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Abstract: | will give an introduction to the Kitaev quantum double models for Hopf C*-algebras. To this end | will introduce a graphical
tensor-network notation to represent the algebraic objects and axioms. Using this notation | will then present the vertex- and plaguette symmetries of
the model and discuss their interaction and the excitation structure they give riseto.
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String-net picture of the toric code
Hopf C*-algebras in tensor network notation
The plaquette and vertex symmetries

Excitations and quantum double algebra

yvyvvy

String- and ribbon operators
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» Groundstate: superposition of all closed loop configurations
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» Excitations: electric: loop ends
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» Groundstate: superposition of all closed loop configurations

» Excitations: electric: loop ends, magnetic: phase factor for loop
creation
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» Groundstate: superposition of all closed loop configurations
» Excitations: electric: loop ends, magnetic: phase factor for loop
creation
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Toric code: Z>
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Toric code: Z,

String-net models:
Unitary fusion categories
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Toric code: Z5

String-net models: ) - Quantum doubles:
Unitary fusion categories equivalent " Weak Hopf C*-algebras
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n:Ct—-cCcH é e :CH - ¢t
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s:cH - cH +
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Hopf C*-algebras — axioms

€O L — € R €
Aon=nxn
eon =1

(@ p) o (l ®swap ® 1)
o(A® A) =Aopu

po(l®S)oA
= pno(S®R1L)o A =noce
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Hopf C*-algebras — axioms

Aon=nxdn
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Hopf C*-algebras — cyclic form
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O symmetry operations | ] particles
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symmetry operations

particles

trivial symmetry opera-
tion
for all particles

(PO
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for all symmetry opera-
tions
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Hopf C*-algebras as symmetries

particles

trivial particle

for all symmetry opera-
tions

symmetry operations
trivial symmetry opera-
tion

for all particles

inverse adjoint symmetry adjoint anti-particle
operation adjoint symmetry opera-
adjoint particle tions

Wi
e
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Hopf C*-algebras as symmetries
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copying of a particle

O symmetry operations () particles
trivial symmetry opera- trivial particle
O— tion o for all symmetry opera-
for all particles tions
inverse adjoint symmetry adjoint anti-particle
—(— operation —&€@)— adjoint symmetry opera-
adjoint particle tions
concatenation of symme- : :
) fusion of particles
try operations ;
;: > copying a symmetry
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Hopf C*-algebras — cyclic form
e o =
Jox
b b N
b c
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Hopf C*-algebras — cyclic form
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Hopf C*-algebras — cyclic form
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C

» Every group defines Hopf C*-algebra

b
d

a.b.c.d.e,...

abcde... |1
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» Every group defines Hopf C*-algebra

C b c b

d a — O3 b.c.d.e.... d abcde... |1

e e

» Hopf C*-algebra axioms can be seen as linearisation of group axioms
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» Representation: homomorphism to matrix algebra

)[R

|
,I?- R R|
T | J =
1 [

S =" > = 2N

Pirsa: 17070063 Page 40/71



Hopf C*-algebras — representations

» Representation: homomorphism to matrix algebra
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» Tensor product of representations via co-algebra

|

R & R»

(a.b)! (&, p)
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Hopf C*-algebras — representations

» Representation: homomorphism to matrix algebra
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» Tensor product of representations via co-algebra

|

R & R»

(a.b)! (&, p)
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» Left- and right-regular representation:

OO
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» Consider quantum spin system with /local, commuting symmetries,
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i.e. representations of Hopf C*-algebras G

Consider quantum spin system with Jlocal, commuting symmetries,
Ground state is invariant under all symmetries
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Local spin systems with commuting symmetries

» Consider quantum spin system with /local, commuting symmetries,
i.e. representations of Hopf C*-algebras G;

» Ground state is invariant under all symmetries

» Hamiltonian is negative sum of all local projectors onto invariant
subspace
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Local spin systems with commuting symmetries

» Consider quantum spin system with /local, commuting symmetries,
i.e. representations of Hopf C*-algebras G;

» Ground state is invariant under all symmetries

» Hamiltonian is negative sum of all local projectors onto invariant
subspace

» State space is representation of global Hopf C*-algebra
g = ®s€5 GS
» Decompose state space into irreducible subspaces under action of G:

H = @ veT o where o« = (axq,...,axs) and m=1,..., M,

x.,m
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» Spins are associated to the edges of a two dimensional lattice, local
state space is vector space of Hopf C*-algebra G
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Vertex- and plaquette symmetries — definition

» Spins are associated to the edges of a two dimensional lattice, local
state space is vector space of Hopf C*-algebra G

» Plaquette symmetry: representation of Hopf C*-algebra G

(a, b, c.d, e) (a’.b',c’,d",e)
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» Spins are associated to the edges of a two dimensional lattice, local
state space is vector space of Hopf C*-algebra G

» Plaquette symmetry: representation of Hopf C*-algebra G

» Vertex symmetry: representation of dual of G
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» Vertex-vertex and plaquette-plaquette pairs commute
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Vertex- and plagquette symmetries — commutation
properties

» Vertex-vertex and plaquette-plaquette pairs commute

) 4 ) 4
a*“caf = awaf
X X

» Neighboring plaquette-vertex pairs commute depending on location
of red index
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Plaquette and vertex term — together

» Consider product of plaquette- and vertex term

(x.x")

Rdoubfe -
(a.0) 1 1 (a,p)
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Plaquette and vertex term — together

» Consider product of plaquette- and vertex term

(x.x")

Rdoubfe | -
(a. b) (a’. b")

» Do not commute = Rg,,ble 1S NOt a representation of the tensor
product of G and its dual
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Plaquette and vertex term — together

» Consider product of plaquette- and vertex term

(x.x")

Rdouble -
(a.6) T T (o, p)

» Do not commute = R ,,ble 1S NOt a representation of the tensor
product of G and its dual

» But: it is representation of the quantum double algebra (or Drinfeld
double) D(G)

(v,y") y' e Y/ o o
o y ! ,) (X X ) o Vv O X

(x.,x") > X Q— @ X

(z,2) z (x, x’) - O— x
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The quantum double algebra

» Quantum double algebra is bi-crossed product:

4

(yv-y") Y
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The quantum double algebra

» Quantum double algebra is bi-crossed product:

4

(yv-.y") Y
y

» Quasi-triangular = admits braiding
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The quantum double algebra

» Quantum double algebra is bi-crossed product:

!

(yv.y") Y
y

» Quasi-triangular = admits braiding
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Open string and ribbon operators
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» Closed ribbon operator should be nowhere visible
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» Closed ribbon operator should be nowhere visible

» = Put element of the center = commutes through

o € Z[D[G]]
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