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Abstract: <p>One of the most concrete implications of the discovery of the Higgs boson is that, in the absence of physics beyond the standard
model, the long term fate of our universe can now be established through precision calculations. Are we in a metastable minimum of the Higgs
potential or the true minimum? If we are in a metastable vacuum, what isits lifetime? To answer these questions, we need to understand tunneling in
guantum field theory.</p>

<p>This talk will give an overview of the interesting history of tunneling rate calculations and all of its complications in calculating functional
determinants of fluctuations around the bounce solutions. Several problems has persisted for the last four decades, and we present new solutions to
these problems that enabled us to cal culate exact closed-form expressions of the functional determinant. Applied to the Standard model, we then get
the first-ever complete calculation of the lifetime of our universe.</p>
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The Higgs Potential

The Standard Model: —L;,. D —m?|H|* + \|H|?
2012: ATLAS and CMS measured the Higegs boson mass
Current best measured value is mpy = (125.09 £ 0.24)GeV

We live in a universe with spontanecous symmetry breaking with

LD - m2|H|2 A H‘l
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The Higgs Potential

[s this the whole story of the Higgs potential?

\J
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The Higgs Potential

[s this the whole story of the Higgs potential?

What does the pnl('llti;ll
look like for large field

values?
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The Higgs Potential

Three different cases:

Absolute Stability: Meta-Stability: Instability:
- > l ‘{_ T < j}
V(H) Vi(H)

7 = Lifetime of the system
- 10 : :
[y = 10"y & Age of the universe
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Stability determined by myop and mpy

Two competing effects:

® Jnpr ~~ f‘\ﬁ

e Higher my — Increase A
e V(H) D +AH?* — -
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Stability determined by mop and mpy

Two competing effects:

® Jnpr ~~ f'\ﬁ

e Higher mj — Increase A
e V(H)D +AH* — -
® Ihy ~ Uy
e Higher m¢ — Increase iy
e l-loop corrections to V(H) from top quark
A“}(»ln ~ —U;lfIJ‘[" <) — 1more unstabl
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Stability determined by mop and mpy

Two competing effects:
® Jnpr ~~ f‘\ﬁ
e Higher mj — Increase A
e V(H) D +\H?* = t
® 1y~ UYy

e Higher m¢ — Increase yy
e l-loop corrections to V(H) from top quark

A‘fmp ~ —Uf”J‘[--- ) = more unstabl

Calculation could be done. and was done. before the

measurements of the top and Higgs mass.
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Stability determined by m.p and

Two competing effects:

® Jnpr ~~ «"\/X

e Higher mj — Increase A
e V(H) D +\H?* >

& Iy~ UYy

e Higher m¢ — Increase yy
e l-loop corrections to V(H) from top quark
‘Al}(bll ~ _f};l!!4[ <) — 1more unstable

Calculation could be done. and was done. before the

measurements of the top and Higgs mass.

Absolute stability condition, Buttazzo et al. (2013):

me = 173.10GeV: my > (129.1 £ 1.5)GeV
mpyg = 125.66GeV: m; < (171.53 £ 0.42)GeV

Figure taken from Buttazzo et al. arXiv:1307.3536v2
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Stability determined by mop and mpy

Two competing effects:

® Jnpr ~~ «"\/X
e Higher my — Increase A
e V(H) D +AH?* — -
& Iy~ UYy

e Higher m¢ — Increase iy
e l-loop corrections to V(H) from top quark
A“}(»]) dhad _f'}’;lflJ‘[" <) — 1mor unstable

Calculation could be done. and was done. before the

measurements of the top and Higgs mass.

Absolute stability condition, Buttazzo et al. (2013):

= 173.10GeV: myg > (129.1 = l..-l](i;('\r
mpy = 125.66GeV: m; < (171.53 £ 0.42)GeV

We live in a very special place!

Figure taken from Buttazzo et al. arXiv:1307.3536v2
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Establishing Metastability

e V'(H) = 1Pl Effective Potential
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Establishing Metastability

= | Pl Effective Potential

VI(H.&) with Re gauge fixing
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Establishing Metastability

e V'(H) = 1Pl Effective Potential
e V(H)=V(H.&) with R¢ gauge fixing

e New minimumn only when Viree ~ \_1_1.,.,},
— Breakdown of loop expansion
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Establishing Metastability

V(H) = 1Pl Effective Potential
VI(H) =V (H.£) with R¢ gauge fixing

New minimunn nltl,\' when Vijee ~ \_1_1.,.,”
— Breakdown of loop expansion

New consistent expansion: A ~ OQ(e?)

: 2 .2 4\ .4 & 4.4 @ 6
‘l—luu[J o [’\ +\if ’\*( ) ]“-t*l\.;_‘ =€ 0 I(}f"l\‘_l +(_’)(( )
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Establishing Metastability

V(H) = 1Pl Effective Potential
V(H)=V(H.&) with R

New minimum only when Vigee ~ \'1_1.,.,”

gauge fixing

[=
S

— Breakdown of loop expansion

New consistent expansion: A ~ OQ(e?)

" 2 . 2 4 4 Tas) 4 4 @ [§
| 1-loop "~ (A" + e A+ €7 )o" log L =€ log P + O(e”)

Need to include daisy diagrams
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Absolute Stability Phase Diagram

[nstability or Meta-stability

Absolute stability

124 126 128
pole

Iy,
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Viin is Gauge Invariant

1-loop, traditional method

e

"]
on
&
s
c
(8]
O
| -
- |
(]
L0
>
o
o)
[7)]
@
=
(]
w
0
<

SR R SR e |

of the Standard Model Effective Potential (PRL 113 2014), AA, /. Frost, M. Schwartz
Consistent Use of Effective Potentials (PRD 91 2014), AA, W. Frost, M. Schwartz
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Next: Tunneling Rates
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Next: Tunneling Rates

What is the tunneling rate out of our vacuum?
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Next: Tunneling Rates

What is the tunneling rate out of our vacuum?

e Tunneling rate is physical and should be gauge-invariant
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Next: Tunneling Rates

What is the tunneling rate out of our vacuum?

e Tunneling rate is physical and should be gauge-invariant

e Callan-Coleman “The Fate of the False Vacuwun™ (1977)

x(T)=xq
HT ; Sglx] 2 : ET *
o = <,I'|)|f |,f'”> = / D ETl i Opl(ro)op(ro)
. E

.-!'t(:H:.I"”
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Next: Tunneling Rates

What is the tunneling rate out of our vacuum?

e Tunneling rate is physical and should be gauge-invariant

e Callan-Coleman “The Fate of the False Vacuum™ (1977)

x(T)=xq
HT ; Sglx] ET *
o = (,f'nlr |,."”> = / D ET] — E € Opl(ro)op(ro)
; 5

x(0)=xq

e Lowest energy state Eo = — lim ; In 2

—_— N0
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Next: Tunneling Rates

What is the tunneling rate out of our vacuum?

e Tunneling rate is physical and should be gauge-invariant

e Callan-Coleman “The Fate of the False Vacuwun™ (1977)

x(T)=xzq
HT , Sglx] 2 : ET *
Z = <,f'|)|f |,."||> = / D,['( ET] = ( E)E{J“[)](}E{,!'“}
. E

x(0)=zxq

e Lowest energy state Eo = — lim ; In 2

T —oc
e I[nstability = Ey will have an immaginary part
[

1
— = 1Im lim —=InZ
5 Il_rl..l_l\“ |
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Next: Tunneling Rates

What is the tunneling rate out of our vacuum?

e Tunneling rate is phyvsical and should be gauge-invariant

e Callan-Coleman “The Fate of the False Vacuum™ (1977)

z(0)=zxq

x(T)=xq
— HT . Sglx] 2 : ET *
Z — <,f'|)|f |,."||> = / D,l"! E ] = ( f)F{,f‘[)](}E{_,!“[}}

e Lowest energy state Eo = — lim ; In 2

— 0

o Instability = Ey will have an imaginary part

1
— = | ¥ —InZ
_ I”T”-[_l\-' 1

e Calculate Z using method of steepest descent = Instantons
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Analytic Continuation

2(T)=z0 o o
p -S|l g i \ *
£ = / D e = E ¢ Oplro)Oop(ro)

x(0)=xq E

I ) I
5 = I lim T InZ

T —=ox

Pirsa: 17100017 Page 27/140



Analytic Continuation

(T )=x0 L .
p —Splr —F \ -
Z = / D — E € ! Tr'.'?(_.f'u]”ﬁ(-f'n}

x(0)=xq E

1
= I lim T InZ

T —=ox

r
2

e 7 is by definition real!
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Analytic Continuation

2(T)=z0 o oy
. —Seplr —FE . *
/ = / D EWF — E ( Op(ro)Ooplao)

x(0)=x¢ E

= lm lim ,ITIILZ

T —=ox

r
2

e 7/ is by definition real!

e Callan-Coleman: Analytic continuation of the potential
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Analytic Continuation

z(T)=x0 o o
J = / Dze "B = § ¢ OE(ro)og(ro)

x(0)=xq E

= I lim ,ITIILZ

T —oc

r
2

e 7/ is by definition real!
e Callan-Coleman: Analytic continuation of the potential
e Really: Specify complex path for path integral

AA. D. Farhi. W. Frost. M. Schwartz (2016)
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Alternative Derivation
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Alternative Derivation

* Bev(T) = [py deft(a. T)|?
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Alternative Derivation

o Ppv(T) = ]F\ dx|(x, './.}|2

V(x)
lw|*
S0|y|

N PP T 7
D IANRATAVATA'AT JIATAVA'D' \J \

NN T T
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Alternative Derivation
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Alternative Derivation
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Alternative Derivation
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Alternative Derivation

NN NN TN

K</ W ||[> 2] = | +

(N L W WE— ) — L —_—— L " ) S——_" ) ——
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Alternative Derivation
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Alternative Derivation

* Bev(T) = [py deft(a. T)|?

V(%)
lw|*
. 50|l;f|:

Y
| '.L/ U‘\ | U ‘%

iy

L

Y T
A AAY w‘f\r\/\f IJ Y
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Alternative Derivation

B ok s T a1 aan T S

D> | | =] +

L J ___J\__J W _J\_J_J
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Alternative Derivation

e Ppv(T) = ’F\ dx|(x, '.[.]'|2
o Pev(T) ~e M for Taesh < T < TnL

| d _
[ = —= Prv
Pev dT A
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Alternative Derivation

e pv(T) = ’F\ dx|(x, '.[.]'|2
o Prv(T) ~ ¢ ' for Tuesn < T < TnL

|G

[ =—
Pev dT

Ppv
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Alternative Derivation

» &\(.[) = ’F\ f/,i‘|l . f}|2
o Pev(T) ~ ¢ ' for Tuesh < T < TnL
1 d

[ = —-
Pev dT

Ppv

e Alternative derivation

12Im [ Doe™"l5(rs[0)) |
T —x I D cHe S[e]

I' = lim

AA. D. Farla, W. Frost, M. Schwartz (2016)
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Evaluating Path Integral

e Bounce solution: __\'f;r_';bl = (). (_J;_HJ} = oploc) =0
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Evaluating Path Integral

e Bounce solution: Si}-"iv‘ = (). f:;_l{(i] = oploc) =0

e To leading approximation

| ©Im ’ D —~S[p] -5 05" [#p]e

I
v IV [ Dore Slopyv]— 3¢S [¢py]e
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Evaluating Path Integral

e Bounce solution: _S'frr_';b: = {). f);_l{“] = oploc) =0

e To leading approximation

| Im f D che —S[op]— 565" [#p]0
I'V [ Dpe=Slervl-5e5"[opv]e

. . | v vl —_
. ] . S|+ S[opv] hin ,‘ det S |OFV ]
v \ det .S”[f_)h‘
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Evaluating Path Integral

e Bounce solution: Sfir_';b‘ = (). u;_l{()] = oploc) =0

e To leading approximation

| Im ’ Do —~S[pp] -3 05" [#p]e

II‘ r_).“!" .'\r_)l,-\ ‘Ir_:

I
VTV [ Dpe=SieFv]

1 . | T Qi l .
] :‘-[Ob'.:“[Olr.\'llll ‘tl(Tﬁ _u}.\]

TV \/ “det 57 (o)

] .S‘H[r .ih]f"j = (=0 + ‘7‘”[‘ ’.‘;])"J — /\‘j”j
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Evaluating Path Integral

[} BHllll('(‘ S( )Illfllnll: _S'f;r_';b‘ — (). (_J;'l{()] = Opl X) = ()

e To leading approximation

| Im [ Doe~ St~ 25" (orl

I
‘_' - IV fo )€ L‘-"H“'F.’-"’I-‘\]""

Sléopv]

] § | T Qrl .
] S+ S[opv] Il[[ .‘ det S [OFV ]
\.‘ det .S”[(_'Jb:

= — 4
A
£ ‘ﬂ'”[r :;,]HJ' = (-0 + ‘—u{‘ ?b]}“\; - f\_,r'”j

® O = Op + Si,u, and (oi|o;) = 27y
!

v —L2ma)Eer _ T
1] ’D‘( 2\ i)87 = —
D /% =/a

1

[,
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Zero Mode From Translation Symmetry

e A\ = () for translations

S :(_)[,:("}'uf)[, = Jy (ﬁ"[ru,]) = ()
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Zero Mode From Translation Symmetry

A = 0 for translations

S \—(_)[,:f'}'”f)[, = Oy (ﬁ"[r;g,m = ()

l-.\'illfg collective coordinates

.!‘(|.L; | .
[ = Oplar + o) + E Ci@jla + xo)

Jacobian

] ) ;;:<(-)/”.Jh|(-)“(')b> B :..:“’Y[( )})]
o 27 —Voor
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Zero Mode From Translation Symmetry

e \ = () for translations

Il 14 y v/
S \(_)[,‘(’}'uf)[, = Oy (h [r;(,]) =0
e Using collective coordinates

.1'(|.L.: | .
[ = Oplar + o) + E Ci@jla + xo)

Jacobian

.";: <t;)/, ('J}}|(-)/, (')}}>
' 2
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Zero Mode From Translation Symmetry

e \ = () for translations

A 1

S ‘(_);,‘f')’uf)g, — ()“ ("ﬁ"[r;h]) = ()

e Using collective coordinates

r_)'r“'L" = Oplir + o) + E L.'”J'("‘ + o)

oives Jacobian

.“; <f)/, ('J}}|(-)’., t")b)
[y

det S 'r_JF\'W
Iy |/ e >
\ det” S| ’h]

L
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Zero Mode from Scale Invariance

Standard Model
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Zero Mode from Scale Invariance

Standard Model
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Zero Mode from Scale Invariance

Standard Model

S R

Qp = \ \P) - 5
| —/ 1< T+ r-

e Scale invariant: r — % o — Ro

R°
e Additional zero mode from dilatation mode
|

O = Opop = —— (1 + .f'“(')ﬂ ) O,

R
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Zero Mode from Scale Invariance

Standard Model

/ )
l{i-) rJ]‘2 — i(')'l . Op = | S [l
5 (Fu¢ 2 =\

-\ R2 4+ r2

e Scale invariant: r — % o — Ro

R-
e Additional zero mode from dilatation mode
|

Od — ‘.)H’-.’b =—-—=(1+ 'IW‘.)IJ ) Op

R

2

I

Sl \?, [ [det 57 [opv
‘_( b| ) [1“/ F"f[]J.)I,,f\I-. 1€ L()[-\]

(1(.“‘,r f"” '( ’h‘
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Zero Mode from Scale Invariance

Standard Model

S R

-\ R2 4+ r2

B [
—(9,0)° _ , = 4/
_){ 1 @) 1 o] \

e Scale invariant: r — ﬁ o — Ro

e Additional zero mode from dilatation mode
. I "y
04 = 0pop = — 5 (1L + 270, o

R

. 2 . / l'r _S”[_ .
| ) [m/ F”]J‘},J 5_( € : ‘Lt')l-\‘]
T , \ det” S ||
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Zero Mode from Scale Invariance

Standard Model

S R

Db = \ \P) I 2
| —A 1% +T1*

Scale mvariant: r — ;—‘ o — Ro

Additional zero mode from dilatation mode
. I 0 s
04 = Opop = — 5 (L + 270, o

R

L [det S [6py
] [1“/ F/{]J‘!”r / 18 (§ : [f'}[‘\]
T ) \ (1(‘l’ S | Db |

]r‘} p— ‘211’: {('Jd|c')(}> = o

Three Problems

e Jacobian is infinite
e Integral over R is also infinite

e How to calculate correction from mass term in Lagrangian
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Outline for the rest of the talk

e Solve .Jacobian Problem

e New basis for functional determinant

e kxact solutions for eigenvalues

e Evaluating the Functional Determinant Three Ways

e Sum exact eigenvalues
e Angular momentum decomposition
e Gelfand-Yaglom Method
e Standard Model
e (alculate functional determinants for scalars. vectors and fermions
e Lifetime of Standard Model Universe
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Solving the Jacobian Problem

O <> (g 1s non-normalizable
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Solving the Jacobian Problem

Jg = 00 & ¢4 1s non-normalizable
Key observations:

e Path integral is basis independent

(l(‘[ ,H‘f’:{]] (1('1 f—j) - f/lﬁj.zl"-‘ff‘f( Jb‘ (li‘r (_“N[r )bJ lj)

det S f'r;,i}  det (=0 + “”{(.'q,}] N i/p’g,l.fﬁ‘i{'ﬁqtlt'f (=1 ”:' i;,‘_'[: + 1)

MeKane. Wallace (1978): Drummond. Shore (1979)
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Solving the Jacobian Problem

Ja = 00 € ¢4 1s non-normalizable

Key observations:

e Path integral is basis independent

det HH '{)] det ( —j) Llj;l,l--‘fi‘!fr ;b‘ det ( —} 'N[r ?b} lj)

det A‘_\Wl('q,} o det (=0 + ‘\”[(]J;,}] = {/("L,L"’LI{—SJ‘["T (=1 ”:-';,,‘_l[: + 1)

McKane. Wallace (1978): Drummond. Shore (1979)

® \—(‘('ll 1‘i}_§(‘llf'llll(‘liq1[]h u[h ‘-”{r)},] L:| illhll‘;ltl ui' ."'H[r);,] — —D -+ \_”:r )b:

|
3\b? L

b
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Solving the Jacobian Problem

Ja O <> g 1s non-normalizable
Key observations:

e Path integral is basis independent

|lpl ,"i‘f‘,:{)] (1(‘1 (—j) Llj LJ!T”/"T lli‘r (_lvn[r "b} lj)

dl(‘r A_\'”[f')h} o (i(‘f (—D - ‘\”[(_'J(,}] {bJ_L_Lv'ﬁJ!L—r’;IT(lt'T {—‘ ”ia ;h‘_l[: T I }

MceKane., Wallace (1978): Drummond. Shore (1979)

o \—(‘('ll l‘iL:(‘lltl|l|l(‘IilJ[]h of ‘_H[r)h] L:| il!hll‘;nl of ,H'H[r)h] — —D -+ l_H:r 'b:

e Now: Ou0; = \;0;. with \; dimensionless
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Solving the Jacobian Problem

Ja O <> g 1s non-normalizable

Key observations:

e Path integral is basis independent

det 'H‘”:{)] det (—=0J) (,l‘ li&[—"/b}‘ det (—“”[ru,J lj)

det S”[f'r;,} o det (=1 + “”[(_'r;,}] o ’L(’\L_L'-’JJ;LT]J([('T (—1\ ”:. ;h‘—'[: 4+ 1)

McKane. Wallace (1978): Drummond. Shore (1979)

o X(‘('cl (‘i}.((‘llflllll(‘liintlh ”[_ ‘_”{r J;,] L:| illhll‘;nl ui' -&’.”[”h] — —D -+ ‘_” :r )b:

: l
Oy =[] , Oy =01
73, 7 3)\p?

b

e Now: Ou0; = \;0;. with \; dimensionless

y ‘ 2N 7 o . ’ . . .
e Before: (=0 4+ 3Ad;)o; = Njo;. with A, dimensionful
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® 5”[!41.]('1 = Ao can only solved numerically
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1] _5'H[{'J},](_'J = /\() call (JIIL\' .‘wt?l\'t‘(l llllllll‘l_'i('.’i“_\‘

e Exact solution to Qs = A?0 known: n > .

(n—1)(n +

[ie] [aa]
C)q;f ‘nslm — /\”‘ ‘nslm - /\\” - 6
)

I :

. _ - p-s=1

”nsfm(f-“-H-”) = -1 n1
-

>

R
R

 _
2 4 ;2

L
—l—=75 —i1meo

L] (('usr}}nm{(‘uhﬁlf

Pirsa: 17100017 Page 70/140



o S"[op]o = Ao can only solved numerically

e Exact solution to Oz = A0 known: n > s > 1 > |m|

lis] o {-” - I.H'” +4J I
C)rp”n.—hn - /\,gf“n.w:'m- (\;1 —_ f . ”(n — (_(”‘Jf_l H ”*__)H_)H—-—{}
) )

/65| Op
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_S'H[f'i'l,]('l = \o Ccall (Jlll_\' ."\l?l\'{‘(l lllllllt‘l'i(';ill_\‘

Exact solution to Qg0 = A0 known: n > .

; (n—1)(n+4)

” )
(-—)r;;‘ ‘nslm — /\”‘ ‘nslm - 6
)

[ (¢dldd) v

1 /6S[¢s]
27 — RV

f '“.“ P |E)“ @) v

Jr =/
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S"[op)o = Ao can only solved numerically

Exact solution to Oy = A?0 known: n > .

(n—1)(n+4)

’ @ [os]
(-')r,';”n.-fm — /\”t),,_\_,rm_ {\” - (
)

_. 'H.“ Pp |i)j! Py ) v
/ 2n
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Sum Eigenvalues

o §"[dp] = =0+ 3A¢F = M(x) = =0 — 3x\é}
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Sum Eigenvalues

o S"[dp] = -0+ 3X\of = M(x) = -0 — 3r)\é7
o D(r) =322 Oy = L O+

det M(0) ° 32
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Sum Eigenvalues

o S"[¢n] = -0+ 3X\dp = M(x) = =0 - 32A¢3
e D(r)= 08 O(x) = 20+

det M(0) * 3G
(n+1)(n+2)
(§)

* C)f-".)'-}nw'm — ’\r![-'r':”u\!ru' ’\H (r) = ’\:a) + T =

<+ T
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Sum Eigenvalues

. 9 . 9
.\H[r Jh] = -]+ :’n\u,—, — M(xr) = -] — :’Lf‘/\!iﬁ

) = detM(z) oy 1 M
““ ) = det M (0) ° C (r) = .:Af;{;:'—l '

N o . N Yo . (n+1)(n+2)
(-—)t-' )Pnslm = /\“[J )Onslm /\H(-’ ) = ’\n T &= 6 T

r 1d
I_I > () An(x)|"m Anl(x)
l 1 ) ) = h ..:___..{_) — ; ’f ll | oni—)
/ (r) In 1., _:,“‘,\”:[])7'1,, _ _\_{] n A, (0)
= n>

Pirsa: 17100017 Page 77/140



Pirsa: 17100017

Sum Eigenvalues

.H‘IHI[‘ jh] — _m T :J)/\( J-’-: —> _,\/l{,f: = - —7 — :';J"/\! j-[-:

D(z) = 3etMz) iy = 1L T4 o

det M(0) ° InGZ

\ . (n+1)(n+2) |

(-‘—)f-".)”nw'm . "\H[JI}“JH\!IH' /\H (r) = ’\‘r: T = & y

- 1d

[1,.>0An(=)]"" A\ ()

W) = n s = ani\s)

In D(r) = In 1. 2o o (0015 > dnIn > 10)

n>0

UV divergence as n = oo

I
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Sum Eigenvalues

,\‘H[r Jh] = —[]+ :J),\(;f — .f\/l(-f'l = =[] - _‘;J,./\“ﬁ

det M (x) Y {
D(r) = 3aro): Ol

~ ) &b (n+1)(n+2)
(—)t-".}(-)rif-fru — ’\rr[-'r'}'”u\!m' /\H("l] — ’\n = 6 + T

- 1d
\ l—In -"(-’\”t-'r'- " r\p;(~-J
]“ [){ f] —_ Ill __‘_'\___(_f_ — T‘ f/” l“ -\__-Ell_
[lu'l!/”‘“), " ‘_‘sd An(0)
n>0

UV divergence as n — oo

In D(xr) = infinite sum over n
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Sum Eigenvalues

.“?‘H[r 53,] = —[J + 3\ :f — M(x) = =0 — 3x A ;;;f
det M (x) Y/ 1
N — detM(z) oy 1
D(xr) It hialos O(x) Fwed ] + a

7Y f Q@ | (n+1)( 2)
(—)t-")'}nﬁfru — ’\n[-'r'}'“rz\!m' /\H("l] = AL +zr= e lints) + I

T = (5]

; 1 d
H > () An(x)|"m Anl(x)
ln [) T) = Ill __.._..i____f__.._.__._.___:._ = ; ’f l“ oni—)
() l_l,, ':>i}/\r= “]),J” ‘f"{] - An(0)
- =

UV divergence as n = o0
In D(r) = infinite sum over n

= (infnite sum over n) — o¢ + S

-~

> ) ) )
Finite Calculable using Feynman diagrams
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Sum Eigenvalues

S"[¢p] = =0 + 3062 — M(x) = -0 — 3G
D(r) = det M(z) O(r) = L M

det M(0)° :{T\_(j;;"’_

b (n+1)(n+2)
A 4 g = 2 )nds) o
O

("’)f"‘.}(-}ﬂ.‘-'l'l” — ’\rr[-'r'}'”rt\!m' /\H (r) =

. 1d
[T,.>0An(x)]" \, (z)
l | ) T y — 1 __'_}—__ _...._._...__:__ = § l 1 aniz/
] [{ ] I l l—-l“ .:,”‘/\”‘[])7,‘?” .T}d{]f T l ’\”[“]
- n .-

UV divergence as n = o
In D(r) = infinite sum over n
(infinite sum over n) — oo + O

y , S~

Finite Calculable using Feynman diagrams

[solate mfinity from sumn

171 Ap(x) (¢ .
'-Hr-uly( r) = |:fln lIl N [U]:| R = {_)H T {]I —
r,r*
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Sum Eigenvalues

v 92 9

S"[dp] = =0 + 3N = M(x) = -0 — 3w
) — detM(z) ey — 1 o,

[)(f) — det M(0)° (’){, ) = .‘L\rji;‘.:-—l !

Y i QD +1)( 2)
(—)t-")'-}n.‘frn — ’\H[-'r':'“”\!m- /\H(",l] = Al +ax= nrlints) + I

T (5]

r 1d
H > () A ”f.f" o \ (z)
In D(x) = Iy QnzoPn@I7" oy A ()
B | A 1)
il 1>

Uv (li\'u‘l'f_:('lll‘t' as n — oo
In D(r) = infinite sum over n

= (mmfinite sum over n) — oo + o'e

-~

w»
Finite

Calculable using Feynman diagrams

[solate mfinity from sumn

moy A (2) o .
‘-Hr-uh(" ) = |:’/H lIl ) ,,[U]:| . f__)H -+ {]I —
r,r*

20

‘ N Anp(x) 1T .

® Sfin(r) = \_: [{’” In An(0) Psub ()
)

n=(
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Calculate Infinities From Feynman Diagrams

. . - _ 2
e Divergent parts are calculated using Fevnman Diagrams up to Q(x*)
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Calculate Infinities From Feynman Diagrams

. . - . 9
» ])l\'('l'g{']lr parts are calculated lusmg ['("\ 111110 1)1;1gl';!ll|.- up to O(x”)

e Fevnman Rule . = 323 (q)
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Calculate Infinities From Feynman Diagrams

. . - - 2
e Divergent parts are calculated using Fevnman Diagrams up to O(x*)

e Feynman Rule ) = 3z A5 (q)
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Calculate Infinities From Feynman Diagrams

. . - - 9
])l\'(']'};{*llf parts are calculated lusmg ['("\ 111161 I)lélgl'illllﬁ up to O(x”)

Feynman Rule i = ar /\u "(q)

d%q s dk 1
( ,“VJ"”’('J;’((H_ (27)4 k? i

[;\ )2 o= [ EE L1
- —— p, - —_— ) ) e 4 ——
q — & f b ‘Hfhl { ( 7)d k2 (q + k)2
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Calculate Infinities From Feynman Diagrams

. . - - 9
l)l\'('l'g{']lr parts are calculated lusimg I'("\ 11111 I)l:lgl'.‘llllﬁ up to O(x”)

Feynman Rule . = 3z i (q)

d“q 27 3 dk 1 B
% | Gnie =

S . d q *,[ 'l s \ [ dk 1 |
= Jg2 y ~(OAT y @y, )DL (—(q ] . 19 7 r
: X ¢ ! _ |):‘_, .F;.(f.rh i ; [3,‘_')’! A"J (‘1___}')1

5) 3 3] Ru\ ,
3 T+ IVE + ain T a

- —
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Calculate Infinities From Feynman Diagrams

. . - . 9
])l\'('l'g{'llr parts are calculated lusimg I'l"\ 11111 I)l;lgl'ulllr« up to O(x”)

Fevnman Rule = ;{.I'/\GL-;E(-([)

d“q 27 3 dk 1
%\ | Goyae =0

d

. {[ f[ __-) . .-__)A f](f;\" | |
(97149 (q)0,(—q) ] (2m) k2 (q + k)2

. _ . . ‘ 5 Ry .
. bll)l)[)-"(-"r) — =y W e 3. 3 T —l;"t‘ + :?l lIl ‘—)/) .(l-J

[det M(0) S ol s (2 s (2)
\‘: 1'(‘[ _’M(J"l Xp 2 n(r) cXp —) lmn’) Dloops |- )

Pirsa: 17100017
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Angular Momentum Decomposition

Let us do the sum in a different order. Remember

~ o
L)”n.-fm — f\n‘ ‘nslm

det M(x)

D(z) = —F7F=£ =
- det M(0)
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Angular Momentum Decomposition

Let us do the sum in a different order. Remember

Y
()”rr.-‘fm — f\n”uslm-

det M (x)

D(z) = ————% =
- det M(0)

Before:
e Calculate eigenvalues Ay,
e Sum n

Now:
o Let o(r.a.0.0) = ,f"g(i'_li"'h”{n_ﬁ.u} and o = Ao

sls + 2)

2 3

r

2
r r=
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Angular Momentum Decomposition

Let us do the sum in a different order. Remember

y o
(»)“rra‘fm - f\n”uslm-

- det M (x)
D)= —— =
det M(0)
Before:
e Calculate eigenvalues A\,
e Sum n

Now:
o Let o(r.a.0.0) = ,f',-(!'J)-‘“‘rm{n_ﬁ.fJ} and o = Ao

s(s+2)

9 3
As =08 + -0, —
m

;‘)
I
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Angular Momentum Decomposition

Let us do the sum in a different order. Remember

~ o
L-)”rr.~‘f.r:r.l - f\n“uslm-

N det M(x)
D)= ——= =
det M(0)
Before:
e Calculate eigenvalues A\,
e Sum n

Now:
o Let o(r.a.0.0) = f,-(1'_])""{"*:'(1_?}.u} and o = Ao

s(s+2)

5 3
Ao =2+ 20, -
-

;‘)
I

e D(x) = [J[R:]®+Y"

Ap (2) C(14s8)(245)

An(0) T D(34s—55)0(5+s+55)
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Gelfand-Yaglom Method

Transforms eigenvalue problem to solving a differential equation

(fi‘t[ 1 = <+ -
KPY: i u Ly 3 ‘
b . halr) . | )
e Ry=—3p— 4 = [l]l]l s {]lln e }
l'll‘T[ s

1 r—0 ¢ _rt r) J T — O ”l]l )

sAs+ ('):. =0
:‘;/\(')g ’
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Gelfand-Yaglom Method

Transforms eigenvalue problem to solving a differential equation

det [*er s+
) —

ANDE 28 oy ] LS
l “b ] - ’-7|( ) - ‘J?[ )
o / —— = [lml 0 2 { lhn = '}

ts = T T
30 ’.’_.t" ) .y J'Jl](’ )
lil(‘T 1 ~ A_\ ! ’ - ! >
.'!,\,;)r

I .
[ As + .:] o7 =0

3\« ');2)
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Gelfand-Yaglom Method

Transforms eigenvalue problem to solving a differential equation

det [#fA s+
) —

ANDE £Soy] S (.
} “b ] - @ |( ) - @ [f )
L [ — = [l]]]l '("T*"' { ]I]Il :|

s = .
r—0 "J_rtrj r— O "’lJ(’ )
det | 15 A, -
.'!,\,;)J-

I :
sAs+x '):.:[}
[:{/\(')g r] ( ’

Powerful method for calculating functional determinants!
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We are ;ll)[(‘ 10O:

e Calculate exact eigenvalues

e Sum eigenvalues with UV divergences for M = —[1 — 3x Ao}

e CGelfand-Yaglom Method
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We are ;ll)[(‘ 1O:

e Calculate exact eigenvalues

e Sum eigenvalues with UV divergences for M = —[1 — 3xAoy

e CGelfand-Yaglom Method
Now, let’s study

® Rl';ll N';ll:il‘s

e Complex scalars

e Vectors

e Fermions

Pirsa: 17100017 Page 97/140



L=

!
2

My = -0+ 3\

e Same as before with 2

Page 98/140
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. I 2 A
L = —:(‘}",n’_))“ o+ —rfl
I) _l

My = =0+ 3\os

e Same as before with - =

e Zero mode for n = 1
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L

!
2

.\AU — 7[: + "‘;/\’.?;,2

e Same as before with r =
e Zero mode for n = 1

/\ [f) -
dq In S —5ln(x+1)
A (0)

e Remove zero mode and add mn Jacobian factors

Se = lim [Sgan — 5In(xr + 1))

“fin T 1
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I 2 A
L = _{(kfpr_y)m o+ —u4
I) _L

My = -0+ 3)\é3

Same as before with r = —1
Zero mode for n = 1

A () -
dy In X =5In(r+1)

Remove zero mode and add imn Jacobian factors

»S;’” = lim ['k’.fiu - "’IH(J' + ] ]:

r— —

Combine with Feynman loops and counterterms

. [ 1. 3) sx2 95 [r " R
-S(8] [y 4 | detOp Fr 2[5 . > 6 . /
[ — = —/ = e —— (—=1)+3h

“\,‘ deto, © "36Ve TP |7 TS ' '

—_

€
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Complex Scalars and Global Symmetries

. . I :
L=1|0,b|+V(D), &= NG (b + & + iG)

[—D—-—.‘_{,\r}il}ui“, r= —]

(—O+ Xop)G =0, z = =

Page 102/140
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Complex Scalars and Global Symmetries

. . I :
C=10,P+V(b). ‘I’:w[ug,+m+1({)

(—D*:§f\rﬂi}r):l}, = —]
L |
(=0 + Aoy )G = 0, _,r:_E

e Goldstone has zero mode for n =0 ('ul']'t'r«'i)uticlillg to l)ll;lr-(‘ rotations

b — D

Page 103/140
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Complex Scalars and Global Symmetries

. . I _
C=10,P+V(b). ‘I’:EEUE;+("'—J(T‘)
[—[]~—.‘{,\r)§}f}:l}, r= —]

P |
(—O0+ Xop)G =0, == =

e Goldstone has zero mode for n =0 ('ul']'t'ra'l)tJti{lill‘uj to l)l].‘lr-(‘ rotations

b — P

e Same calculation as before

r ?\—fe :{._\r:r)b} "dR

—_— = CXpP
" —2 [‘l).‘r

Page 104/140
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Vectors and Local Symmetries

- I -2 : + . +* ¢ . 1 ‘ 2 .
L= 1/“};, F (O, D" +1gA 0" )(DyP —i1gA,0) 4 ,\\‘11‘4 ‘)—Clr)}, A,)” + cle

<6
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Vectors and Local Symmetries

. - . + § - 1
_F?* &+ {_HP(I) 4 .fr}_-‘“u }{_r)ulln _ “/-"J‘ﬂf ., ‘],‘4 ?_-j[g‘) _{“J + clle

vy . : 5
4 AN

3 9 | - ) "
= (=U4+g"dp)A, + (l -_ ‘—) Oy A, + 90, 0p)G — gopd, G

S

(—O+ Xop)G + 2g(0udw) Ay + gopd, A,
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Vectors and Local Symmetries

I -2 F * . * N\ 7. . 4 | 1 . 2 —
1[“‘(“, + (0, D" +1igALO" ) (0P —igALD) + A|P|" 4 E“)ﬂ A,)” + cle

2 .9 | — . Yy
i [_j T .’f‘(); .l-l,u T (l o ‘_) ';},u(.)r/-lrf T ,“f(.‘;)u(-"l'r }(’ o U(-’b(),(.:(-’

S

(-0 + A« )i }(:: -5 lf[l fl)grf ’b in,u T Y[ )bfl‘,,u :i,“

- . Ly r . (1) o y ) ) B
L [!!_a!_),—f + ay '_f')/:l)\(),_‘ - (u-;-_(:'l";fl - rf;-_u1')1‘,_‘)')c‘,,.l‘.,,,.xj,d,. Yoanula. 8, o)

s=0,1,2.- v s(s +2)
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Vectors and Local Symmetries

I +2 F i . i P . 1 é 2
L= 1[“;:11 + {f),u(]) T ",’f-'{,(r” )(“’u‘" - ","/-J‘,u”} + A ‘11‘4 T+ -)_c“)‘“ -'l,u )~
<4

P | i )
0= (-0<+ .r;’ui )AL + (l — (—) DAy + g(0up)G — gopd, G

S

0= [ _:] + /\’)i }(a: - 2”[(')“! b J;‘l“ — jrl(-){.)(.)'u;‘l'“

( _)\(‘)ﬁ + (u-;-,(:'l'.;f.l' + s 1')1",_"” | Ym0, @)
Vv s(s - 2)

- ) J",_,
L [u_uJ— +ar(r)
.

s=0,1,2,

f )
9%, — g0,
fs(s+2)
\. Sls+< J
gy,
YT . 3 2
290, + g0, + Sqoy : —A,+ A\o;

();‘. - "—{f)_. o :_‘—
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Vectors and Local Symmetries

R . . _ I
L= 1/“1:,, + (P +1gA,0 )(OuP —i1gAL0) + A ‘11‘4 +
<4

o I , :
0= (_j T .'f‘(); .l-l,u T (l o (_) ';},u(.)r/-ll/ T H(.(A)ur-’b .}(-" o Uf-':';(.),(.:(-"

S

“H -",u ?2 + cUe

0= l _j _+_ /\’ )i }(': T x-u)(ll ‘I),(r‘ ’b }If'l,u . j’/(.)b(.),u A_l,u

\

- r | o ; .
L \ ?(‘)ﬁ T (UT'.(I"“‘;EII +ff]'_)‘.'")l‘,_zl.)(‘”.l‘.m.f",(J,. }_”',”{-‘l.”. f

s=0,1,2,

; .
90, — g0,
\./‘l‘if_J\ .‘ _\4.‘5

_r}t‘}nr

_ Aj + ,\r_');,"
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Gelfand-Yaglom For Vectors

Reminder: Gelfand-Yaglom

1

det [ . s s
3Nb* : | 8] ) o (r
Ry = 2 = {]im ”{I'] {lim "fﬁ

A
det {

—\“} r—s0 r)_';'.[ ) r— X rla(i)

‘{Aepﬁ

Pirsa: 17100017 Page 110/140



Gelfand-Yaglom For Vectors

Reminder: Gelfand-Yaglom
(\r — s
[) [l [.’}/\UF‘: ’ ] (J”{]'}

lg —
det { 1 _\}

:{Ae"vﬂ

lim —
r—0 O5(1)

LA, + 1] {

|
5 As
{:{/\f )E-_: ;

MIECY, =0, MICU, =0, i=1.2.3
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Gelfand-Yaglom For Vectors

Reminder: Gelfand-Yaglom

det [ +2] .~
32 . olr) ) O (1)
R, = 2 L= | lim =2 ‘ lim ———
det { l _\} r—=0 Oz (1) r—oo Og (1)

‘{Aepﬁ

|
TAR
{:{/\f )E-_: ‘

MIECy, =0, MU, =0, i=1.2.3

pste _ det METY_ det ¥(0) det ¥(oo)

det \;l“*”  det W (0) det \’l\_f( 0 )
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Gelfand-Yaglom For Vectors

Reminder: Gelfand-Yaglom

1

et [y s 4] _ﬁ

SADT ’ : (0 |. .
H: = A% = = {]illl . ] {lim "fq
det {;_\}

-‘{,\e"vﬁ

| :
~As+ x| o, =0
{:{/\f.)g : ’] o

r—0 O5.(1) r— r}'l\]('i")

MSLGy. — 0. .\/tf‘l‘(';‘I’r‘ —0 i=1923

H,;L(_- B tl(‘l’_\/lf?li‘('r - det ¥(0) det W (o0)

det ,\‘;tfj]'(: o det ‘I’[{]] det l[j( 0 )
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Gelfand-Yaglom For Vectors

Reminder: Gelfand-Yaglom

et {3;‘,\'11:?—\‘ - - do(r) ] [, da(r)
, =~ = | lim lim —
det { 1 _\u}

-‘{Ae"vﬁ

| :
,.,.3\—.' J':_:“
{:{/\f.)g ‘ !] o

R, =

r—0 O5(1) r— 0 rJ':'](i)

.MT‘LU‘I’,- -0 .M:-I‘(_;li!!_ — 0. i =123

RSLG _ tl(‘l‘_\/I:”‘('r _ det W(0) det ¥ (o0)

C det MSLG det W(0) det U (o0)

det lim-] = 2s(s + .
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Endo. Moroi. Nojiri. Shoji (2017):
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Gelfand-Yaglom For Vectors

Reminder: Gelfand-Yaglom
det | =25 A¢ + | s
3Ap=z =S | ) Ol 1)
H. = 2 = = [lim =
det { 1 _\s}

‘{A(!F‘:

r—0 O35 (1)

{I_\

:{/\f.)g :

MIECY, =0, MU, =0, i=1.2.3

det MZEC det \if({ll det ¥(o0)

RSLG _ -

det MSLG — det W(0) det (o)

¢ Y Ss+1
s§ —=28)1
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Endo. Moroi. Nojiri. Shoji (2017):
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Endo. Moroi. Nojiri. Shoji (2017):
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Endo. Moroi. Nojiri. Shoji (2017):

\:]'}:l] —

(=0,7#0
Hn|\'s- f-n[‘ I}

Homogenous part of y will be proportional to ¥ and won’t contribute

Pirsa: 17100017
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Endo. Moroi. Nojiri. Shoji (2017):

Solve for U
Homogenous part of y will be proportional to ¥ and won’t contribute
Solve for y for r — 0 and r — oc
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Endo. Moroi. Nojiri. Shoji (2017):

(=0,7n#0
e Solve for 7
e Homogenous part of y will be proportional to ¥ and won’t contribute
e Solve for v for r - 0 and r —- o

Wa: (#0,n#0
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Endo. Moroi. Nojiri. Shoji (2017):

(=0,n#0

Hnl\'s- f'n[‘ 1)

Homogenous part of  will be proportional to ¥ and won’t contribute
Solve for v for r — 0 and r — o¢

C#0,n#0

det ,\/I:’[( det (f;[[}) det W (00) s

(1+s)I'(2+ s)

I
det \}15[( ~ det ¥(0) det U(oo) s+2T(s+ 32— 5)T(s+ :j IR
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Endo. Moroi. Nojiri. Shoji (2017):

(=0,7#0
Solve for n

Homogenous part of  will be proportional to ¥ and won’t contribute
Solve for y for r — 0 and r — oc

Vg ( % 0, i 7t ()

R_q{_(,- det ,\/I?I( - det (I‘f([}) det W (00)
det MSLG  det W(0) det ¥(o00)

s+2T(s+ 53— 5)(s+ 5+ %

Sum over s and calculate divergences from Feymmnan diagrams as before
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Changed basis for calculating functional determinant

Exact solutions P ssible

e Directly sum Ay,
e (Gelfand-Yaglom method

Calculated exact functional determinant for all fields

Divergences calculated and subtracted using Feymman diagrams
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Vacuum Stability in the Standard Model

» )

R O S 1
C\'\[ = [l);,[['tl)“l'{i . ,\[f{'}{]— — _1(_1‘;'::']—_ _11),

v

+iQPQ + it gPtg + ibpPby — yQHt g — yjTrH'Q — yyQHbg — yibrH'Q + - --
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Vacuum Stability in the Standard Model

]

: toena 1, . 1
Lsv=(D,H)(D,H)+ ANH"H)” - ‘1‘-”;',1p)' - _113

)

[

+iQDPQ + it gPtg + ibpPby — yQHt g — yjTrH'Q — yyQHbg — yibrH'Q + - --
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Standard Model Phase Diagrams

Standard Model

Absolute stability

Absolute stability

Standard Mode!

Absolute stability

Absolute stability
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e Standard Model is metastable
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e Standard Model is metastable

e New method of calculating functional determinants with rescaled
operator
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e Standard Model is metastable

e New method of calculating functional determinants with rescaled
operator
e Exact results
e linite Jacobians
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e New method of calculating functional determinants with rescaled
operator
e Exact results
e [Finite Jacobians

e Other results not described here
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e Standard Model is metastable
e New method of calculating functional determinants with rescaled
operator
e lkxact results
e ['inite Jacobians
e Other results not described here

L Illll"_i;l‘;ll over R is finite

e Justification for dropping the mass term in Lagrangian
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e Standard Model is metastable
e New method of calculating functional determinants with rescaled
operator
e lkxact results
e [Minite Jacobians
e Other results not described here
e Integral over R is finite
e Justification for dropping the mass term in Lagrangian

First-ever complete calculation of Standard model lifetime
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e Standard Model is metastable
e New method of calculating functional determinants with rescaled
operator
e Fxact results
e l'inite Jacobians
e Other results not described here
e Integral over R is finite
e Justification for dropping the mass term in Lagrangian

First-ever complete calculation of Standard model lifetime

Thank you!
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