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In 1934, Yukawa proposed that nucleons interact by exchanging a heavy spin-0 pscudo-scalar
massive particle called meson. This accounted for the extremely short range of the strong interaction
of nucleons. This theory has remained very interesting beyond its original scope because 1t is a
renormalizable theory and its generalization provides the interaction terms between termions of the
standard model.

The version of the Yukawa theory that we consider in this lecture is a theory of nucleons and

antinucleons, described by a spinor field «(x) and its conjugate (r), interacting via exchanging
a massive spin-0 particle, described by a real scalar field (). The Lagrangian for the theory is

given by

LNuel, = L5 + Ly + Lyyk, (9)
where,
Ly =@ —m)y (10)
£ %E),,,:E)“; = %ﬂ._f'-";f (11)
Lvuk = —App, $12)

where A > 0 and [\] = 0. Notice that Lny, 18 invariant under a global U(1) phase rotation:
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renormalizable theory and its generalization provides the interaction terms between fermions of the
standard model.

The version of the Yukawa theory that we consider in this lecture is a theory of nucleons and

antinucleons, described by a spinor field « () and its conjugate (), interacting via exchanging
a massive spin-0 particle, described by a real scalar field (). The Lagrangian for the theory is

given by

£.“~]|u‘|_ - E{ 5 E',, e CYHI;. (9)
where,
L=y —m)yY (10)
G o _
L, = Gt:.)“,:ti.) p — ;ﬂ._f QY (11)
Ly = —App), (12)

where A > 0 and [A] = 0. Notice that Ly is invariant under a global U(1) phase rotation:

P(z) o e ()

b)Y = e~ (x)
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where the states on the right-hand-side are in the Heisenberg picture and they are time-independent.

We can write the S operator as
S=1+:T (15)

Since we are only interested in that part of the amplitude which describes some intermediate
interaction we want to compute the part that only involves the T operator. Associated to this

amplitude we define a matrix element M by
((P1,81), (P2, 52)| T |(k1,71), (K2, 72)) = (2'71’)"1(5‘1(/\'1 + ko — p1 — p2) X iM(k1ka = pip2). (16)

Using the LSZ reduction formula and the Dyson series expansion of the interacting vacuum in terms

1

of the free vacuum®, we are interested in the computation below:

(P, 1), (o s2) T | (er, 71, (o2, 72))

T
= lim {(l ((P1.s1), (P2, s2)| T exp [—i / (/f-_H-](f)“ |(k1,71), (ka, i'g))n}
P oofi—ie) o

r‘f\rllll\l'fr\(] :Ilrlnllf:linr]
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(Prys1), (Bos 32)| T |(kyy 1), (R2or2)) = (2m) 04 (ki + ko — p1 — p2) X iM(kiks = pip2).  (16)

Using the LSZ reduction formula and the Dyson series expansion of the interacting vacuum in terms

1

of the free vacuum®, we are interested in the computation below:

(1 91), (P2, s2) [T [(F1, 1), (e, 7o)

£ )
= lim {n ((P1, 81), (P2, 52)| T exp [“if f’fo(f)] |(k1,71), (Ko, f‘;z))“}
-T

T—o00(1—ie)

connected, amputated

(17)
Wick’s Theorem

Before we can compute these matrix elements we shall need Wick’s theorem for fermions. For two

fermions fields, it is eas to show Wick’s theorem

-~ r ¢ T e r ; g o I, M ; Yt il i pahs
T'[Ya()¥p(y)] =: Ya(z)p(y) : +a(z)¥p(y)- (18)
where the contraction is defined hy
T [wr@m ey sy |
Valx)P(y) = (19)
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Wick’s Theorem

Before we can compute these matrix elements we shall need Wick’s theorem for fermions. For two

fermions fields, it is eas to show Wick’s theorem

. L — -
Ta(x)0p(y)] =: Yal(x)Vp(y) @ +¥al(z)p(y). (18)
where the contraction is defined by
e (¥ (x), ¢y (y)} if 2° > ¢° :
(f"ll'u.{_'rf)'{:‘!"b(‘U_) = + { 1())
—{¥y (), ¥ (x)} if 2° > ¢/°
This can be shown to be the Feynman propagator:
Ya(@)dy(y) = 0] T(¢al)Py(y)) 0) . (20)
We also define the following contractions which are computed to be zero:
(i
Py = {9} =0
& (21)

B = (5,9} =0

For details see chanter 4 of [2].
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In-Class Group Exercise

0

Assume 2 > " and prove Wick’s theorem for two fermion fields. It is helpful to decompose the

field in terms of its positive- and negative-frequency parts:

.‘,:‘,-‘.‘ = U'_,"I‘ + _U.‘.‘_

—_ —— e
..G-, -— _{;.‘_, + (ill'

e e . AT PO, . Qe = g .
where T (¢)7) contains the annihilation (creation) operator. Similarly, ¢» (¢» ) also contains the

annihilation (creation) operator.

Explanation

Since we assume ¥ > ¢, we can write

T( Y(x )?( Yy )] =y(x )?( Y)

=@t )@+

I ! _+ [ [, - +
=yt + YT YT + YT

- , - : - ke ==fr o A,
ey ('!.-"‘I' '!;“'+ — ) 1’.-‘"+) - .!rl;,+_£;.‘, X _.{g.-,*i‘_!r‘,.‘_, + ") 4+ U
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where )" (¢/7) contains the annihilation (creation) operator. Similarly, ¢»" (v

annihilation (creation) operator.

Explanation

0

Since we assume ¥ > 3", we can write

T((@)b(y) = $(@)h(y)

(‘* F

a g—— i
e ( {ifﬁ- =B _{if’, ){ i,-‘{’ o {if’, )

— - joafe =l S Yo ey
e qf_,+.(,;__, £ ’,‘"’+","'J" 4 'f;'ﬂ" t',.‘"ﬁ-’ + Y=Y

+

/

G

(04

O ‘ = L= o g
. {..‘,f;_,JrQ ) } — _.‘,f;_,+ & _,‘_‘,.’__,Jr_.‘,f;, +Y~ Y +YTY

/

-7

T F"+

/ o _F'+ fo—— f
) + 'lf"'+'l,"f-’ + {,i'+{,’ + (7’ .(if', + (7,

= ,S'!-,v(;_r: —Y)+: -Q!(;If)@(;}) :

) also contains the

(23)

ﬁ_EJr

One can extend the Wick theorem to multi-fermion fields to obtain
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=t =P T+ + TP Y

= Sp(z —y)+:P(@)P(y)

One can extend the Wick theorem to multi-fermion fields to obtain

'T["Q‘J'IE.“,'Q‘"-';; s == '{.«"'-’1"(,?3’(,-’"-’:; -+« + all possible contractions X : remaining fields : (24)

To tigure out the sign of the last term we work out the example of one contraction. If the field and
the conjugate field are not adjacent to each other, one needs to permute the field inside the normal
ordering with the appropriate number of minus signs until they are next to each other. Then we
can bring out the contraction outside the normal ordering:

1 ([ [

ey = = Pt = =i dr o) (25)
the contracted part outside the normal ordering is a c-number function.

10
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5 Feynman Rules from Scattering Processes
We want to extract the Feynman rules for fermions from the elementary processes of Yukawa theory.

5.1 Nucleon-Nucleon Scattering

To this end, let us consider a nucleon-nucleon scattering process. First let us write the field operators

in terms of creation/annihilation operators:

Per f/:;') / —ipeT p iper i
Y(x) = /Wfﬂbv [ff--;-{ﬂ)(*-a-(}’_)f P2+ op(p)ch(p)e” J (26)
T E:[w (b (P)e™™ +B,(p)er(p) —;] 27)
P, = | @np2E, (D) by (p)e r(P)er(p)e (27
_l( ) o ([31) { ) , =t T e ‘i‘( ) e {.-') '))
Ve ‘.I._ = 7{ 277)142&?‘” 2} [J € (1 1’1 e ) 1~y

Our in-state is then:
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5 Feynman Rules from Scattering Processes
We want to extract the Feynman rules for fermions from the elementary processes of Yukawa theory.

5.1 Nucleon-Nucleon Scattering

To this end, let us consider a nucleon-nucleon scattering process. First let us write the field operators

in terms of creation/annihilation operators:

3,
Plz) = /#f;h,, Z: l:u.._,.{‘ﬁ)(_).,.(;p)(—.;.y;-.:: + -t',-{j—’)fi:[{\l-’)’fii’-’”“] (26)

e r() ‘[;b Z[ (ML (p)e™™ + 0y (p)ey(p)e” "] (27)

: d*p oo ; . .

- / (27)32E, [f'-iz)_)r- T+ al(p)et ] (28)
R D

Our in-state is then:

lin) = |(k, ), (7,r)) = bl(k)bl(p) |0} (29)
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5.1 Nucleon-Nucleon Scattering
To this end, let us consider a nucleon-nucleon scattering process. First let us write the field operators

in terms of creation/annihilation operators:

. d*p L it .
Y(z) = ITSEToN I:’([,.(]])()-,-(I_J_)( " + ve(p)cl(p)e’ "] (26)

92\30 F
2r)°2E), <

[— l:;') . I N p —imeT =
90) = [ i 5 [P + T e p)e™] (27)
5 &/l - "[J r

3,
p(x) = / o [”-(mrr"'f’*f’ + r:-*(;:))ff""""] - (28)

(27)32E,

Our in-state is then:

lin) = |(k.s), (7, 7)) = bl (k)bl(p) |0) (29)
and the out-state is
jout) = |(R, &), (#,7')) = b, (KL, (') [0) (30)

And so,
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e l:;' ) / i ipea — —iper lrd
P (x) = /ﬁ [ﬂ,,[ﬁ)hj,(p)(‘” T4+ vp(p)er(p)e” P (27)
& «iip =

: 13 e s _
plz) = /7{ = [u,(p)c:_””+rﬁu))c:”""":|. (28)

2m)32E,

Our in-state is then:

lin) = |(k, s), (7, 7)) = bl (k)bl(p) 0) (29)
and the out-state is
lout) = |(K, &), (7)) = bl (Kb, (p) |0} . (30)
And so,
(out| = (O] by ()b (k). (31)

Graphically we represent this process as in figure 3. The interaction Hamiltonian for the Yukawa

theory is
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Figure 3: Two-Particle Scattering

Hr = /\/d:'i;l.‘lp(;'l')’if_f)(.l.‘)'t;’.-'(;l.‘).

(32)
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3.
?(r) = /{L lin.,.{‘ﬁ)b_:(,(p_)r":'”"" + -z..'..,.(;p_)('.,.(-ﬂp)("-'7""} (27)

I)'I. {.) 1
ur) ubi) i
" (l:sp N —ipT } ipr 0
o@) = [ Gy (1@ +al )] (25)
Our in-state is then:

lin) = |(k, s), (5, ) = bl(k)bl(p)|0) (29)

and the out-state is

lout) = |(K', "), (7,+")) = bL,(K")bL, (p") |0) . (30)
And so.
(out| = (0| b (p')bu (K'). (31)

Graphically we represent this process as in figure 3. The interaction Hamiltonian for the Yukawa

theory is
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Figure 3: Two-Particle Scattering

Hy = /\/d:j;z.'a,:'(;r)"a,_f)(.r)'z;’.r(;z.').

(32)
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K, s

Hr = /\/dx;np(;l'.)i,j(;r)-zj:(:1?). (32)

We can denote the part of ¢(x) containing the annihilation and creation operators by ¢ (x) and

@~ (x), respectively. Since neither our in- or out-states contain any mesons, we have

et (z)]in) =0 (33)

(final| p~(x) = 0. (34)
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Hp = A / dPzo(z)p () (). (32)

We can denote the part of p(z) containing the annihilation and creation operators by ¢t (x) and
@~ (x), respectively. Since neither our in- or out-states contain any mesons, we have

e (x)|in) =0 (33)

(final

P {z) =0 (34)

O(A) contribution:

This implies that

Pirsa: 17100031 Page 24/112




T .—vj STt e T LT =

We can denote the part of ¢(x) containing the annihilation and creation operators by ¢*(x) and

@~ (x), respectively. Since neither our in- or out-states contain any mesons, we have

et () |in) =0 (33)
(final| o~ () = 0. (34)
O(A) contribution:
Q,

This implies that

(out| T [/\/d'a‘;r.np(d‘._)*z,/.-'(;r)'a;’.-'(;l'.)} |lin) = — (out| [ fd" o(x) (.1) )| |in)

= 0.
O(A\?) contribution:

On the other hand, in the O(A?) term we expect there to be a Wick contraction of the form
F= 2l
@(x1)p(x2) and so that term won’t be annihilated. Explicitly,

i = (-;\) ou‘r|T/d z1dzo (@)1 (i), |in)

-
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O(A) contribution:

This implies that

1

(out| T [/\/fl“l;_zf@(';zr)?,/)(}l:)'(,f_.’(;_zr)} lin} = — (out| [/\/(13 () : Y(x)¢(x)] |in)
=5
O(A?) contribution:

On the other hand, in the O(A\?) term we expect there to be a Wick contraction of the form
= =
o(x1)e(x2) and so that term won’t be annihilated. Explicitly,

S . . ; _ e B
= ( :)1 ) (out| T’ f d*ayd zo ()1 (i), |in)
[Using Wick’s theorem:] (36)
( .j/\)E

=— (out]| /(l4;l?1{l4;132 ()1 ()2 ¢ |in) preo2

12

Pirsa: 17100031 Page 26/112




Since out initial and final states only contain particles, we are only interested in those terms in

: (00) 1 (¥))s ¢ that contains b and b (i.e., no ¢ or ch):

e *!/\ 2 i l:gll' l:s}l") —(— p —(—= : ) IR RO
i _! f d-l._rl‘(ll._r;2 a4 R1d=Rk9 (nllf| Z _!;‘-_,(1 ) ; '”-!Ufl )_.‘,;."_,‘(2 ) 2 '-'MIU\'Q)P*“""" 1 —ikgrg o

2! (2m)%4Ey, Ex, =
T mw | (37)
by (k1)byr(K2) [.’)‘L(Ar)b,l.(p) |{))]
in)

: : ‘ : =) ;
where the overall minus sign comes from pushing b;(k;) through ¢, . In the last line we have a
string of four creation and annihilation operators acting on the vacuum. We can use the anticom-

mutation relationships,

b (k1 )by (k2)bL (Kk)bL(p) [0)
: s mmee - . (38)
= ——(2'7?)(’4‘&}5},, 5,:_5.(5,:,.(‘;:‘{‘].’1 - ].’)(‘;'i{;].'g - p) — (‘5,_;'45,_.,.53(;1\;1 - 1]')(5:;{1.?3 — lﬂ):l 0)

Using the delta-functions to do the [‘j and ]T_} integrals and using the Kronecker deltas to do the

sbin sums. we find
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- ()1 (Y))o ¢ that contains b and b (i.e., no c or el

o i (—i/\)z / 1 1 (l:;]..'lfl:;]ﬂ-) *.(—) ) —(=) ) il Do

i = =i f dogyd G =— {Out| E Py 7 s ug(kp)y T up (Kg)eTTTITIRIT2
21 “(2m\64 F, F. 1 r2 &)
2! (2m)°4Ey, Ex, =

be (k1 )by (K2) [hj{(A:)b;".( o) |n)]

p . -
Pl

lin)
i . . - T . ] _ . . .
where the overall minus sign comes from pushing by(k1) through ¢, *. In the last line we have a
string of four creation and annihilation operators acting on the vacuum. We can use the anticom-

mutation relationships,

by (k1 )by (ko) bL (k)L () |0)
| = _ - (38)
= —(2m)%4ELE, [(s,h.fs,,,.fs-"{‘ k1 — k)83 (kg — P) — Ops0urd° (K1 — P)83 (k2 — 1‘;)] 0)

Using the delta-functions to do the ;I.Tl and E_a integrals and using the Kronecker deltas to do the

spin sums, we find

-5 2 L —] 1, e
i = f(__,”) f dizid*zs (O] by (p' )b (K {ﬁ-q’f{l 5, -'ft_q(].')-'Qs".(_, ) 'c(,.{j_l_)r'_"l‘""l_”""2
> fout] (39)

—(= r —(= ¢ —inT1—1k-To =1
+""""‘"'[l ) . ""’-r-(f’)".-‘"‘"(é ) 5 “S(A.)(, ip-r1—ik -i.,} |()) V192,

L ' . 0 . _u(_] A " v . . o
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a
\

—~

lin)
- . W - T - =l : e .
where the overall minus sign comes from pushing by(k1) through ¢, ". In the last line we have a
string of four creation and annihilation operators acting on the vacuum. We can use the anticom-

mutation relationships,

by (k1 )by (ko) bL(R)BE () |0)
: i e - e (38)
= ——(2'7?)(’4E}YE.,, l:ﬁ,:h.(‘ip,.(‘f:‘{‘].’l — ].’)(‘;'i{;].'g —-p) — (‘5,_;'45,_.,.53(;1\;1 - 1]')(5:;{1.?3 — lﬂ):l 0)

Using the delta-functions to do the [‘j and ]T_} integrals and using the Kronecker deltas to do the

spin sums, we find

(ml(“ (.%())

—i\)® : _ _ —f= e .
i = (_j;”)frl'i..rldd;rg (O] by (p" )b (K {ﬁ'{,-"-’(l ) '-'zz_q{‘].')-'g.s"'.(_, ~ u,.{‘}_x)r'*"’""'17”""2

i R ; SR R =
+'i;“r[l 2 Up(P)Wg - ug(k)e™ P! . "“} |0) w12.

] . ! —(=) . . . : . :
We can now do a similar expansion for the ¢»" ~ fields and doing a similar computation (but involving

(out|) we find for the first term above:

ENE L S S
. % / d% , ! T [( —T [I)!)"H.,,- U‘) ) (g U") H-',‘(p))r?”’ w1 +ik’ o —ikexy —ipoao
2! (40)

+ {ﬁh.r(l\r")uh_{l\r)){ﬁ,.f{p’)u.,.{u))r:”""'”Hi"’""'g_”"""‘_’-7""‘2] Ar(z1 — x9)(0]0).
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(2] T (=]

mutation relationships,
by (k1 )by (k2)bL (k)b (p) 0)

. S meae o (38)
— *"{271—)(’4b:}‘b:}, [(Sfﬁf‘;!f,.(s.‘{‘ll'l = ]l’)(gi{]l’z = 17) = (SI_IH(S!_.,‘(SIS(;A?I - '{T)() I\ ey == I\ ] |'U>

Using the delta-functions to do the [’l and E_) integrals and using the Kronecker deltas to do the

spin sums, we find

—iA)? _ _ : o ] e a
= -{_;T) / d*x d*zs (O] byr (p' )b (K {—-{,-"-'(1 ) '-u_q{‘l.'_)-'(f'é s u,.{‘p)r'*"’"'"17”’"'2
. o (39)

- vl ; B Ty ==l
+_.{;.‘_,(l ) : ""’-r-(f’)".-‘""ig ) . '”-wuf)f’ ipro—ik .:,} |()> ©102.

We can now do a similar expansion for the ¢~ fields and doing a similar computation (but involving
(out|) we find for the first term above:

N . : . ;
_{ ¢ ) k/\([l'rld-l.r:3 [(—H f(p)” U‘))(” fU\ )” (f))) ﬂ}J :1+1A :2—-1.#9:::1—1.1)‘::'3

2! (40)

S ip' o =ik —ipearo /
+ (e (K Yug (k) (2 (P (p))e el b s e "‘] Ap(zy — x2){(0]0) .
By relabelling you can show that both terms in 7" are the same and so, using the covariant
expression for the scalar propagator for Ap:

[ d*a i (z—y)
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= —{Qﬂ')“ilEkEP \‘55,_,‘(5,:,.(5:‘{‘]:‘.1 - E)(ﬁ’.i{_i‘.g —p) — (5,_13(5,_.,.(5:5(‘& — 17)5";(]:3 — E)J |0)

Using the delta-functions to do the l?l and fT_g integrals and using the Kronecker deltas to do the

spin sums, we find

(mlt‘ (.%())

i =iy TS ) I 1
+-r;"'(1 . “up(p)g T - us(k)em P . U} 0) P12

il = —(T/f]1.1:1f11.173 S()| b, (‘1)’)(3&:(]131)1{-—-'{;.’(1 . -u_q(l.r_)-q*'.(‘, e . (p)e k31 —ip-T2

J . . e : - : : .
We can now do a similar expansion for the ¢»" ~ fields and doing a similar computation (but involving

(out|) we find for the first term above:

= | /d",nd“;rz [(—Wﬂ(I’!)'r'f.,q(/f))(ﬁ,u(A?’)"fr.,.(P))rf’l""’1+’*""2—’*‘-’1—’1"-’3
2! (40)

s (W.w’U",)“---‘U"_)){‘W?" {‘Pl)”r{\p))(lﬂ,;’..n+1}_,’,_.-g—fl.»..;»l—‘!h..m:| AF {\_.(.] L -I".-Z_) (U|(]‘> )
By relabelling you can show that both terms in 7" are the same and so, using the covariant

expression for the scalar propagator for Ap:

Ap(z -y)

(11(1 f'="-’!‘f¢*'*',r:)
af . (41)
(2m)t ¢% — M? + ie

and doing the d*ry and dry integrals we get:

; 94
rr / Ay [':rl ("}T) P gy EBNN P o PN L iy vedoad \
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_}_.(;.‘_,1 T f"'?'{p)f.-‘“'_) = f[_u{fn'_)f" 2 an s "Jj |U} D1P2.

(

e s : ; —(=) A ; s ; ; "
We can now do a similar expansion for the ¢~ fields and doing a similar computation (but involving

(out|) we find for the first term above:

(=i))?
2!

/ (fl 1 (/J T [( —T (P,)"”-.u U\) ) ("—(‘J U‘f!)”"r U)))( ip' -y +ik’ wo—ik -z —ip-ra
(40)

o {W.,f(llf)”-.{]l))(w;f u)i’).’“?_(p‘))(,il\z’.;rl+?:];’..112*H~!-J-'l?-71--'1'2:| AF{L:PI L ;I"..,’_) (UI()) ]
By relabelling you can show that both terms in i7" are the same and so, using the covariant

expression for the scalar propagator for Ap:

_ dq ey -
A nd 9 B — ' _— ) ) . 4‘]
F(z - y) 1/ (2m)4 g% — M? + ie )

and doing the d'xry and dlay integrals we get:

: : W) ¥ 277)1 T . " el 4.
iT = (—i))” / (ll".[q? _( M? + ic [t (p)us (k) (g (K )ur (p)8* (p = k + q)8* (K —p — q)

— (g (K us(k)) (. (1)’)71.,.[})))(51[/{’ —k+ q)(‘i"l (pf=p- q_))]

oyt b o — 1) (—iny? [ s D (K Y (p)) (Kot () (0 i )

(k' — p)2 — M? + ie (P — p)? — M? +ie

(42)
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(out|) we find for the first term above:

(_.,;/\)z

2l

f ([J T {[11",2 Ii( — Uy {‘pa')_.“_'q (]l ) ) (ﬁ.«;’ {‘]"’_) 1wy (p) )(_‘.pﬁp’.;r | +ik! g —ikexy —ipoaa
(40)

— ; im0 ; LS LR S e iR el (R

4 ("*".«"U‘i"f)"'l".uui"))(:"{‘?”(})I)'U’q»(])))f’d" wr4ip’ o —ikery —ipore Al,;(,rl o= ;I'Q) (”'“) .
By relabelling you can show that both terms in 1" are the same and so, using the covariant
expression for the scalar propagator for Ap:

dflq (‘,iq-(.r—;r,r)
(2m)4 ¢% — M? + ie

Ap(z —y) = (41)

and doing the d'z; and (l'l;_r.'-) integrals we get:

(2
= - [t -_A;, (i1 0y ) (K Y ()0 — e+ @)K~ p = g)

— (T (K s () (@ (P ur (p))6* (K — k + )04 (p' — p — q))]

- o | T (PDus(B)) W (BNur(p)) (e (K us (k) (@ (p")ur(p))
—i 2 1{) | /‘lj ot f ot A.'! T A 2 e o [
(2m) 0(p + p )(—iA) (k' — p)? — M2+ e (¢ — p)? — M? +ie

(42)
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Figure 4: The Feynman Diagrams for nucleon-nucleon scattering
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Figure 4: The Feynman Diagrams for nucleon-nucleon scattering
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Thus we get for our matrix element:

sl oyl | B (p")us(k)) (e (K" ur(p)) - (g (K" )us(k)) (@ (p)ur(p)) A
M = (—i]) (5 = pl2 = M2+ de 5 = DE = 2 e . (43)

We can interpret these two terms in terms of the following diagrams, respectively:
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And extract from these the following Feynman rules:

1. For each incoming fermion of momentum p and spin polarization r, we associate u(p) and

draw the follwing diagram:

Figure 5: u,(p) for incoming fermions

—)__<

— b.r

2. For each outgoing fermion of momentum p and spin polarization r, we associate u(p) and

draw the follwing diagram:

Figure 6: %, (p) for outgoing fermions
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And extract from these the following Feynman rules:

1. For each incoming fermion of momentum p and spin polarization r, we associate u(p) and

draw the follwing diagram:

Figure 5: u,(p) for incoming fermions

S

s LG

2. For each outgoing fermion of momentum p and spin polarization r, we associate u(p) and

draw the follwing diagram:

Figure 6: w,(p) for outgoing fermions

R

—> b .
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3. We label the fermion lines with an arrow so that the arrow flows in the direction of time. We
write down the spinor factors above from left to right as we follow the fermion line opposite

to the direction of the arrow. It doesn’t matter which fermion line we start with first.

By considering the antinucleon-antinucleon scattering,

Figure 7: The Feynman Diagrams for nucleon-nucleon scattering
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we arrive at the following Feynman rules:

4. Incoming antifermions have associated with them v,(p) and the diagram:

Figure 8: v,.(p) for incoming antifermions

S

5. Outgoing antifermions have associated with them v,(p) and the diagram:

Figure 9: v,.(p) for outgoing antifermions

s
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4. Incoming antifermions have associated with them o, (p) and the diagram:

Figure 8: v,.(p) for incoming antifermions

= P

5. Outgoing antifermions have associated with them v,(p) and the diagram:

Figure 9: v,(p) for outgoing antifermions

— S he

~
/

6. Associate with each vertex a factor (—:A) and the diagram:
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—s Pt

5. Outgoing antifermions have associated with them v,(p) and the diagram:

Figure 9: v,(p) for outgoing antifermions

b

>—-——

6. Associate with each vertex a factor (—:A) and the diagram:

Figure 10: —iA with any of these vertices

/
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Thus we get for our matrix element:

(o2 [T (P )us (k) (e (K )ur(p)) (g (K)us(K)) (2 (p')ur (p)) 4
i gl (k' —p)2 — M? +ie (pf —p)? — M2 +ie : =

We can interpret these two terms in terms of the following diagrams, respectively:
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Figure 4: The Feynman Diagrams for nucleon-nucleon scattering
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Figure 5: w,(p) for incoming fermions

_ﬁ__(

s

2. For each outgoing fermion of momentum p and spin polarization r, we associate u(p) and

draw the follwing diagram:

Figure 6: %, (p) for outgoing fermions

e

ZaEE

)
3. We label the fermion lines with an arrow so that the arrow flows in the direction of time. We

write down the spinor factors above from left to right as we follow the fermion line opposite

to the direction of the arrow. It doesn’t matter which fermion line we start with first.
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3. We label the fermion lines with an arrow so that the arrow Hows in the direction of time. We
write down the spinor factors above from left to right as we follow the fermion line opposite

to the direction of the arrow. It doesn’t matter which fermion line we start with first.

By considering the antinucleon-antinucleon scattering,

Figure 7: The Feynman Diagrams for nucleon-nucleon scattering
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Figure 9: v,(p) for outgoing antifermions

— s hbe

6. Associate with each vertex a factor (—iA) and the diagram:

Figure 10: —iA with any of these vertices
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Figure 11: Follow arrow against their flow.

— time
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— time

To derive the Feynman rule for internal fermions we scatter a fermion with a meson

Figure 12: Nucleon-meson scattering
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8. and obtain

op —m)

p? —m? +ie’

(44)

We represent the internal line hy:

17
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9.

10.

Figure 13: An internal line

+
—

We impose four-momentum conservation at each vertex.

For fermionic final states with indistinguishable particles we introduce a relative minus sign
if a diagram can be converted into another one by an odd number of permutations of the

momenta and spin labels of the final fermionic particles:

Figure 14: Relative minus sign in nucleon-nucleon scattering
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b pir by

For final fermionic particles which are distinguishable we can still have a relative minus sign.
This comes from examining how the operators in the normal ordered term of the Dyson series

expansion interacts with the external states.
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K.k K.r’

k",. Kr,r,

For example, in the first diagram we see that final configuration of operators which matter
are:

1 1

T s o T —(=) ( i —(=) (=Y={+) ,( e fe
A ('!;"" '!;‘"!( )) 1 ('!I_""'( )dr'{+) )2 . (.f'l—) 1 (‘f)‘_-’) ~ _Tf';"'(.].' ' '!’-""{l )ir'[l )"!’."".{)+)(I‘,.’7Jl (:J_’, (.U—])
whereas for the second diagram we have
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UL O

() (=] (=) T —(=) (=) =) () ) -
. ( (I.‘"‘" (,-"I'( )) 1 [ ; ‘,-‘“ _"I‘.-,(ﬁf'} ) 9 (f)l (‘a‘:) 5~ V'(ﬁl“ 9 tl‘l."_ri .(‘:‘-‘_y | .lu"“g_f—)(:ﬁ'ﬁ-}l (PB { _l_.' 5 )
whereas for the second diagram we have
—(=) (= —(+) ¢ = (=) , (=)7(+) ,( L .
(@ N (@ )y g ~ '<;‘"‘(1 "(1 )"«"'"'3 "? P12 (46)

Thus we see that there’s a relative minus sign between the two terms. We shall explore more

of this minus sign in the next tutorial.

11. When there is an internal loop and there is an undetermined momentum in that loop, then

fl'lq e
| @y 7

12. We introduce —1 for each fermion loop and trace over the fermionic loop spinor indices.

we integrate over the loop momentum:

6 Possible Interview Questions

1. How does causality demand that time ordering of fermions involve a minus sign?
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9.

10.

Figure 13: An internal line

+
—

We impose four-momentum conservation at each vertex.

For fermionic final states with indistinguishable particles we introduce a relative minus sign
if a diagram can be converted into another one by an odd number of permutations of the

momenta and spin labels of the final fermionic particles:

Figure 14: Relative minus sign in nucleon-nucleon scattering
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Figure 11: Follow arrow against their flow.

— time
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Figure 4: The Feynman Diagrams for nucleon-nucleon scattering
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we arrive at the following Feynman rules:
4. Incoming antifermions have associated with them 7, (p) and the diagram:

Figure 8: v,(p) for incoming antifermions

Y

5. Outgoing antifermions have associated with them v,(p) and the diagram:

Figure 9: v, (p) for outgoing antifermions

— 5 bhe

>———
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Figure 10: —2A with any of these vertices

e
—

7. Label antifermion lines with arrows which flows opposite the arrow of time. This arrow

represents the flow of charge. Again, write down the spinor factors from left to right as you

follow the line against the arrow.
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Figure 11: Follow arrow against their flow.

— time

To derive the Feynman rule for internal fermions we scatter a fermion with a meson
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— time

To derive the Feynman rule for internal fermions we scatter a fermion with a meson

Figure 12: Nucleon-meson scattering

— )clMP..
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8. and obtain

z{y —m)
p? —m? +ie

(44)

We represent the internal line by:
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9.

10.

Figure 13: An internal line

__?_—
—

We impose four-momentum conservation at each vertex.

For fermionic final states with indistinguishable particles we introduce a relative minus sign
if a diagram can be converted into another one by an odd number of permutations of the

momenta and spin labels of the final fermionic particles:

Figure 14: Relative minus sign in nucleon-nucleon scattering

~ VATEY
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9. We impose four-momentum conservation at each vertex.

10. For fermionic final states with indistinguishable particles we introduce a relative minus sign
if a diagram can be converted into another one by an odd number of permutations of the

momenta and spin labels of the final fermionic particles:

Figure 14: Relative minus sign in nucleon-nucleon scattering

ropd
K. K s/ ) t’
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For final fermionic particles which are distinguishable we can still have a relative minus sign.
T'his comes from examining how the operators in the normal ordered term of the Dyson series

expansion interacts with the external states.
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Figure 15: Relative minus sign in nucleon-antinucleon scattering

b5’

b s
\ ‘: : '

K.t krd

K.r K

tHwme

For example, in the first diagram we see that final configuration of operators which matter

are:

() (=¥ (=),
(Y 4-"'( J_)l(#"' {‘H)

v = —(=) (=)= () ]
g ! 1

21 Q192 ~ =Yg Y Yy Wy P12 (45)
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\ ‘:,S s’

K.p K.’

K.r K.+

For example, in the first diagram we see that final configuration of operators which matter

are:

@O @), : drgn ~ 95 #{1_)¢_E+)ﬂ§+)“'l_‘)l~’ (45)
whereas for the second diagram we have

: @O PONE D) ¢ drde ~ B IPTITDYE g1s. (46)
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are:

iy g R o —(=) | G iy —(=) (=)—(+) , e -
: p(=) (¢ "e.s"'{H)-) PP1Py ~ — -‘"'-(; t,-"-'{' )-t.s"-" '-c,f"'[?,+)(,-’.1 o (45)
(P Y TN Y )2 drghe o APy TPy Ty 12 (45)
whereas for the second diagram we have
(=) it =B . =(=)  (=){+) , = 3
e {\-(;".»( y '{‘I.‘"‘(' }) 1 {"(;"‘t ! 't‘,.‘"'(+) )_7 L1~ '(F.‘"'(] ! 'EI;".*(i )'t‘,‘"'ﬁ ) '{."".'.)Jr' D1, { 4())

Thus we see that there’s a relative minus sign between the two terms. We shall explore more

of this minus sign in the next tutorial.

11. When there is an internal loop and there is an undetermined momentum in that loop, then

fl"lq
: 47
/ (2m)! a

12. We introduce —1 for each fermion loop and trace over the fermionic loop spinor indices.

we integrate over the loop momentum:

6 Possible Interview Questions
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8. and obtain

op —m)

p? —m? +ie’

(44)

We represent the internal line hy:

17
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3. Draw various tree-level processes in Yukawa theory and write down their amplitudes according
to the Feynman rules.
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Figure 15: Relative minus sign in nucleon-anfinucleon scattering
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For example, in the first diagram we see that final configuration of operators which matter
are:

- i e ) P T St ey T N TR
: ({_‘,\-,(+)_¢,(—))l({_‘,‘-,t )_e;‘,,{ﬂ)2 L iy ~ -'f:"-'-(_» J't..-"'"{l )_Q,_’(IH,,,-._{_.)Jr)q;;lfpg (45)

T

whereas for the second diagram we have
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