photon

» Work in Lorenz gauge =— [UA =0
and take A(r,u,2) = rA(2) + ...

e o D
QN = /z dS,05(AF?) "2 t Q[N + Q)]

(1) (0)
= [Q[A], 8] = t[Q[A], S] + [Q[A], 8]

- T (1)
» QJ[)] coincides with “S charge " = [Q[\],S] =0

photon

(0)
» Q)] gives the «5(0)

- charge

» Similar consistency does not extend to A = O(r?)
—> no sub-subleading factorization
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Gel

photon Charges as large U(1) charges

» Work in Lorenz gauge =— A =0
and take A(r u,S1) = rA(2) 4

(1 (0)
Q] [ dS,,(AF*) = £ + QA
I,

(1) (0)
—s [Q[A],S] = t[@[4], 5] +[Q[4].5]

(1)
(1) . 2 ey

» @A concides with * charge " == [Q[A] S| =0
Q) . 0 - .

» Q[A] grves the :":a«]c\-,.. eharge )

stency does not extend 1o A= O(r)

» Similar conus
— no sub-subleading factonzauon
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Discussion

» Things to complete upon:

» Higher dimensional Q’s for Sé?a)v, Séglmn, Sérla)v
5(0)

photon!

5(1)

» Inclusion of massive particles on Q's for arav

1 i i .
> Sg(,a)v: correction to Q from non-minimal coupling

» Some conceptual questions:

> Large O(r) gauge/diffeos transformations lie outside standard
phase space description. Can one improve on this?
» |s there a symmetry interpretation for Q@27

» Could the Q's be useful beyond soft theorems?
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