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Abstract: | will discuss some (higher-)categorical structures present in three-dimensional topological field theories that include topological ©
of any codimension. The emphasis will be on two topics:

(1) For Reshetikhin-Turaev type theories, regarded as 3-2-1l-extended TFTs, | will explain why codimension-1 boundaries and defect:
bicategories of module categories over suitable fusion categories.

In the case of defects separating three-dimensional regions supporting the same theory, the relevant fusion category $A$ is the module
category underlying that theory, while for defects separating two theories of Turaec-Viro type with underlying fusion categories $A_1$ and $
respectively, $A$ is the the Deligne product $A 1 \boxtimes A_2"{op}$.

(2) 1 will indicate the building blocks of a generalization of the TV-BW state-sum construction to theories with defects. Making use of end:
coends, various aspects of this construction can be formulated without requiring semisimplicity.
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Motivation

Topological defects

w TFT with substructures / on stratified spaces

v gapped interfaces /

topological line defects in 2+1-dimensional topological orders
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Motivation

Topological defects

THEmE :  3-d TFT with defects of any codimension

w TFT with substructures / on stratified spaces

v gapped interfaces /

topological line defects in 2+1-dimensional topological orders
w defects in general quantum field theory

w applications to 2-d conformal field theory
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Warmup: defects in QFT
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Defects in QFT

Topological defects

wr codimension-1 defect QFT; | QFT»

interface separating region supporting QFT; from region supporting QFT»

~ natural part of the structure of a quantum field theory

~ physical boundaries as special case

QFT;

m o. 425
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Defects in QFT

ical defects

e codimension-1 defect QFT; | QFT:
= interface separating region supporting QFT; from region supporting QFT-

~ natural part of the structure of a quantum field theory

~ physical boundaries as special case

w fopological defect: correlators do not change when deforming the defect

«v natural wish list for topological defects :

~ codimension-2 defects DEF; | DEF; etc

~+ allows for natural formulation in terms of higher categories

~ dual defect via orientation reversal
~ fusion product of defects via moving two defects to coincidence
« transparent defect as unitfor fusion product of defects between equal phases

~» categories with monoidal and rigid structures
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Symmetries from defects

Topological defects

wish list continued :

s subclass: invertible topological defects : D@DY 1= DVQD

] o. 5/25
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Symmetries from defects

Topological defects

wish list continued :

ss subclass: invertible topological defects : DDV 1> DVYQD

~ basic property :
= dim(D)

dim(D) +1

— identity of correlators when applied locally in any configuration of fields & defects

~ invertible defects form a group under fusion

~ act on all data of the theory as a symmetry group

] o. 5/25
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Symmetries from defects

wish list continued :

[ &3

Topological defects

subclass: invertible topological defects : D ® DV

= dim(D)
D D

~ basic property : ,,u,_,

= wrapping of a topological defect around a bulk field :

D

\J
» = X
intermediate

defects [,

i.e. bulk field turned into disorder field(s)

6 D;
D

dim(D)

D

‘-
—_—

o. 5/25
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Symmetries from defects

Topological defects

wish list continued :

s subclass: invertible topological defects : DDV 1> DVQD
~ basic property : ,,u“
= dim(D)
> = | | dim(D) +
ss= subclass: duality defects:
additional wrapping with dual defect turns disorder field back to bulk field
~ happens ifandonly if D« DV = direct sum of invertible defects
~« furnishes order-disorder duality
~~ again action on all field theoretic quantities
m o. 5/25
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Symmetries from defects

Topological defects

wish list continued :

v subclass: invertible topological defects : D®DY =21 = DVQD

~ basic property : D u,;

= dim(D) drawn for d

dim(PD) =21

D D

s== subclass: duality defects:
additional wrapping with du'al defect turns disorder field back to bulk field
~ happens ifandonly if D DY = direct sum of invertible defects
~ furnishes order-disorder duality

~~ again action on all field theoretic quantities

known to be true for 2-d RCFT : | F-RUNKEL-SCHWEIGERT 2002

s defects form a rigid monoidal category J-FJELSTAD-RUNKEL-SCHWEIGERT 2008
w symmetries and order-disorder dualities ' JF-FROHLICH-RUNKEL-SCHWEIGERT 2007
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Topological defects

(1) RT-type TFT with defects

] -0. 6/25
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Extended 3-d TFT

Topological defects

= DEFINITION Cobordism bicategory

« monoidal bicategory Cobords 5 1 :
~ objects = closed oriented 1-manifolds S
~~ 1-morphisms = spans S — M + S’
with A7 oriented 2-manifold with boundary oM = —S11 .5’
~ 2-morphisms = 3-manifolds with corners up to diffeomorphisms
~ tensor product = disjoint union

A o
L

P 0. 7/25
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Extended 3-d TFT

= DEFINITION Cobordism bicategory

Topological defects

\
« monoidal bicategory Cobords 5 1 :
~ objects = closed oriented 1-manifolds S
~ 1-morphisms = spans S — M + 5’
with A7 oriented 2-manifold with boundary oM = —S 1S’
~ 2-morphisms = 3-manifolds with corners up to diffeomorphisms
~ tensor product = disjoint union
- N o
= DEFINITION 2-vector spaces N
« monoidal bicategory 2-Vect :
~ oObjects = semisimple finite k-linear abelian categories
~ 1-morphisms = k-linear functors
~ 2-morphisms = k-linear natural transformations
~~ tensor product = Deligne product X
" J
0. 7/25
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Extended 3-d TFT

Topological defects

DEFINITION Extended 3-d TFT

wr 3-2-1 extended oriented topological field theory
:= symmetric monoidal 2-functor tft : Cobord3 o 1 sy 2-Vect
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Extended 3-d TFT

ical defects

. DEFINITION Extended 3-d TFT 3
w 3-2-1 extended oriented topological field theory
:= symmetric monoidal 2-functor tft : Cobordj 5 1 » 2-Vect
\ A
e COMMENT "
in more detail :

«+ closed oriented 1-manifold S +~— linear category tft(S)

~~ in particular for the empty 1-manifold: tft(() = Vect

; o . [§ o o tft (M) i
w span S —+ M « S’ —— linear functor tft(S) —— tft(S’)

~ in particular for closed 2-manifolds A7 :
linear functor tft(M): Vect — Vect ( thus vector space tft(M)(k))

~ in particular for the empty 2-manifold : tft(()) =k
v+ 3-manifold with corners +—— linear natural transformation

~~ in particular for closed 3-manifolds : linear map from k to k
(thus a number / an invariant )
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Extended 3-d TFT

Topological defects

= DEFINITION Extended 3-d TFT

.
s 3-2-1 extended oriented topological field theory
:= symmetric monoidal 2-functor tft : Cobord 3 o 1 sy 2-Vect
\ 7
e COMMENT ,
s category tft(S') for the circle S is monoidal
« tensor product © Q .
furnished by pair-of-pants 1-morphism 4 23 = B
- -
m 0. 7/25
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Extended 3-d TFT

Topological defects

o~ DEFINITION Extended 3-d TFT

w 3-2-1 extended oriented topological field theory
:= symmetric monoidal 2-functor tft : Cobords o 1 y 2-Vect

——— COMMENT N

s category tft(S') for the circle S' is braided monoidal

[\

~ tensor product ¢ U
furnished by pair-of-pants 1-morphism ) L) =

~ braiding ® — ®°P 4
furnished by 2-morphism

-
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Extended 3-d TFT

Topological defects

DEFINITION

Extended 3-d TFT
s 3-2-1 extended oriented topological field theory
:= symmetric monoidal 2-functor tft : Cobords o 1

y 2-Vect

e INFORMAL DEFINITION Defect-ccobordism bicategory —_—

«- monoidal bicategory LCobOfdf;j.z,1 :
— 3

~ objects = closed oriented 1-manifolds with marked points

~ 1-morphisms = spans with embedded marked 1-manifolds

~ 2-morphisms = 3-manifolds with corners up to diffeomorphisms
with ...

~ tensor product = disjoint union

Pirsa: 17080003
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Extended 3-d TFT Topological defects

DEFINITION Extended 3-d TFT
e 3-2-1 extended oriented topological field theory
:= symmetric monoidal 2-functor tft : Cobord s o 1 » 2-Vect
b
DEFINITION Extended 3-d TFT with defects

= 3-2-1 extended oriented topological field theory with defects

:= symmetric monoidal 2-functor tft”, , ,: Cobordf] , ; — 2-Vect
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RT-type TFT with defects

Topological defects

s« Reshetikhin-Turaev -type TFT:

~~ input: a modular tensor category C

L 0. 8/25
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RT-type TFT with defects

L

L

Lo

L o

- Reshetikhin-Turaev -type TFT :

input : a modular tensor category C

Wilson lines (ribbons) in three-manifolds labeled by objects of C
insertions on Wilson lines / junctions labeled by morphisms of C
2-d cut-and-paste boundaries on which Wilson lines can end

state space for cut-and-paste boundary = morphisms space Hom¢ (X, 1)

Topological defects
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RT-type TFT with defects

Topological defects

s« Reshetikhin-Turaev -type TFT:
~ input: a modular tensor category C
~ Wilson lines (ribbons) in three-manifolds labeled by objects of C
~ insertions on Wilson lines / junctions labeled by morphisms of C
~ 2-d cut-and-paste boundaries on which Wilson lines can end

~ state space for cut-and-paste boundary = morphisms space Homeg (X, 1)

Iy
s RT-type TFT with boundaries and defects: replace Cobords 21 by Cobord?, ,

] 0. 8/25
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RT-type TFT with defects

Topological defects

s Reshetikhin-Turaev-type TFT:
~ input: a modular tensor category C
~ Wilson lines (ribbons) in three-manifolds labeled by objects of C
~ insertions on Wilson lines / junctions labeled by morphisms of C
~ 2-d cut-and-paste boundaries on which Wilson lines can end

~ state space for cut-and-paste boundary = morphisms space Hom¢ (X, 1)

. f
w RT-type TFT with boundaries and defects: replace Cobords 2.1 by Cobordy ., |

~ in particular three-manifolds with physical boundary and/or surface defects

~ 3-d bulk regions labeled by modular tensor categories C;, Ca, ...

A ilke Wileon L ~rnte M
Ir vy

Ines in such a region labeled by objects o
~ boundary Wilson lines and defect Wilson lines

~ several layers of insertions and of junctions
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RT-type TFT with defects

ey

Topological defects

Reshetikhin-Turaev - type TFT:

~ input: a modular tensor category C

~ Wilson lines (ribbons) in three-manifolds labeled by objects of C
~ insertions on Wilson lines / junctions labeled by morphisms of C
~ 2-d cut-and-paste boundaries on which Wilson lines can end

~ state space for cut-and-paste boundary = morphisms space Hom¢ (X, 1)
RT-type TFT with boundaries and defects: replace Cobords > 1 by Cobordy, ,

Final goal: construct symmetric monoidal 2-functor Cobordy’,, | — 2-Vect
in particular:

~ determine labels for physical boundaries / for surface defects

~ determine labels for boundary and defect Wilson lines and for insertions

- Conjecture : these fit together to form bicategories of module categories
J-SCHWEIGERT-VALENTINO 2013
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Labels for boundaries

Topological defects

wr assume boundary “a” to some bulk region labeled by a modular tensor cateory C
~~ can contain boundary Wilson lines
~ Wilson line can contain insertions

~~ such insertions can be composed

~+ category W, of Wilson lines on boundary a
8

M 0. 925
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L.abels for boundaries

Topological defects

w assume boundary “a” to some bulk region labeled by a modular tensor cateory C
~~ can contain boundary Wilson lines
~ Wilson line can contain insertions
~~ such insertions can be composed

~ boundary Wilson lines can be fused and can be deformed

~+ rigid monoidal category W, of Wilson lines on boundary «
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Labels for boundaries

Topological defects

w assume boundary “a” to some bulk region labeled by a modular tensor cateory C
~+ fusion category W, of Wilson lines on boundary a
w iImpose compatibility with process of moving bulk Wilson lines to boundary

~+ functor F,: C — W,

A 0. 925
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Labels for boundaries

Topological defects

e assume boundary “a” to some bulk region labeled by a modular tensor cateory C

~» fusion category W, of Wilson lines on boundary a
s« iImpose compatibility with process of moving bulk Wilson lines to boundary
~ functor F,: C = W,

w impose compatibility of fusion in bulk and in boundary

] 0. 925
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L.abels for boundaries

Topological defects

v assume boundary “a” to some bulk region labeled by a modular tensor cateory C

~ fusion category W, of Wilson lines on boundary «a

w impose compatibility with process of moving bulk Wilson lines to boundary

~+ functor F,: C — W,

w impose compatibility of fusion in bulk and in boundary
~ monoidal structure on Fj,

w impose independence from details of bulk-to-boundary process

® o
v '
& >
L 4 “»
¢ Rl
’ -
/ —> .

AR DI

~» central structure F,(u) @w,_ = > T 6 Ow, Fa(u) coherently
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L.abels for boundaries

Topological defects

w assume boundary “a” to some bulk region labeled by a modular tensor cateory C
~+ fusion category W, of Wilson lines on boundary a

w impose compatibility with process of moving bulk Wilson lines to boundary
~+ functor F,: C = W,

w impose compatibility of fusion in bulk and in boundary
~+ monoidal structure on F,

w impose independence from details of bulk-to-boundary process

~ central structure F,(u) @y, X =X Qw, Fa(u)

Z(Wa)
equivalently: choice of lift ’\1 l'm)’,(.,
C — W, to Drinfeld center of W,
F, fully faithful ' DAVYDOV-MUGER-NIKSHYCH-OSTRIK 2013
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Labels for boundaries

Topological defects

- assume boundary “a” to some bulk region labeled by a modular tensor cateory C

~+ fusion category W, of Wilson lines on boundary a

» impose compatibility with process of moving bulk Wilson lines to boundary

~+ functor F,: C — W,

+ impose compatibility of fusion in bulk and in boundary

» monoidal structure on F,

- impose independence from details of blilk-to-boundary process

~» central structure on F,

- postulate naturality :

only reason for being able to consistently move boundary Wilson line Y € W,
past any X €)W, should be that Y = F,(u) for some uweC

~

~» essentially surjective ~- braided equivalence | C — Z(W,)

Page 40/99
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Labels for boundaries

Topological defects

¥ assume boundary “a” to some bulk region labeled by a modular tensor cateory C

~» fusion category W, of Wilson lines on boundary a

= impose compatibility with process of moving bulk Wilson lines to boundary

~» functor F,: C — W,

» impose compatibility of fusion in bulk and in boundary

~+ monoidal structure on F,

- impose independence from details of bulk-to-boundary process

~» central structure on Fj,

- postulate naturality :

only reason for being able to consistently move boundary Wilson line Y € W,
past any X €W, should be that Y = F,,(u) for some ueC

~

~- essentially surjective ~- braided equivalence | C — Z(W,)
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L.abels for boundaries

Topological defects

w assume boundary “a” to some bulk region labeled by a modular tensor cateory C
~+ fusion category W, of Wilson lines on boundary «
s« impose compatibility with process of moving bulk Wilson lines to boundary
~+ functor F,: C — W,
w impose compatibility of fusion in bulk and in boundary
~+ monoidal structure on F,
s impose independence from details of bulk-to-boundary process
~ central structure on F, "

w postulate naturality :

only reason for being able to consistently move boundary Wilson line Y € W,
past any X €)W, should be that Y = F,(u) for some ueC

~

- essentially surjective ~- braided equivalence | C — Z(W.)

In short: compatible boundary condition for bulk region C

Witt trivialization Fa: C —s Z(W.) for some fusion category W,

] 0. 925
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Bicategory of boundary conditions

Topological defects

¢

= thus: for any given boundary condition a: | € —> 2(W,)

~ in particular obstruction: no compatible boundary condition unless [C] =0
in Witt group of modular tensor categories

A 0. 10/25
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Bicategory of boundary conditions

Topological defects

= thus: for any given boundary condition a: | ¢ — 2(W,)

~ in particular obstruction: no compatible boundary condition unless [C] = 0
in Witt group of modular tensor categories
w for any other boundary condition b:

another fusion category VW, of Wilson lines

m o. 10/25
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Bicategory of boundary conditions

= thus: for any given boundary condition a: | ¢ —> 2(W,)

~ in particular obstruction: no compatible boundary condition unless
in Witt group of modular tensor categories
w for any other boundary condition b:

~ also category W, ;

Topological defects

c]=0

of Wilson lines separating boundary region labeled « from region labeled b

~ fusion of Wilson lines in region a« ~- functor W, x W, , — W,
W, ,, left module category over W,

~« likewise: W, ;, right module category over W,

-0, 10/25

Page 46/99



Pirsa: 17080003 Page 47/99




Bicategory of boundary conditions Topological defects

« thus: for any given boundary condition a
- in particular obstruction: no compatible boundary condition unless Cl=0
in Witt group of modular tensor categones
« for any other boundary condition b

- alsp category ¥,
of Wilson lines separating boundary region labeled a from region labeled !
« [usion of Wilson lines in region a ~ functor W, x W, 5 —= ¥V
~- W, , left module category over W,

«— likewise : W, , right module category aover WWh

Pirsa: 17080003
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Bicategory of boundary conditions

Topological defects

= thus: for any given boundary condition a: | ¢ —> 2(W,)

~ in particular obstruction: no compatible boundary condition unless [C] =0

in Witt group of modular tensor categories
w for any other boundary condition b:
~ also category W, ;
of Wilson lines separating boundary region labeled « from region labeled b
~ fusion of Wilson lines in region « ~- functor W, x W, , — W,
W, ,, left module category over W,
« likewise: W, ;, right module category over W,
~ but also: W, , right module catego?y over Endyy, (Wa p)
£

A 0. 10/25

. Mmodule endotunctors
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Bicategory of boundary conditions

» thus: for any given boundary condition a: | ¢ —+ 2(W,)

~ in particular obstruction: no compatible boundary condition unless [C]| =
in Witt group of modular tensor categories

for any other boundary condition b :
~ also category W, ;
of Wilson lines separating boundary region labeled « from region labeled b
~ fusion of Wilson lines in region « ~- functor W, x W, , — W,
W, ,, left module category over W,
« likewise: W, ;, right module category"over Wy,

~« but also: W, ; right module category over &ndyy, (W, )

x impose naturality:  Endyy, (W, ) ~ W,

consistency check: Z(&Endyy (W, b)) =~ Z(W,) canonically SCHAUENBURG 2001

(1]

Topological defects

0

0. 10/25
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Bicategory of boundary conditions

Topological defects

= thus: for any given boundary condition a: | ¢ —= Z(W,)

~ in particular obstruction: no compatible boundary condition unless [C] =0
in Witt group of modular tensor categories

w for any other boundary condition b:

~ also category W, ;

of Wilson lines separating boundary region labeled « from region labeled b
~ fusion of Wilson lines in region a« ~- functor W, x W, , — W,
W, ,, left module category over W,

-« likewise: W, ; right module categcyy over W,

« but also: W, ;, right module category over &ndyy, (W, )
w impose naturality: Endyy, (W,p) ~ W

— can work with a single reference boundary condition

== Conjecture: boundary conditions for C form the bicategory W, -Mod

of module categories over a fusion category W, satisfying Z(W,. ) ~C

A - 0. 10/25

Page 51/99



Bicategory of boundary conditions

Topological defects

e COMMENT

« boundary conditions given by W, -Mod

Wh o =~ Funyy, (W, We) for any pair b, ¢ of boundary conditions

m o. 11/25
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Bicategory of boundary conditions

e COMMENT

boundary conditions given by W,,-Mod

Wh o =~ Funyy, (W, We) for any pair b, ¢ of boundary conditions

. COMMENT

forget

via C — Z(W,) » Wa
any W,-module M has natural structure of C-module

but not every C-module over a Witt-tr Xial gives a boundary condition

illustration: C = Z(Vect(Z2)) (toric code)
~ 6 inequivalent indecomposable C-modules
- 2 inequivalent indecomposable Vect(Z,)-modules

- 2 elementary boundary conditions BRAVYI-KITAEV 2001

ical defects
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Bicategory of surface defects

Topological defects

wr analysis for surface defects analogous:
~ defect d separating bulk regions labeled by ¢, and C»

- two monoidal functors C, — W, and C5*V— W, to fusion category W,

. K\\
~ combine to central functor C, X C:¢V - W, ————
I y 2 l \\\\ e . I
\ b ISsE Dlal 11Na
e Deligne product
[Y

m - 0. 12/25
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Bicategory of surface defects

analysis for surface defects analogous:

e

L o

Lo

defect d separating bulk regions labeled by C; and C»

two monoidal functors C, — W, and Ci*V— W, to fusion category W,

combine to central functor C, X C5*V — W,

naturality

obstruction :

-+ braided equivalence | C, BCLY — Z(Wy)

no defects between C; and C; unless [C;]| = [C2]
Y

in Witt group

Topological defects

A
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Bicategory of surface defects

Topological defects

w analysis for surface defects analogous:
~ defect d separating bulk regions labeled by C; and (>
- two monoidal functors C, — W, and C5°V— W, to fusion category W,

~ combine to central functor C, X C5V — W,

~ naturality ~- braided equivalence | C, BC3Y — Z(Wy)

s conclude: defects separating C, from Co form bicategory W,-Mod

of module categories over a fusion category W, satisfying Z(W,) ~ C, B C5**

Pirsa: 17080003 Page 57/99



Pirsa: 17080003 Page 58/99



Pirsa: 17080003 Page 59/99



Pirsa: 17080003 Page 60/99



Pirsa: 17080003 Page 61/99



Pirsa: 17080003 Page 62/99



Pirsa: 17080003 Page 63/99



Pirsa: 17080003 Page 64/99



Pirsa: 17080003 Page 65/99



Pirsa: 17080003 Page 66/99



Pirsa: 17080003 Page 67/99



Pirsa: 17080003 Page 68/99



Pirsa: 17080003 Page 69/99



Pirsa: 17080003 Page 70/99



Pirsa: 17080003 Page 71/99



Pirsa: 17080003 Page 72/99



Pirsa: 17080003 Page 73/99



Pirsa: 17080003 Page 74/99



Pirsa: 17080003 Page 75/99



Pirsa: 17080003 Page 76/99



Pirsa: 17080003 Page 77/99



Pirsa: 17080003 Page 78/99



Pirsa: 17080003 Page 79/99



Pirsa: 17080003 Page 80/99



Pirsa: 17080003 Page 81/99



Pirsa: 17080003 Page 82/99



Pirsa: 17080003 Page 83/99



Pirsa: 17080003 Page 84/99



Pirsa: 17080003 Page 85/99



Pirsa: 17080003 Page 86/99



Pirsa: 17080003 Page 87/99



Pirsa: 17080003 Page 88/99



Pirsa: 17080003 Page 89/99



Pirsa: 17080003 Page 90/99



Pirsa: 17080003 Page 91/99



Pirsa: 17080003 Page 92/99



Pirsa: 17080003 Page 93/99



Pirsa: 17080003 Page 94/99



Pirsa: 17080003 Page 95/99



Pirsa: 17080003 Page 96/99



Pirsa: 17080003 Page 97/99



Pirsa: 17080003 Page 98/99



Pirsa: 17080003 Page 99/99



