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Abstract: <p>A state is called a Markov state if it fulfil the important condition of saturating& nbsp;the Strong Subadditivity& nbsp;inequality. | will
show how the&nbsp;vacuum state of any relativistic QFT is a Markov state when reduced to certain geometric regions of spacetime. A
characterisation& nbsp;of this regions will be presented as well as two independent proofs of the Markov condition in QFT.& nbsp;</p>

<p>For the CFT vacuum, the Markov property is the key ingredient to prove the a-theorem (irreversibility of the RG flow in QFT in d=4 spacetime
dimensions) using vacuum entanglement entropy.& nbsp; This extends the entropic proofs of the ¢ and F theorems in dimensions d=2 and d=3 and
givesaunified picture of all the known irreversibility theoremsin QFT.& nbsp;</p>

<p>I will also comment on the relation of this Markov property with the unitarity bound and other information theory inequalities.</p>
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Statement of the Markov property

A state is a Markov state if it saturates the SSA

S(pa)+ S(pr) = S(pans) + S(paus) p a generic state
S((‘.T_;l) + S(—(T,r;) = S(G’,]m;;) + ’S'(‘Tf.\l.l ,r;_) o a Markov state
Statement of the Markov property in QFT . : Eduardo TeSté
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Statement of the Markov property
A state is a Markov state if it saturates the SSA
S(pa)+ S(pr) = S(pans) + S(paus) p ageneric state

S((‘.T_;l) + S(—(T,r;) = S(G’,]m;;) + ’S'(‘Tf.\l.l ,r;_) o a Markov state

Why the name?

Classically, a distribution p(z, v, 2) is Markovian if the marginals fulfil the Markov condition

p(xly, z) = p(xly)
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Statement of the Markov property
A state is a Markov state if it saturates the SSA
S(pa)+ S(pr) = S(pans) + S(paus) p ageneric state

S((‘.T_;l) + S(—(T,r;) = S(G’,]m;;) + ’S'(‘Tf.\l.l ,r;_) o a Markov state

Why the name?

Classically, a distribution p(x,y.2) is Markovian if the marginals fulfil the Markov condition
plxly, z) = p(x|y)

From this condition the full distribution can be reconstructed from its marginal in the form

def _ _ Markoy _ def I‘](:*U)
p(x,y,2) = p(zly, 2)p(y, 2) = p(zly)p(y, 2) = =
p(y)

p(y, 2)
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Statement of the Markov property
A state is a Markov state if it saturates the SSA
S(pa)+ S(pr) = S(pans) + S(paus) p ageneric state

S((‘.T_.-l) + S(—(_J',r;) = S(G’;.m“) + ’S'(‘Tf.\l.l ,r;_) o a Markov state

Why the name?

Classically, a distribution p(x,y,2) is Markovian if the marginals fulfil the Markov condition
p(xly, 2) = p(x|y)

From this condition the full distribution can be reconstructed from its marginal in the form

p(x,y,2) = p(zly, 2)p(y, 2) = p(zly)p(y, z) = —
ply)

p(y, 2)

logp(x,y) + log ply, z) = log p(x,y, z) + log p(y)
S(p(x,y)) + Sp(y, 2)) = S(p(x,y,2)) + S(p(y))

Statement of the Markov property in QFT Ed Ua rd 0 TeSté
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Statement of the Markov property

Classically

j‘)(."l.-"!i» J) = p(:‘l:"y)

) plx, y)ply., z)
ple,y, z) = P YIPY. %) /! {
P(y)

log p(x,y) + log ply, 2) = log p(a, v, 2) + log p(y)

S(ple,y)) + Sp(y, 2)) = Sple,y, 2) + Sply)

Statement of the Markov property in QFT Ed Ua rd O TeSté
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Statement of the Markov property

Classically QM (we call o Markovian if)
plxly, z) = p(x|y)

) plx, y)ply., z)
ple,y, z) = P YIPY. %) /! {
P(y)

log p(a, y) + log p(y, 2) = log p(x,y, 2) + log p(y) » Ha+ Hp = Hayp + Hanp (H 4 log pa14)

S(p(r,u)) + S(p(y, 2) = Sp(a,y, 2)) + Sp(y)  —» S(ea) + Slop) = S(eavn) + S(canp)
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Statement of the Markov property

Classically QM (we call o Markovian if)

j‘)(."l.-"!i» J) = p(:‘l:"y)

px,y, z) = P(y) —p Oayp = closoatlogos—logoans

log p(a, y) + log p(y, 2) = log p(x,y, 2) + log p(y) » Ha+ Hp = Hayp + Hanp (H 4 log pa o 14)

S(ple,y)) + 8(p(y,2)) = S(ple,y,2)) + Sply))  —» S(oa) + S(op) = S(dave) + S(eann)
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Statement of the Markov property

Classically QM (we call o Markovian if)
plxly, z) = p(x|y)

) plx, y)ply, 2)

Jogoatlogop—logoasp

plx,y, z —p» TAVB = (€

p(y)
log p(a, y) + log p(y, 2) = log p(x,y, 2) + log p(y) > Ha+Hp = Hayp + Hanp (H 4 log pa o 14)
S(plr,u)) + S(p(y, 2)) = Sp(a,y, 2)) + Sp(y)  —» S(ea) + Slop) = S(ecavn) + S(canp)

...we are interested in this because

S(palloa) + S(pnllop) < S(pavslloavs) + S(parslloans)

This is the Strong (Super)Additivity of Relative Entropy
it holds when the second entry state is Markovian!, (not in general)

like SSA, but now each term has the monotonicity property (better defined in QFT)

Statement of the Markov property in QFT Ed Ua rd 0 TeSte
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The statement for the vacuum
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The statement for the vacuum

null plane
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The statement for the vacuum

null plane

R R e S RO RS o o e P P IR A T e i -
Statement of the Markov property in QFT EduardO TeSte
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The statement for the vacuum

for the
vacuum null plane N
of any QF T x| . 1 o
CONIOPINAL AP ¢ 4y 4 §(B) = S(AA B) + S(AV B
(foraCrry  S(A)+S(B) = S(ANB)+S(AV B)
for the vacuum of any CF1
Statement of the Markov property in QFT Ed Ua I'd 0 TeSté
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The statement for the vacuum

for the
vacuum null plane N
of any QFT x| ‘ .
"“3@";’ ORI T S(A) £ S(B) = S(AAB) + S(AV B)
for the vacuum of any CF1
Remarks

no relation with null quantisation

these regions always have spacetime volume (in order to have a subalgebra of operators)
the requirement is: the future horizon of these spacetime regions lies on a null plane

R b e SO ORI e e O P e e e R P A ™ L S e Tt 0

Statement of the Markov property in QFT Ed Ua I'd 0 TeSté
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Other observations...
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Other observations...
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Other observations... a relativistic computation gives
(for proper radius)

)y — ,P|_ 3

Qﬁ’dux Flogrp = lograap + logravs
B cd=2 ¢ C )
\\ Scrr(r) = 5 log(r/¢)

S(ra)+ S(rp) = S(AA B)+ S(AV B)

Av B

Statement of the Markov property in QFT d Ua rd 0 TeSté
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Other observations... a relativistic computation gives
(for proper radius)

y — ,P|_ 3

d =9 *ﬁ;?q Flogrp =lograap + logravp
, e

) ) . C \
\ Séwr(r) = 5 log(r/e)
/ A

S(ra)+ S(rp) = S(AA B)+ S(AV B)

Av B
w
1} \
}\
/
Statement of the Markov property in QFT . - Ed Ua rd O TeSté
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Other observations... a relativistic computation gives
(for proper radius)

y — ,P|_ 3

d =9 *ﬁ;?q Flogrp =lograap + logravp
, e

) ) . C \
\ Séwr(r) = 5 log(r/e)
/ A

S(ra)+ S(rp) = S(AA B)+ S(AV B)

Av B
w

A\- RHT surfaces are such that

X
+ [ =1+
2 ‘\\\ S(ra) + Slrp) = S(AA B+ S(AV B)
(8
Statement of the Markov property in QFT . : Edua rdO TeSté
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Other observations... a relativistic computation gives
(for proper radius)

)y — ,P|_ 3

*ﬁ;?q Flogrp =lograap + logravp
B 1
\ Sewr( ’3—. log(r/e)

S(ra)+ S(rp) = S(AA B)+ S(AV B)

Av B

W‘

RHT surfaces are such that

) Sira) +8lrp) = S(AAB)+ S(AV B)
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Other observations... a relativistic computation gives
(for proper radius)

)y — ,P|_ 3

Qﬁ’dux Flogrp = lograap + logravs
B cd=2 ¢ C )
\\ Scrr(r) = 5 log(r/¢)

S(ra)+ S(rp) = S(AA B)+ S(AV B)

Av B

.Q)‘ RHT surfaces are such that
2.

\‘@@ + ] =1+

S(ra)+ 8(rp) = S(AA B+ S(AV H)
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Other observations... a relativistic computation gives
(for proper radius)

' =TAAB

d =9 Qﬁ,’?':x Flogrp =lograap + logravp
—_— e 7 "
\ Séwr( I“"(’/d
/ A L 4

S(ra)+ S(rp) = S(AA B)+ S(AV B)

Av B
_RHT surfaces
bU!k 4 -
f / >
a e
S ° z
4;0) RHT sur‘faces are such that g £
(S)
NN\s [+ =1+ = E
\| [} 0
¢ Slra) +80rp) = 8AnB)+ S(AV D) §
....—:...
c
T T R A e R e e S G T TR R soetr T DT P N T e e i S A el — e
Statement of the Markov property in QFT EduardO TeSte
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Other observations... a relativistic computation gives
(for proper radius)

'y = ,P|_ 3

quux tlogrp = lograap +lograve
B | cd—2 & \
. SRR (r) = 5 log(r/e)

S(ra)+ S(rp) = S(AA B)+ S(AV B)

Av B

— RHT surfaces

bU!k 4

=

=)
s, - £
0] Q
4;0) RHT surfaces are such that £ £
\ % +( =]+ £ E
\| [} 7}

/ S(ra) +S(rp) = S(A A B)+ S(AV B) §

=

c
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Sketch of a general proof (modular Hamiltonians)

Idea: find the explicit form of the modular Hamiltonian of these regions:

’ll

T R e e e S IR e T o S 2 T R S e B A L L T e T i,
Eduardo Testé
Sketch of a general proof (modular Hamiltonians) .V Instituto Balseiro
Centro Atém|co Bariloche
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Sketch of a general proof (modular Hamiltonians)

Obs
X o . . ) this operator can be written as the integral of
Idea: find the explicit form of the modular Hamiltonian of these regions:  alocal operator only in the null Cauchy surface

H, =27 / A2z, /(L\ (A — v(z1))Txa

’ll

e s S R P PP e T R
Eduardo Testé

Sketch of a general proof (modular Hamiltonians) .V Instituto Balseiro
Centro Atém|co Barlloche
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Sketch of a general proof (modular Hamiltonians)

Obs
this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions:  alocal operator only in the null Cauchy surface

’ll

B i T R ol e o et S R

Sketch of a general proof (modular Hamiltonians)

H, =27 / A2z, /(L\ (A — v(z1))Txa
(from this the it follows directly the Markov equality)

Hﬁ'l + H‘}a - H"}'lﬁ"z + HTIU")B

e T T LT T T e B, -
Eduardo Testé
.V- Instituto Balseiro

Cenlro Atémico Barlloche

Page 30/96



Sketch of a general proof (modular Hamiltonians) -
this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions:  alocal operater only in the null Cauchy surface

H, =27 / d? 2.‘_I!J_ /(L\ (A — v(z1))Txa

’ll

I{J'\-'[ Rindler

7 Uni(s) = e b5 H (boost): moves geometrically
any local operator

Rindler wedge

Eduardo Testé
Sketch of a general proof (modular Hamiltonians) .V Instituto Balseiro

Cenltro Atomice Barlloche
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Sketch of a general proof (modular Hamiltonians)

Obs
this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions:  a local operator only in the null Cauchy surface

H, =27 / A2z, /(L\ (A — v(z1))Txa

f‘l

Hyr—Rindler

J— Up(s) =e tsH (boost): moves geometrically
/ any local operator

Rindler wedge

Upi(—s)NUp(s) =N, CN ; s>0

T e e T e S T R T

e e = e e S e S o

N ——— Eduardo Teste

Sketch of a general proof (modular Hamiltonians) .V Instituto Balseiro

Cenltro Atomice Bariloche
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Sketch of a general proof (modular Hamiltonians)

Obs
this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions:  a local operator only in the null Cauchy surface

f‘l

Rindler wedge

Upi(—s)NUp(s) =N, N s>0

half sided modular inclusion condition

I R R e S

Sketch of a general proof (modular Hamiltonians)

B sl | e T e e e S o A e S a—— e
e

H, =27 / A2z, /(L\ (A — v(z1))Txa

Hyr—Rindler

Up(s) =e sHat (hoost): moves geometrically
any local operator

o= n

Eduardo Testé
o / Instituto Balseiro
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Cenltro Atomice Bariloche
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Sketch of a general proof (modular Hamiltonians)

Obs
this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions:  a local operator only in the null Cauchy surface

H, =27 / A2z, /(L\ (A — v(z1))Txa

’ll

If (M, N)are in a half sided modular inclusion situation then:
[Borchers 93, Wiesbrok 93]

Rindler wedge

Up(—s)NUp(s) =N, N >0

half sided modular inclusion condition

B e St s R Mt S ot G e S e S S S SRR S . S
Sketch of a general proof (modular Hamiltonians) o / Instituto Balseiro
V Cenltro Atomice Bariloche

Pirsa: 17090059 Page 34/96



Sketch of a general proof (modular Hamiltonians)

Obs
X o . . ) this operator can be written as the integral of
Idea: find the explicit form of the modular Hamiltonian of these regions:  alocal operator only in the null Cauchy surface

H, =27 / A2z, /(L\ (A — v(z1))Txa

’ll

If (M, N)are in a half sided modular inclusion situation then:
[Borchers 93, Wiesbrok 93]

— "/ Thm 1: The modular Hamiltonian of N moves geometrically any
region of the family NV, (to another region of the family):

Un(—u)N Uy (“'.) = N_,‘" log(14e2mu(e2ns 1))

Rindler wedge

Upi(—s)NUp(s) =N, CN ; s>0

half sided modular inclusion condition

e T R R e e

SRR e ol ey I T L T e i

Eduardo Testé
Sketch of a general proof (modular Hamiltonians) .V Instituto Balseiro

Cenlro Atomice Bariloche

Pirsa: 17090059 Page 35/96



Sketch of a general proof (modular Hamiltonians) -

this operator can be written as the integral of
Idea: find the explicit form of the modular Hamiltonian of these regions:

a local operator only in the null Cauchy surface

H, =27 / A2z, /(L\ (A — v(z1))Txa

If (M, N)are in a half sided modular inclusion situation then:
[Borchers 93, Wiesbrok 93]

’ll

— "/ Thm 1: The modular Hamiltonian of N moves geometrically any
region of the family NV, (to another region of the family):

Un(=u)NUn (1) = Nt o1 enn(erns

1))
Rindler wedge Thm2: Hy—Hy =G =0
(Har, Hy) = 20i(Hy — Hy) = 2miG
(_f!”( .ﬁ)f\f(_.;;” ('w) = NH N N s>0
half sided modular inclusion condition
R e i T e e s T e L N T E o e = B e e S g S S S
Eduardo Testé
Sketch of a general proof (modular Hamiltonians)
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Sketch of a general proof (modular Hamiltonians)

Idea: find the explicit form of the modular Hamiltonian of these regions:

f‘l

Obs
this operator can be written as the integral of
a local operator only in the null Cauchy surface

H, =27 / d* 2, /(L\ (A — v(x1)) T

If (M, N)are in a half sided modular inclusion situation then:
[Borchers 93, Wiesbrok 93]

— "/ Thm 1: The modular Hamiltonian of N moves geometrically any
region of the family N, (to another region of the family):

Un(=u)NUn () = N & jogipeznaene 1))

Rindler wedge Thm2: Hy—Hy =G =0

(Har, Hy) = 2mi(Hyy — Hy) = 270G

. N [ =) ¥ 1e4
Thm 3: Tan(7) = ¢ " Tihe modular translation
(relative to (A7, v)) moves the N, geometrically:
Jarl U (0 {1[ T)'f\‘r"'rr[‘r) - "‘V‘,: log(e?™ 427}
3 3 p— . ' 0 -‘ "‘;\ &7
Uni( _%)1\ Uns (H) NsCN ;5 s>0 intuition: when M and N are both Rindler, 1y, v is the
half sided modular inclusion condition null translation

T TR Tt S T s e e S SR e g 2 g

Eduardo Testé
Sketch of a general proof (modular Hamiltonians) .V Instituto Balseiro

Cenltro Atomice Barlloche
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Sketch of a general proof (modular Hamiltonians)

Obs
this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions: & local operator only in the null Cauchy surface

H, =27 / d* 2, /(L\ (A — v(x1)) T

f‘l

If (M, N)are in a half sided modular inclusion situation then:
[Borchers 93, Wiesbrok 93]

— "/ Thm 1: The modular Hamiltonian of N moves geometrically any
region of the family N, (to another region of the family):

Un(=u)NUn () = N & jogipeznaene 1))

Rindler wedge Thm2: Hy—Hy =G =0

(Har, Hy) = 2mi(Hyy — Hy) = 270G

. N [ =) ¥ 1e4
Thm 3: Tan(7) = ¢ " Tihe modular translation
(relative to (A7, v)) moves the N, geometrically:

Uni ( N U ( N,C N T(=7)NT(1) = N 1 1og(erms 42n7)

S Ipls) = . C : s > ="

/a1 (= 8)NUni (s) s » 8>0 intuition: when M and N are both Rindler, 7 y is the
half sided modular inclusion condition null translation

Thm 4:  Any unitary operator that moves N, like Ty n and has
a generator that is positive and annihilate the vacuum is
unique.

A e i P e g T T T T e B i - -

Eduardo Testé
.V- Instituto Balseiro
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Sketch of a general proof (modular Hamiltonians)

Obs
this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions: & local operator only in the null Cauchy surface

H, =27 / d* 2, /(L\ (A — v(x1)) T

f‘l

If (M, N)are in a half sided modular inclusion situation then:
[Borchers 93, Wiesbrok 93]

— "/ Thm 1: The modular Hamiltonian of N moves geometrically any
region of the family N, (to another region of the family):

Un(=u)NUn () = N & jogipeznaene 1))

Thm2: Hy —Hy =G >0
(Har, Hy) = 2mi(Hyy — Hy) = 270G

. N [ =) ¥ 1e4
Thm 3: Tan(7) = ¢ " Tihe modular translation
(relative to (A7, v)) moves the N, geometrically:

T(—7)N,T(r) = .-‘\"::] log(e27s 4 277)

intuition: when A and N are both Rindler, 7, x is the
null translation

Thm 4:  Any unitary operator that moves N, like Ty n and has
a generator that is positive and annihilate the vacuum is
unique.

N

T e e e T T T e e e e e e S e L T T e T, -

Eduardo Testé
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Sketch of a general proof (modular Hamiltonians)

Obs
this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions: & local operator only in the null Cauchy surface

f‘l

— L/ Thm 1:

G = Hpinaier — -, generates null translation of magnitude 7

Thm 4:

Thm 2:

Thm 3:

H, =27 / d* 2, /(L\ (A — v(x1)) T

If (M, N)are in a half sided modular inclusion situation then:

[Borchers 93, Wiesbrok 93]

The modular Hamiltonian of N moves geometrically any
region of the family N, (to another region of the family):

Un(=u)NUn () = N & jogipeznaene 1))

!}M — ”N =G =20
(Har, Hy) = 2mi(Hyy — Hy) = 270G

o iGT
I'ni,N(T) = € 'ihe modular translation
(relative to (A1, v)) moves the N, geometrically:

T(—7)N,T(r) = .-‘\"::] log(e27s 4 277)

intuition: when A and N are both Rindler, 7, x is the
null translation

Any unitary operator that moves N, like T'yy n and has
a generator that is positive and annihilate the vacuum is
unique.

T R e T e e S TR M R ey S TR ey TR ST e e T = L o el o Sy e e

Sketch of a general proof (modular Hamiltonians)
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Sketch of a general proof (modular Hamiltonians) -

this operator can be written as the integral of

Idea: find the explicit form of the modular Hamiltonian of these regions:  alocal operator only in the null Cauchy surface

ta ' 5 ’ ) )
) H., =27 / d*2, /d,\ (A — y(z1))Txa

If (M, N)are in a half sided modular inclusion situation then:
[Borchers 93, Wiesbrok 93]

I -/ Thm 1: The modular Hamiltonian of N moves geometrically any
region of the family N, (to another region of the family):

(ITN( -H’,).N_.‘-{fw (“) = N'_'l,, log(14+e2mu (27 1))

Thm2: Hy —Hy =G >0

P, >0
(Har, Hy) = 2mi(Hyy — Hy) = 270G

because

/,!,\"{;A(_;;:J Ao =0)>0

[Hofman, Maldacena 2008]
[Faulkner, Leigh, Parrikar, Wang 2018]

) A ,— il
Thm 3: Tan(7) = € ™ Tihe modular translation
(relative to (A1, V)) moves the N, geometrically:

T(=T)NJT(1) = N 1 1ogeees207)

intuition: when A and N are both Rindler, 7, x is the

G = Iﬁluh,(”,.,, — Ifﬁr generates null translation of magnitude 7 null translation
Il . .
3 ). d—2 Y AP T o - . )
Py =2m / d™ " y(w ) / dAT (), Ay = 0) Thm 4:  Any unitary operator that moves N, like T/ v and has
' . : ) R a generator that is positive and annihilate the vacuum is
generates null translation of magnitude 7 unique.
R D O e R e N R 5 A S ke e = R R SRR R AL R L S
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Some intuitions about being Markovian

The condition S(p2) + S(p23) = S(pi23) + S(p2) is strong enough to fix great part of the structure of the state
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Some intuitions about being Markovian

The condition S(p2) + S(p23) = S(pi23) + S(p2) is strong enough to fix great part of the structure of the state
l[Hayc‘lc\,rm.st‘.n, Petz Winter: 04]
3 a decomposition of  Ho = OpHE, @ HE

such that pjo3 = Z Pr Pip @ pho
k
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3 a decomposition of  Ho = OpHE, @ HE

- }\ o J’|
such that pie3 = Z Pk P1e @ Pa3 separable
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Some intuitions about being Markovian

The condition S(p2) + S(p23) = S(pi23) + S(p2) is strong enough to fix great part of the structure of the state
l[Ha‘ayc‘l:‘,rm.Iwe‘.n, Petz Winter: 04]

3 a decomposition of  Ho = OpHE, @ HE

- }\ o J’|
such that pie3 = Z Pk P1e @ Pa3 separable
k

The entanglement structure of a Markov state is like a chain:
If we cut a link (take trace on the intersection algebra) the state becomes separable

the vacuum is like this
(with respect to null cut
subalgefbras)

null plane

Eduardo Testé
o / Instituto Balseiro
' 724

Some intuitions about being Markovian Centro Atémico Barlloche

Pirsa: 17090059 Page 45/96
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The condition S(p2) + S(p23) = S(pi23) + S(p2) is strong enough to fix great part of the structure of the state
l[Ha‘ayc‘l:‘,rm.Iwe‘.n, Petz Winter: 04]
3 a decomposition of  Ho = OpHE, @ HE

- }\ o J’|
such that pie3 = Z Pk P1e @ Pa3 separable
k

The entanglement structure of a Markov state is like a chain:
If we cut a link (take trace on the intersection algebra) the state becomes separable

trace out the intersection

the vacuum is like this
(with respect to null cut
subalgefbras)

null plane
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Entropic proof of the a-theorem
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l[Ha‘ayc‘l:‘,rm.Iwe‘.n, Petz Winter: 04]
3 a decomposition of  Ho = OpHE, @ HE
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such that pie3 = Z Pk P1e @ Pa3 separable
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The entanglement structure of a Markov state is like a chain:
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Some intuitions about being Markovian

The condition S(p2) + S(p23) = S(pi23) + S(p2) is strong enough to fix great part of the structure of the state
l[Ha‘ayc‘l:‘,rm.Iwe‘.n, Petz Winter: 04]
3 a decomposition of  Ho = OpHE, @ HE

- }\ o J’|
such that pie3 = Z Pk P1e @ Pa3 separable
k

The entanglement structure of a Markov state is like a chain:
If we cut a link (take trace on the intersection algebra) the state becomes separable

trace out the intersection

the vacuum is like this
(with respect to null cut
subalgefbras)
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality

4. relation between EE and intrinsic quantities of the theory at fixed point

, : 2 . )27 14 Alog(R/¢) deven.
b';i,,.,,,('r) = ptag—om" T+ prg_g T 4+ ( }.,__. og(R/e)  deven

" (=) 2 F\\ d odd.

monotonic under RG flows? [Myers,Sinha 2010
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality
4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic ¢ theorem d = 2 [Casini, Huerta, 2004]
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Entropic proof of the a-theorem
Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality
4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic ¢ theorem d = 2 [Casini, Huerta, 2004]
[ SSA: S(A)+ S(B) = S(AAB) + S(AV B)

ANB

time

space

Av B
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Entropic proof of the a-theorem
Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality
4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic ¢ theorem d = 2 [Casini, Huerta, 2004]

ssA: S(A) + S(B) = S(AA B) + S(AV B)
ANB ' '

Av B
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Entropic proof of the a-theorem
Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]
1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)

2. Lorentz invariance of the vacuum

3. unitarity and causality
4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic ¢ theorem d = 2 [Casini, Huerta, 2004]
SSA: S(A)+ S(B) = S(AAB) + S(AV B)

S(VrR)+ S(VrR) = S(r) + S(R)

ANB
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]
1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality
4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic ¢ theorem d = 2 [Casini, Huerta, 2004]

sSA: S(A)+ S(B) = S(AAB) + S(AV B)

ANEB
- S(VrR) 4+ S(VrR) = S(r) + S(R)
take R=r+cand ¢ 0
R (rS"(r)) = (r) <0
wl=2 g C |
AV B by SExr(r) 3 108(r/e)

this ¢(r) function equals the Virasoro central charges
at the fixed points. Then
Cuv 2 CIR
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality
4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic F theorem d = 3 [Casini, Huerta, 2012]
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality

4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic F theorem d = 3 [Casini, Huerta, 2012]

in d = 2 the intersection of two boosted segments is a segment, butin ¢ = 3 the intersection of two boosted
circles is not a circle. Instead of SSA, apply a symmetric version:

SSA: S(X|)+ S(X2) > S(XUX) + S(X, N Xa) symmetric SSA

Zh‘(,-‘c',-_; > (U X0) + S(Up (X 0 X)) + S (U (X N X NX) + e+ S(N:X0)
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality

4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic F theorem d = 3 [Casini, Huerta, 2012

in d = 2 the intersection of two boosted segments is a segment, butin ¢ = 3 the intersection of two boosted
circles is not a circle. Instead of SSA, apply a symmetric version:

SSA! S(X1) + S(Xz) > S(XUX2) + S(X1 N Xy) symmetric SSA

3 S(X0) > S(UX) + S(Ug) (X N X)) + S(Ugaing (X N X5 0 XR)) + o+ S(N0X0)

)

wiggly sets

AT R s e et e T S o v
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality

4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic F theorem d = 3 [Casini, Huerta, 2012

in d = 2 the intersection of two boosted segments is a segment, butin ¢ = 3 the intersection of two boosted
circles is not a circle. Instead of SSA, apply a symmetric version:

SSA! S(X1) + S(Xz) > S(XUX2) + S(X1 N Xy) symmetric SSA

3 S(X0) > S(UX) + S(Ug) (X N X)) + S(Ugaing (X N X5 0 XR)) + o+ S(N0X0)

)

= | Al 3 . s s wiggly sets
S(VrR) > > Sw / d1 3(1) S(1)
k=1 A

e R
i / \
~ b A N
— W\
no angle 3 : s
aniributio A g )
contribution B '.1

R
S(VrR) > / di 3(1) S(1)

O R T ey e s s S e e = o B e Sl e s S0 e~
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality

4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic F theorem d = 3 [Casini, Huerta, 2012

in d = 2 the intersection of two boosted segments is a segment, butin ¢ = 3 the intersection of two boosted
circles is not a circle. Instead of SSA, apply a symmetric version:

SSA! S(X1) + S(Xz) > S(XUX2) + S(X1 N Xy) symmetric SSA

3 S(X0) > S(UX) + S(Ug) (X N X)) + S(Ugaing (X N X5 0 XR)) + o+ S(N0X0)

)

= | Al 3 . s s wiggly sets
S(VrR) > > Sw / d1 3(1) S(1)
k=1 A

e R
i / \
~ b A N
— W\
no angle 3 : s
aniributio A g )
contribution B '.1

R
.s'('\.-’rm?/ di 3(1) S(1) '
> | monotonic

take R=r+cand c 50 S"(r)<0 —» F(r)=rS"(r)—S(r)
;S'E"'_-;A:'..‘;'('_-;'_‘} = mr—F — Fuv 2 Fig -

e T ————

e re—— ; e S e e
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Entropic proof of the a-theorem

Ingredients for the entropic ¢ and F theorems [Casini, Huerta, 2004, 2012], [Casini, Huerta, Myers,Yale, 2015]

1. strong subadditivity (SSA) of von Neumann entropy (entanglement entropy EE)
2. Lorentz invariance of the vacuum

3. unitarity and causality

4. relation between EE and intrinsic quantities of the theory at fixed point

Review of the entropic F theorem d = 3 [Casini, Huerta, 2012

in d = 2 the intersection of two boosted segments is a segment, but in ¢ = 3 the intersection of two boosted
circles is not a circle. Instead of SSA, apply a symmetric version:

SSA! S(X1) + S(Xz) > S(XUX2) + S(X1 N Xy) symmetric SSA

D S(X5) = S(UXG) 4 S (X0 X))+ S(UGa (X5 0 XG0 X)) + .+ S(0:X0)

— [ i - R . wiggly sets
S(VrR) > N Y Sy~ / dig(hy sl -
k=1 Jr

no angle \ = . \ ) h
contribution . |y '.1

R
S(VrR) > / i3l S(1) "

monotonic
take R=r+cand = 5>0: S’ <0 — F@r)=r5{)-8()
;S'E"'_-;A:'..‘r('_-:'_‘} = mr—F — Fuv 2 Fig -

e e e S i e S T o e s e = e e S e S SIS S e £ PR
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Entropic proof of the a-theorem

R L R
S(VTR) > / dl 3(1) S(1)~_ always true, but useless oy = LS M D L U
?
: ‘R
S(VrR) > / dl B(1) S(1)
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Entropic proof of the a-theorem

VAP((d — 1)/2) (PR (- (R - )T

‘R
S(VrR) “\»/ dl 5(1) S(I)~_ always true, but useless OV Y e

?

R
S(VrR) > / diB(1) S(1)

If applied in more dimension (taking the wiggly sets as smooth spheres) you will get a wrong result.
For example, in d = 4, when applied to a fixed point you get A < 0.
wrong
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Entropic proof of the a-theorem

VAP((d — 1)/2) (PR (- (R - )T

‘R
S(VrR) “*/ dl 3(1) S(1) always true, but useless B = =53 T T

?

R
s> [ so

If applied in more dimension (taking the wiggly sets as smooth spheres) you will get a wrong result.
For example, in d = 4, when applied to a fixed point you get A < 0.
wrong

in d = 3only corners

ind = 4 new features appear:
dihedral and trihedral angles
different local intrinsic curvatures

~  wrong
L=

S

I - _ e e T WU N P ———r— -
nga 2 e e L K UL S e P e A i s R
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Entropic proof of the a-theorem

this setup,
lbul ind =4
S(pa) + S(pn) = S(pass) + S(pave) p vacuum of Scir,, 4 /ui"
S(oa)+ S(op) = S(eann) + Sleavn) o vacuum of S,
B
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Entropic proof of the a-theorem

this setup,
lbul ind =4

S(pa)+S(ps) =2 S(pars) + S(pavi) p vacuum of Scpr,, + / e

S(oa)+ S(ep) =S@anp) +S(cavs) o vacuum of Scr,

Because ¢ is Markov state relative to these boosted spheres A and B:
S(palloa)+ S(psllos) < S(pavilloavs) + Sparslloans) o B

@ Iiﬂ‘.\ + f[l*{r [I'T (i + II'T.L-H
AS(A) + AS(B) = AS(AV B) + AS(A A B)

p—— 2
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Entropic proof of the a-theorem
S(pa) + S(pp) = S(pars) + S(pavi) £ vacuum of Scpr,, + /I_uU

S(oa)+ S(ep) =S@anp) +S(cavs) o vacuum of Scr,

Because ¢ is Markov state relative to these boosted spheres A and B:

S(palloa) + S(psller) < S(pavelloave) + S(parnlloans)
@ Iiﬂ‘.\ + f[l*{r [I'T il + II'T.L-H
AS(A) + AS(B) =2 AS(AV B) + AS(ANDB)

K
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Entropic proof of the a-theorem

this setup,
lbul ind =4

S(pa)+ Slpp) = Slpars) + S(pave) p vacuum of Scrr,, + /ut"}

S(oa)+ S(ep) =S@anp) +S(cavs) o vacuum of Scr,

Because ¢ is Markov state relative to these boosted spheres A and I3: i
S(palloa) + S(psller) < S(pavelloave) + S(parnlloans) Balin B

@ Iin‘_,q + JI‘{P’{r - [I'T i + II'T.I\-H
AS(A) + AS(B) = AS(AV B) + AS(A A B)

R

l

R
AS(VIrR) >~ / dl 5(1) AS(1)

R g ST T — T—
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Entropic proof of the a-theorem

this setup,
lbul ind =4

S(pa)+ Slpp) = Slpars) + S(pave) p vacuum of Scrr,, + /ut"}

S(oa)+ S(ep) =S@anp) +S(cavs) o vacuum of Scr,

Because ¢ is Markov state relative to these boosted spheres A and I3: i
S(palloa) + S(psller) < S(pavelloave) + S(parnlloans) Balin B

@ Iin‘_,q + JI‘{P’{r - [I'T i + II'T.I\-H
AS(A) + AS(B) = AS(AV B) + AS(A A B)

R

l

R
AS(VIrR) >~ / dl 5(1) AS(1)

rAS" (r) - (d — 3)AS'(r) < 0
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Entropic proof of the a-theorem

this setup,
lbul ind =4

S(pa)+ Slpp) = Slpars) + S(pave) p vacuum of Scrr,, + /ut"}

S(oa)+ S(ep) =S@anp) +S(cavs) o vacuum of Scr,

Because ¢ is Markov state relative to these boosted spheres A and I3:

S(palloa)+ S(psllos) < S(pavilloavs) + Sparslloans) B B
@ Iin‘_,q + JI‘{P’{r - [I'T i + II'T.I\-H
AS(A) + AS(B) = AS(AV B) + AS(AA B) rAS”(r) — (d — 3)AS (r) <0
R apply this in the IR » >> m ™!
Ab'( \ ?'R) Ek / d! ﬂ)(l) AS'”) f‘!‘("frj.-lf-(r) = Jigl 2 da lu;:,{'r"_;"f )
Jor l
R 7 ayyv =2 arR
AS(VIrR) >~ / dl 5(1) AS(1)
.
rAS"(r) — (d — 3)AS'(r) < 0
' : 7 F‘.ntvn];i-c pmnf;’ thrcrn-t‘hcm'cm : EduardO TeSté
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Entropic proof of the a-theorem

this setup,
lbul ind =4

S(pa)+ Slpp) = Slpars) + S(pave) p vacuum of Scrr,, + /ut"}

S(oa)+ S(ep) =S@anp) +S(cavs) o vacuum of Scr,

Because ¢ is Markov state relative to these boosted spheres A and I3:

S(palloa) + S(psller) < S(pavelloave) + S(parnlloans) Balin B
@ Iin‘_,q + JI‘{P’{r - [I'T i + II'T.I\-H
AS(A) + AS(B) = AS(AV B) + AS(A A B) rAS”(r) — (d — 3)AS (r) <0

apply this in the IR » >> m ™!

f‘ﬂ‘("frj.-lf-(r) = fipl 2 da log(r/e)

R

l

R
AS(VIrR) >~ / dl 5(1) AS(1)

apy = arR

‘i‘AS”(r) o (d - 3)&.5"(?") <0 This inequality unifies all the known ¢ theorems under a
- - statement about vacuum entanglement entropy !
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Another application

Relation between SSA and unitarity...
Unitarity is an inequality over all the vectors of the Hilbert space

Vacuum SSA is an inequality for one state over many regions

Eduardo Testé
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Another application

Relation between SSA and unitarity...
Unitarity is an inequality over all the vectors of the Hilbert space
Vacuum SSA is an inequality for one state over many regions

unitarity
U_ (reflexion positivity)

d— 2

2

]

d—1
9

~

AV

AJ‘ = d -+ } -2
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Another application

Relation between SSA and unitarity...
Unitarity is an inequality over all the vectors of the Hilbert space
Vacuum SSA is an inequality for one state over many regions

unitarity
U_ (reflexion positivity)

d— 2
A 5 .
A \rifl < SSA
Ay 2 —

AJ‘ = d -+ } -2
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Another application

Relation between SSA and unitarity...
Unitarity is an inequality over all the vectors of the Hilbert space
Vacuum SSA is an inequality for one state over many regions

unitarity
U_ (reflexion positivity)

d—2
Ag 2 5 .
AL S d—1 < SSA Answer: yes, but with the help of the
=7 Ty Markov property

(we need to know where the saturation of SSA is)
(or the same, we need SSuperA of Relative entropy)

AJ‘ = d -+ } -2
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Another application very far

Ny

S e St i S P TR g S e T e e e e AR A T L T T e B
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Another application

The state pa,u4, is Markovian with respect to (A4, A,)

The state pa,ua, ® pp is Markovian with respect to (4, U B, 4, U B)

Ny

T R e T e e e

SRR e o ool e I T L T e i
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Another application

The state pa,u4, is Markovian with respect to (A4, A,)

The state pa,ua, ® pp is Markovian with respect to (4, U B, 4, U B)

The state pa,u4,up is NOT Markovian with respect to (A, U B, A, U B)

e s R

MR i e W —— B e ﬁm?z{@m%%;ﬁmﬂmﬁw-%@yg{g_&j‘;ﬁ@wjgmm;,Yu@_;ﬁc,‘f,”_,'.-:: E
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Another application

The state pa,u4, is Markovian with respect to (A4, A,)

The state pa,ua, ® pp is Markovian with respect to (4, U B, 4, U B)

The state pa,u4,up is NOT Markovian with respect to (A, U B, A, U B)

S(pa,unllpa, @ pp) + S(pausllpa, @ pr) < S(pcanasusllpana, @ pr) + S(pcavanusllpa,ua,  pp)
I(A|B) + I(As| B) < I(Ay N As|B) + I(A; U As|B)

e e T e e S0 N \_\-:éwﬁ;mm L e e e = e b T A e S — e
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HAB) 4+ T(Ay|B) < T(A 0 Ay B) + 1A, U Au|B) A

scalar field

construct a syminetric version

I -
S rAB) < / dl B T(A|B)
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HAB) 4+ T(Ay|B) < T(A 0 Ay B) + 1A, U Au|B) A

scalar field

construct a syminetric version
| _ S N
N > I(AB) < / di ,:-:(_/;M/MJ

Flra)F(rs)

from [Cardy, 13] [(A;|B) ~ JAA
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HAB) 4+ T(Ay|B) < T(A 0 Ay B) + 1A, U Au|B) A

scalar field

construct a syminetric version
| _ S N
N > I(AB) < / di ,:-:(_/;M/MJ

 F(ra)F(rg
from [Cardy, 13] [(A;|B) ~ ["-‘}f-'m,{”)

R
F(VIR) < / dl B F(A)
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HAB) 4+ T(Ay|B) < T(A 0 Ay B) + 1A, U Au|B) A

scalar field

construct a syminetric version
| _ S N
N > I(AB) < / di ,:-:(_/;M/MJ

 F(ra)F(rg
from [Cardy, 13] [(A;|B) ~ ["-‘}f-'m,{”)

R
F(VrR) < / dl 3(1)F'(A;)  and take the R — r limit
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HAB) 4+ T(Ay|B) < T(A 0 Ay B) + 1A, U Au|B) A

scalar field

construct a syminetric version
| _ S N
N > I(AB) < / di ,:-:(_/;M/MJ

 F(ra)F(rg
from [Cardy, 13] [(A;|B) ~ ["-‘}f-'m,{”)

R
F(VrR) < / dl 3(1)F'(A;)  and take the R — r limit

1-2
2AA ~ 1)~ (d-3)2A20 = A>"
scalar

unitarity bound
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T B) + 1(A4|B) < 1A, 1 Ay [BY + I{A; U A B) A FCAYBY + T{A|B) < 1A, 0 Ay B) + T{A, U A B) A

scalar field fermion field

construct a syminetric version construct a syminetric version

LN~ 7oam < e A e I S
N2 T(A;|B) < / dl B(HI(A)B) N2 [(A|B) < / dl B 1(A,|B)
_  F(ra)F(ry . o Fra)F(rg)
from [Cardy, 13] [(A;|B) ~ ,[il,,:#,’,} 1(A;|B) ~ A A
JE— I ) |
F(VrR) < / dl 3(1)F'(A;) and take the B — » limit |
N L S ) i Wiy ~ _,2;3
rE"(r)y —(d—=3)F'(r) = 0 F(r) ~1
) d—2
2A2A -1)~ (d-3)2A20 = A>—
scalar
unitarity bound
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T B) + 1(A4|B) < 1A, 1 Ay [BY + I{A; U A B) A FCAYBY + T{A|B) < 1A, 0 Ay B) + T{A, U A B) A

scalar field fermion field

construct a syminetric version

construct a syminetric version i
I i | r /
N > I(AB) < / di () I1(A|B) v > I(AB) < / dl BITA)B)
' | F(ra)F(rp)

. . Flra)F(rp I PR, .
from [Cardy, 13] [(A;|B) ~ ,[il,,:#,’,} I{ANB) ~ = N A

. R ' T
l(*( V!h:) § / (’i! P,f(,‘] Iﬂ[‘- 'L‘) &Ild t.a.ke th.e R—r liI'I'litu \/l_";’ I‘ ( v .fh)) ‘--\‘ / lh’ ?{(i) I' (‘(14’ }

t Rr )&

rE" () —(d—=3)F'(r) =0 F(r) ~ %8

2ARA ~ 1)~ (d—3)2A >0 = A\.(")~
scalar
unitarity bound

| vt e Eduardo Testé
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AN = AL © AP Al » A U AN & TEAI) & JEAGEY < 1A 0 A ) & 1A U AglIn (@
.
I

scalar fleld )

fermion fleld

construct a symmetric version | gonstruct a s5ymmaetric version

1 " i 1< . [fH
_;Zf(zl.iﬁ)':j: dt sy : I\.L:m.\m-.[ a pyfn)
[ | =

tra ) F(rn F(ra)Flrn)
from [Cardy, 13] rm.ln;.,li,t""j{\g"" f: HAID) = ==t e
n i 5 :
r(m‘naf dl 3(1)F(A;) and take the I~ r m, | \/,,T.@f.,zf"J*"fl‘f PO E(A)
- | e r
{

rF'(r) =(d=-3)F'(r) 20 F(r)~r § (d=1DFr) +d=31rF(r) - () < 0

2828 -1)-(d~-3)2230 = A3 ";2 | Flr)~r® o (@-1-28)2a+1)<0
i d ~1 fermion
scalar =43 ——
unitarity bound l 2 unitarity bound

T T L e et

gy~ e e
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concluding remarks

rAS" (r) — (d — 3)AS'(r) < 0 unifies all the known ¢ theorems d = 2, 3,4
We have obtained an explicit form for the modular Hamiltonian of general null cut regions

The vacuum is a Markov state relative to some space time regions subalgebras: it has a simpler
entanglement structure than the expected (almost a product state).

This Markov property play a role in other applications of information theory in QFT:
for example it is needed to get the unitarity bound from SSA.

Holographically, the Markov property is very easy to check.

With a Markov state we have at our disposal the strong super additivity of relative entropy
(stronger than SSA)

hope the Markov property serve to discover new aspects of QFT and CFTs!
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concluding remarks

rAS" (r) — (d — 3)AS'(r) < 0 unifies all the known ¢ theorems d = 2, 3,4
We have obtained an explicit form for the modular Hamiltonian of general null cut regions

The vacuum is a Markov state relative to some space time regions subalgebras: it has a simpler
entanglement structure than the expected (almost a product state).

This Markov property play a role in other applications of information theory in QFT:
for example it is needed to get the unitarity bound from SSA.

Holographically, the Markov property is very easy to check.

With a Markov state we have at our disposal the strong super additivity of relative entropy
(stronger than SSA)

hope the Markov property serve to discover new aspects of QFT and CFTs!

Thank you
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