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Abstract: <p>Transversality is one of the most desirable features of fault-tolerant circuits because it automatically limits the propagation of errors.
However, it was shown by Eastin & amp; Knill that no universal set of quantum gates on any quantum code is transversal. In this talk, we strengthen
this result for stabilizer codes to say that transversal gates must in fact be contained in the Clifford hierarchy. Moreover, we present new circuits on
Bacon-Shor codes that saturate our bounds. In particular, we show how a k-qubit controlled-Z gate can be implemented by a transversal circuit on
m-by-m"k Bacon-Shor codes and provide some estimates of its performance in terms of pseudo-thresholds and resource overhead.</p>
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Building and bounding fault-tolerant
quantum circuits on stabilizer codes
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Bacon-Shor codes:

Subsvstem codes on qubits arranged in an

O =(Ziilij+1:Xi; Xit+1.5)

X

e lattice in 2D

o = yman(rre. 1)

‘o @

/0
\\ /4

rre

o llxll)c artant g

© Z-gauge: take Z-tvpe gauge operators as stabilizers < l

@ Aliferis switch: go from surface to Bacon-Shor by
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N-tvpe gauge operators as stabilizers

=

& Z-gauge pairs as stabilizers

measuring every other row
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Protecting gquantuim states

Encodineg states
o

) e L > |Y) e P

L 7 ':-_ Range(P)

Stabilizer codes:

W|0) = |0).YW € S, W = Z
Wi = |D.VW € S.W = — Z
Encoding operators Universal gate sets: {H, T, CX)
L (H.CCZY

U > U

Q): what encoded operators are fault-tolerant?”
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What is faunlt-tolerance?

Sufficient criteria: “transversality” of [J

1. A decomposition of P into correctable pieces
P:P]®H2®"'8P,,

distance d

“can recover from d — 1 missing pieces”

2. A circuit for U has the same decomposition

U=-U,2U,x---xU,

Most common decomposition: qubits)
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Nain result: A depth-1 (i1.e. transversal) circuit

for C*Z on m x m* Z-gauge Bacon-Shor codes > -
rrn
Lemma 1: Round-robin logical gates
ArXiv:1603 03948
- >
. _ : , Kk

Corollarv 1: A very eciflicient scheme for fault- IR

tolerant computing at low distance. esp. d — 3
Lemma 2: Non-transversal fault-tolerance 3 x99 —>3x3
Lemma 3: Error-correction with clifford recovery for CCZ

2ud Nlain result: transversal gates on any stabilizer code are
limited to the Clifford hierarchy.

Corollaryv 2: asvimmetry in logical operators is necessary to have
transversal gates high in the hierarchy.

Contrast with local circuits in Bravvi-Konig:
D-dimensions — [D-level
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AN ain Result:

transversal CC7

T

- Block A Block B Block O

. . . N . 1 . \ '3 1
Likewise. a logical (C"Z gate is depth-1 (i.e. transversal) on m x m”™ codes

Remark: gate range required 1s O(imne)
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No-go theorems

FEastin-Knill: for anyv transversal partitioning of a quantum code. the set of
unitary logical gates respecting that partitioning i1s finite
We change codes!

@ H is transversal only by changing gaunge and on svimmetric m < e codes

72

Z-gangc N —gaug N —sange

Fooeeet Hem? AR /’D
t S

— = — § &

® (CCZ is transversal onlv on m x m~ codes (can extend by gauge-fixing)

FEssssse ey FreEssssssssesssees

. _\ll-;\:-illl‘(- :
- = ] _> . =

[t 7 ) - 7} _ - £';/':':

@® Teleporting /f into an asvimmetric code is not unitary

L /-\\ ‘Note Z-error correction is “free’ )

1l

) X = H )
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No-go theorems

— Bravvi-Konig: a local stabilizer code in D-dimensions only has depth-0O(1)

local circuits for logical operators in level 1D of the Clifford hierarchy.
(ec.g. 1) = 1: Paulis. D = 2: Cliffords. D = 3: universal) oo

irri
@ Our circuits use gates with range O(m) = O(d) _

o _]‘(‘('lllli(‘}lll‘\,’_ RS 1]2]\'(‘ b2 | 1()(‘2]1 SII})Hl\’,‘iI(‘I]] (‘()(l(‘_ oOor Il()ll*]()(‘.‘vll =1 le)ilix(‘l’ (‘(Nl(‘

Pastawski-Yoshida: Bravvi-Konig for local subsvstem codes with a threshold
@ PBut Bacon-Shor has no threshold

— Prove our own bound on Bacon-Shor codes: 2D Bacon-Shor codes cannot
have depth-O(1) circuits for non-Clifford gates unless they contain gates with

ranges R, . R, in the r— and ydimensions and (R, + 1)(R, + 1) = O(d).
® Ranged gates are a necessarv part of our circuits G G

:l -

® Circuits with 7, = d 1 and 7, = 0 are optimal
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N ain Result:

transversal

T

- Block A Block B Block O

. . . sho - . 1 . \ ‘. 1
Likewise. a logical (C"Z gate is depth-1 (i.e. transversal) on e x m” codes

Remark: gate range required 1s O(imn)
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A circuit identity

Consider Hermitian, unitary operators (4. C' (e.g. Paulis)
= eigvals(("4).ecigvals(C';z) € { 1. +1}

We can “control” an operation U on (7 4.

if Chlvvy )y = |y 1f (7411 = 1
_(_v_‘ y— ‘i.: |‘ . ]
| —— or
——y (' p——— ['
Then.

ﬁ(-‘_l (_‘—‘ p— _(-‘_-1 b s
anc —@ * i —— (C4.Cp)

(s (OF7 s e (7 5 [r—

Use more ancillas and induction to extend to multi-controlled operations.
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The round-robin trick for logical gates

Let’'s make CZap = 1(Z 4. Z5)
Take Cy = Z 4 and O = Z 53
d= CZ gates

S ? T

+—9

-
-

e s PAPY e

supplZp)
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The round-robin trick for logical gates

Let’s make CCZ 4 e [computationally universal paired with /)
'I‘('l](l'('_\ — Z_l_. ("i; = Z_:_:. ('(' —Z(‘
d* CCZ gates

? 7

¥
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ANake round-robin gates fault-toleran
NN ake round-robin gat fault-tolerant

CZ=PFPFP,_,... PP, t = d/2 Correct N -errors intermediate in the cirenit

+|
j)l -\/tz 1)) _,\/t'/j 1);) _'\/I/ e e o [): -\/1

v

gy

(.({Z—]jf])f l“‘])_'])]‘ i = a- 1

Jut
(1) this takes many rounds of intermediate correction
(2) no (asyvmptotic) threshold without concatenation

]

Can we simplify round-robin first. then make 1t fault-tolerant”
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Compiling in codespace

Stabilizers implement logical identity S0y = |0)

+1 .‘." — P —

wr
]

b

But so do (multi-)controlled stabilizers

-+ s |- -+ s |- —

@® \When S 1s Z-tvpe these are circuits of (UZs and OCCZs.
@ N ultiply round-robin circuits by identities to cancel /move CZ and CCZ gates.

@ A lincar algebraic condition efficiently decides whether two circuits are related
byv these identities.
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Examples of codespace compiling

Transversal (7

WA

bit code:

oAl

plece

(Zs. 1

pleces

2

9 C

A\

\'4

RR CCZ

D M eoreoa

("7«

-)]

I picces

CCZs.

I

2
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Examples of codespace compiling

Jacon-Shor codes: (CZ

re — 1n

\\

> ™

- /
e Vithin [
©® O O 1 ol /T 7
—o—0—
7| @ @ ® |

@ Use stabilizers to shide (OZs along rows

. . . v @ Depth-1 (transversal) CZ

/,,
Q

-U]u(}i A Block B
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Examples of codespace compiling

Jacon-Shor codes: (CZ

1ri )
> 77 N\
.. . \ P
— . A Within [{ | g
'/ O11¢ TOW | =,
\_“
e ® |
@ Use stabilizers to slhide
. . v o ])<'1)t11—1 (transversal)
B oo A Block B
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('Zs alonge rows

CZ
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Examples of codespace compiling

Jacon-Shor codes: (CZ

1 1

>

N
¢
O 0 V|

-lilutﬂ A Block B
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rr

\\
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Within |
,Li |
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| / ]

/.
Q

@ Use stabilizers to shide (OCZs along rows

o ])<'])t11—1 (transversal) CZ
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Examples of codespace compiling

Jacon-Shor codes: (CZ

1 1

N
J

’ 4
I
Nl
O
QO
|
~

Within [

>
»
O11¢ TOW |

s rr

@ Use stabilizers to shide (CZs along rows

q v @ Depth-1 (transversal) CZ
B ook a Block B
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N ain Result:

transversal CC7Z

T

- Block A Block B Block O

. . . o . 1 . \ '3 1
Likewise. a logical C"Z gate is depth-1 (i.e. transversal) on m < ™ codes

Remark: gate range required 1s O(imne)
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Verv efficient encoding and decoding
- F—3 F — 1

_ | |+2z) Ox)
Fz) = (|0)®™ 4 [1)®7)®m

l{)i\A _ CI 1 S I <172 ) <7

® Steane IEC just reguires CA'T states (and no repeats)

M x Mz ® o o
() | (D) __
1D 1)
L2 e © o
()\ /--r-\? \ 1 / /—!"-\/
m. — 11 — 3 case: 18 phvsical gqubits for a logical gqubit. one-shot EC

No postselection for 3-qubit CATSs
® \Nleasuring logical operators of a ('SS code 1s transversal

® Does CCZ reallyv take 3 x 9 qubits”?
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The error-correcting conditions (revisited)

e (Ceneric recovery:

E R

peC e,

Knill-Laflaimmme: For code with projector £2, there is a recovery

operation R for error channel & il PE E; P — o, ; P. Vi, j.
@ Stabilizer code “standard™:
= a =
P E C et éﬁ {]—)u}' T\)'(r —

Stabilizer projective: For stabilizer code with projectors onto

svndrome cosets P2, (7 v). there are recovery operations R,

for error channel & iff 1’1;',' PoE; P = (1;;'1’.

® Stabilizer projective recovery collapses all errors to Paulis. per-
haps rendering them uncorrectable
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Non-Paunli error-correction

@ A circuit (' has structure —>

@ \WWorst-case circuit

® Detecting multiple X errors

Pirsa: 17080041

@

error channel &, has structure

VAN

Ec

I

|

M

X
'/

I

. \/’1 A B

e

1101SCe

X

—

»

AR AR R] RARY

....1.....'

~
N

/)

/ il"'

-

14

a CCZ failed = possible CZ errors
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C'C'/Z on 3 x 3 Bacon-Shor

C ] X }
— C Mo H - MxH z —
/ 7 )
:ll']llll-:i
rri
rrl
I)] ( 3 \ . . .
3 @ ® o
C @ o @
t ()
f | { - 2
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AMUSIQC architecture

Operation | Thne
1-gqubit ljes
X 10/
CCZ 1045
mit. lyes
111eAas. 30es

Nonroe. et. al.

e N, ~ 100 qubits per elementary logical unit (ELU)

® (', ~ N_,/2 are communication qubits. entangled with other ELUs

e GGates may be non-local!

Up to 12 parallel operations per timestep
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ANMUSIQC architecture (2014) VS.

Innsbruck (2017)

Opcration Curment | Curmment | Anucipatad | Anucipated
() . 1 . | -1-- . durauon | infiide ity duraton Infidc ity
[)( ratioln 1111¢ Singlc-qubiat gates Sps 's10 ° lps T 1-10 °
: Entanghing (2 qubns)| 30us 1-10 - 1Sus 2. 10 T
1-qqubait ljes ging : 2!
1 | / Entanghing (5 qubits) | 60us 5-10 - 15us 1-10
(' X l(]l!“ Dual specics Opus | 3-10 - 1S us 4.10 %
- - centanghng (2 qubis)
1 s La - -
( ( é 1(]![."\ Dual SpeCics SO s 5.10 - 1S us &-10 7
. - l cntanghng ( 3 qubits)
mit. | s Dual specics - - 1S s >-10
. ‘ . ‘ntangling (5 gubits)
meas. 301s e
Mcasurement 400 s 1-10 s 10 =
Re-cooling T A0 s A 0.1 100w T A 0.1
. ~ - — -— — -— - +
Qubit resct | SOus 5-10 10us 5-10 N
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Overhead comparison

Circe. Vol. Spacetime | Time Qubits
Magic 7 1.400 19.900 s < qub. | 9104s GG
Nagic 9 1.100 15.800 s < qub. | 910us 81
BS 3 < 3 1410 5.540 s < qub. 19015 H4
Circuit volume: * {4 - (a)
@ CCount gates weighted by qubits . ¥ }Tl_lz P ;
1M
Spacetime voluime: C [A] ca ] l EN
@ Weight by gqubits and time . /) b
a2 —
NMagic states at d = 3 { T T ?
@ (Create |(CCZ) (a) (_ﬂ P
@ Inject CCZ 'b) :
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exREC pseudothresholds

(iate
left: poccz =Pox =p1=p I & H 1.1 y
) CNOT 1.1 i
Right: pccz/10 = pex 10py = p CCZ 8.2
Proe/ 107 p7 Left
25!
2(11
P
15t
Z CCZ
104
: 7
;\; ............ -_'—__...'.l..!..:!.--.':.‘.‘.--i.-.l.‘-.‘--.‘.-‘.:.‘-LL-«-I-I--I-ulun:::::::-:ZZZZZZ.‘.::::::::‘_::::::::; ,,,,,,,,
'_ o o _l_:__i
(]WMMMA-—A-—A—A@M@ rn
T 1n—4 3
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exRIEC pseudothresholds

Gate P /107
l.elt: peccz =pPex =p1=p I & H 1.1 101 1.9 < 101
) CNOT 1.1 =< 101 5.3 < 101
Right: pccz/10 = pe-x 10, P C'C7 Q9 10 > G.1 < 101

f’l:-j_‘r':l{};!’: L(\f.t

120

P
100

S0
(ii;l‘lil IR I

610)

40

20 .
CCZ
- —
0O 1 - X - e - — !,
LI S 1N— LI Bt
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exRIEC pseudothresholds

Gate P 2 107
l.eft: pPccz =pPecx =p1=p I & H 1.1 < 10 1.9 101
_ CNOT1 1.1 =< 10 5. 101
Right: pccz/10 P X 10 p CCZ .2 =% 10 6. 10 1
Prop /107 p- Right
15}
| CCZ
10}
! }();}
1] !,
Y
p/10
CZ
| Ie -
L - - i i = | },
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Bounds on transversal gates (in prep. w/ Tomas, Alex)
Definitions: for [, &) code with stabilizer S
L=N(SI\S -8 ={gS:gec N(S) S}

For (i ¢ L. d((7) := min{|suppl(g)| : g € ('}

d = d, := mine; = d(()
o~ maxXeye o d(G7)
Theorem: Consider a codeblock of an [n. k. d] code with d = 1.

Then 3C7 < 1 s.t.

dy < d/C parg =1 (1)
implies transversal gates are in the A/'™"-level of the Clifford
hierarchyv.
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Nain result: A depth-1 (1.e. transversal) circuit

for C*Z on m x m* Z-gauge Bacon-Shor codes P -
rn
Lemma 1: Round-robin logical gates
ArXiv- 1603 03948
- >
: . . . ——

Corollarv 1: A very eflicient scheme for fault- IR’

tolerant computing at low distance. esp. d — 3
Lemma 2: Non-transversal fault-tolerance 3 x99 >3 x3
Lemma 3: Error-correction with clifford recovery for CCZ

2nd Nlain result: transversal gates on any stabilizer code are

limited to the Clifford hierarchyv.

Corollaryv 2: asvimmetry in logical operators is necessary to have
transversal gates high in the hierarchy.

Pirsa: 17080041 Page 34/35



AMatching pseudothresholds (0 < m) logical identity

Phenomenological noise at rate p

PL

1]

- e e
b P e
-

Gauge measurements

E g
J
e /
107 <F V)V 4
Y
3 /
103} , |
/4 P~ 3.5 x 107 for small m

104 / |
_EA VY A/ RS- _— 5
10 0.1 |
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