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Abstract: This talk will be a short introduction to the semisimple Hopf algebras over an agebraically closed field of characteristic O and their
representation theories. It is intended to outline the main basic results about structure and known methods for the construction of semisimple Hopf
algebras. extensions, twisting, Tannakian reconstruction. Basic notions concerning tensor categories will be introduced: braided structures, center
construction, fiber functors. Special emphasis is given to the notion of fusion category. At the same time, the relations between these notions and
those of the Hopf algebras are studied.
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Introduction

C algebraically closed field, char 0.

Algebras: (A, m, u)
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Introduction
C algebraically closed field, char 0.
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Hopf agebra

Hopf Algebra: (H, m,u, A, ¢)

@ (H.m,u) algebra, (H, A, ) coalgebra,
@ A, c algebra maps, 3S : H — H (the antipode) such that

H—2 HeH = HoH -2 B

\ id®S

£
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Hopf agebra

Hopf Algebra: (H, m,u, A, ¢)

@ (H,m,u) algebra, (H,A, ) coalgebra,
@ A, c algebra maps, 3S : H — H (the antipode) such that

H—2 HeH = HoH -2 B

\ o 'f
— 3, (C — R _/_,»-"‘

€ u

Example: G finite group

@ H = O(G) algebra of functions G — C,
o A:H—o HR®HOG x G), Af)(x,y) = f(xy).
e c:H—C,e(f)=f(e);S: H— H,S(Hg) =f(g™).

Q@ H = CG = Span{ug}gcq (the group algebra), ugup = ugh.
° A(Ug) = Ug @ Ug, £(ug) =1, S(Ug) = Ug_y.
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Hopf agebra

Hopf Algebra: (H, m, u, 4, ¢) .

o (H,m,u) algebra, (H, A, c) coalgebra,
o A,c algebra maps, 35 : H — H (the antipode) such that

S@id
H—5 HoH—— > H®H—>H
WS -

\ > C

£

Example: G finite group

@ H = O(G) algebra of functions G — C,
o A-H— H®HO(Gx G). A(N)(x.y) = (xy).
o c:H=C,e(f) = 1(e): S: H— H.S(N(g) = (g™ ")

O H = CG = Span{ug}gec (the group algebra), ugly = Ugh-
[ A(Ug) = Ug ® Up. S(Ug) =1, S{U;) = Ug_'g_
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Sweedler’s notation

If Cis a coalgebra, then A(c) = 37;c;@ ¢’ € C® C, ¢, c € C.Such an expression |
is abbreviated as

A(C) —_ Z C(1) (X) C(2), or S|mp|y A(C) — C1 @ Cg.
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Sweedler’s notation

If Cis a coalgebra, then A(c) = 37;c;@ ¢’ € C® C, ¢, c € C.Such an expression |

i

is abbreviated as

A(C) —_ Z C(1) (X) C(2), or S|mp|y A(C) — C1 @ Cg.

The coassociativity of A reads, in Sweedler’s notation

(c1)1 ® (c1)2 @ 02 = €1 ® (€2)1 @ (C2)2,

or simply
(A ®id)A(c) = (id® A)A(c) := ¢ ® o ® C3.
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Sweedler’s notation

If Cis a coalgebra, then A(c) = 37;c;@ ¢’ € C® C, ¢, c € C.Such an expression |
is abbreviated as

A(C) —_ Z C(1) (X) C(2), or S|mp|y A(C) — C1 ® C2.

The coassociativity of A reads, in Sweedler’s notation
(1)1 ®(¢1)2®C2 = ¢ ®(C2)1 ®(C2)2,

or simply

(A ®id)A(c) = (id® A)A(c) := ¢ ® ¢ ® C3.

Hopf algebra axioms in Sweedler's notation
CUN YT
e(X1)Xe = X = x18(X2) ', (XY)1 @ (XY)2 = X1/1 @ Xo )2

Antipode

S(x1)xz2 = €(x)1n = X15(x2)
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Basic invariants of a Hopf algebra H,

@ G(H) = {x € H:A(x) = x® x}, group of grouplikes.
@ Prim(H) ={x e H: A(x) =x® 1+ 1® x}. Lie algebra of primitive elements.

The flip map
T VW -s>WeV, r(vew)=wev.
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Basic invariants of a Hopf algebra H,
@ G(H) = {x € H:A(x) = x® x}, group of grouplikes.
@ Prim(H) ={x e H: A(x) =x® 1+ 1® x}. Lie algebra of primitive elements.

The flip map

T VW -s>WeV, r(vew)=wev.

Commutative Hopf algebra Cocommutative Hopf algebra

Heo H

Xy =yx, Vx,yeH

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Pirsa: 17070062 Page 14/59



Basic invariants of a Hopf algebra H,
@ G(H) = {x € H:A(x) = x® x}, group of grouplikes.
@ Prim(H) ={x e H: A(x) =x® 1+ 1® x}. Lie algebra of primitive elements.

The flip map

T VW -s>WeV, r(vew)=wev.

Commutative Hopf algebra Cocommutative Hopf algebra

Heo H

Xy =yx, Vx,yeH

Theorem (Cartier-Konstant, early 60’s)

Any cocommutative Hopf algebra is of the form U(g)#C[G].
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If (H,m,u, A, e, S) is afinite dimensional Hopf algebra, then (H*, m*, u*, A*, ¢*, S*) ‘
is also a Hopf algebra.

H* ® H* Q'{)H*

AY®@id _~~ id@a™
-

H* @ H*

g
\ r",f‘,_
m* ®id & idom*

H* @ H* @ H*
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Example: Drinfel'd quantum double of a Hopf algebra

Quasitriangular Hopf algebras (Drinfel'd)

@ An R-matrix for H is an invertible element R € H ® H such that
RA(X)R-1 =710 A(x) forall x € H.

(A ®id)(R) = Ry3Aaa, (id ® A)(R) = Ry3R2,

where Ri» = R® 14, Ros =14 ® R, Rz =Ry ® 14 ® Ro.
@ A quasitriangular Hopf algebra is a Hopf algebra with an R-matrix.
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Example: Drinfel'd quantum double of a Hopf algebra

Quasitriangular Hopf algebras (Drinfel'd)
@ An R-matrix for H is an invertible element R € H ® H such that
RA(X)R~1 =710 A(x) forall x € H.
(A ®id)(R) = Ry3Aza, (id ® A)(R) = Ry3R2,

where Ris = R® 14, Ros =14 ® R, Rz =Ry ® 14 ® Ro.
@ A quasitriangular Hopf algebra is a Hopf algebra with an R-matrix.

Definition (Drinfel'd)
Let H be a finite dimensional Hopf algebra and let H*“°P denote the Hopf algebra H*
except with the opposite comultiplication. Then Drinfel'd quantum double (D(H), R) is
D(H) = H ® H*®°P as coalgebra,
H and H*°P are Hopf subalgebras,
(Y@ h)(¢' @) = i(S1(hs))wh(hy )y’ & hoh

if ; is a basis if H and e’ the dual basisin H*, the element
R=5%,e®é¢€ € D(H)® D(H) is an R-matrix.
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Integrals in Hopf algebras

The spaces of left and right integral in H are defined, respectively, as follows

ZI(H) ={he H: xh=¢e(h)x,¥Yx € H}, Z;(H)={h€ H: hx = ¢(h)x,Vx € H},

o H = C[@] = O(G)*, (the space of distributions on G). Left integrals in H are left
invariant measures.

o if H is finite dimensional. A € H* is integral iff hy{¢, hp) = (¢, Y1y, forallhe H
@ For H=CG, we have Z;(H) = Z,(H) = C(}_4cq Ug)

g
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Integrals in Hopf algebras

Definition
The spaces of left and right integral in H are defined, respectively, as follows

ZI(H) ={he H: xh=¢e(h)x,¥Yx € H}, Z;(H)={h€ H: hx = ¢(h)x,Vx € H},

o H = C[G] = O(G)*, (the space of distributions on G). Left integrals in H are left
invariant measures.

o if H is finite dimensional. A € H* is integral iff hy{¢, hp) = (¢, Y1y, forallhe H

@ For H=CG, we have Z)(H) = Z,(H) = C(}_4cq Ug)

&g

Theorem (Larson-Sweedler, 1969)

Let H finite dimensional Hopf algebra over a field k. Then
@ dim(L)(H))=dim (Z;(H))=1.
@ The antipode S is bijective and S(Z;,(H)) = Z;(H)
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Classical results about semisimple hopf algebra

H is called semisimple if every finite dimensional left H-module is completely reducible. |

Theorem (Maschke Theorem for Hopf algebras)

Let H be a finite dimensional Hopf algebra. Then, H is semisimple <= (¢, Z;(H)) # O. \
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Classical results about semisimple hopf algebra

H is called semisimple if every finite dimensional left H-module is completely reducible. |

Theorem (Maschke Theorem for Hopf algebras)

Let H be a finite dimensional Hopf algebra. Then, H is semisimple <= (¢, Z;(H)) # O. \

For H = k[G], | = > ;¢ g Ug is an integral. Then k[G] is semisimple if and only if

(=161 #0,
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Classical results about semisimple hopf algebra

H is called semisimple if every finite dimensional left H-module is completely reducible. |

Theorem (Maschke Theorem for Hopf algebras)
Let H be a finite dimensional Hopf algebra. Then, H is semisimple <= (¢,Z;(H)) # O. \

For H = k[G], | = > ;¢ g Ug is an integral. Then k[G] is semisimple if and only if
e(l) = |G| #0.

Theorem (Larson-Radford Theorem, 1989)
Let H be a finite dimensional Hopf algebra. Then,

H is semisimple <= S? =idy <= H* is semisimple

@ Hence every Hopf subalgebra and quotient of a semisimple Hopf algebra is
semisimple.

@ The Drinfel'd double for a semisimple Hopf algebra is semisimple.
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Examples of Semisimple Hopf algebras

Examples: Abelian extensions (G. |. Kac (1968), M. Takeuchi (1981))
Input
(i) A matched pair of finite groups (F, G, <, 1>);
(i) compatible cocycles (o, 7) € Z2(F, (CC)*) x Z2(G, (C%)*), denoted by

o(x,y) =S os(x,y)8s, x,y€F, t(s;t)=3 m(s)d, stea.
seG xeF

(i means G<"— Gx F—" > F are (respectively, right and left) actions,

suchthat sp xy = (spx)((s<x)py)and stax = (s<a(te x))(t<x), for all
s,te G, x,y € F.

Hopf algebra H = C& "<, CF on the vector space CC ® CF with
(0s#X)(0t#Y) = Osax,t0s(X, ¥ )IsH#XY,

A@Ss#x) = > _ 7x(a,b)sa#(b> X) ® Sp#X.

s=ab

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Page 24/59



Example (continued)

@ (Drinfel'd double a finite groups ) If G=F, hag=g~'hg, g h = h. Then
CP CG is the twisted Drinfel'd double of CG.

@ (Kac-Paljutkin) Matched corresponds with group factorizations of groups ¥ = FG,
FNG={e}. Thecaseof L := Dy, =(r,s:r"=1=2¢8%srs=r""). lf n=4m,
E= (sl G=(sr, i}
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Example (continued)

@ (Drinfel'd double a finite groups ) If G=F, hag=g~'hg, g h= h. Then
CC CGis the twisted Drinfel'd double of CG.

@ (Kac-Paljutkin) Matched corresponds with group factorizations of groups ¥ = FG,
FNG={e}.Thecaseof L := Dy, =(r,s:r"=1=28%srs=r""). lf n=4m,
F= sl G— {sr s

Twisting the comultiplication
@ Atwistfor His J € H &.H invertible such that

(ARiNW®1) =([dRA)N(1®Y), (¢®id)(J)=(d®e))=1.

@ A new Hopf algebra H” (called a twist of H) is constructed over the same algebra
HY = H, but with comultiplication AY(h) = J=1A(h)J.

@ Twists in H = CG, were classified by Movshe, by classes of pairs (S, «), where
S C N is subgroup, and w € H?(S,C*) is a non-degenerate 2-cocycle .

@ Forinstance, if S is abelian, then the twist is given by

J= D" alx,Nex ® e, where, e, = > x(s™")ds.
X,n€S e
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Representation theory of a Hopf algebra

If H— End(V),H — End(W) are H-modules, the composition

H3 H® H — End(V) ® End(W) — End(V @ W),

provides V @ W an H-module structure.
The natural isomorphisms (Ve W)@ Z =2 Vea(We W), (veaw) @z ve (W 2)
are H-module maps.
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Representation theory of a Hopf algebra

If H— End(V),H — End(W) are H-modules, the composition

H3 H® H — End(V) ® End(W) — End(V @ W),

provides V @ W an H-module structure.
The natural isomorphisms (Ve W)@ Z =2 Vea(We W), (veaw) @z ve (W 2)
are H-module maps.

C is an H-module via ¢ : H — C and the canonical isomorphism V @C = V=C® V |
are H-module maps. ‘
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Representation theory of a Hopf algebra

If H— End(V),H — End(W) are H-modules, the composition

H3 H® H — End(V) ® End(W) — End(V @ W),

provides V @ W an H-module structure.
The natural isomorphisms (Ve W)@ Z =2 Vea(We W), (veaw) @z ve (W 2)
are H-module maps.

C is an H-module via ¢ : H — C and the canonical isomorphism V@ C >~V >=C® V |
are H-module maps. ‘

the antipode is an algebra anti-isomorphism

H -2 HoP I png(ve).

The evaluation an coevaluation maps ev: V @ V* — C, coev: C — V* @ V are
H-module maps.

The category Rep(H) of finite dimensional representation of a Hopf algebra is a tensor |
category.
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Tensor categories

Definition (MacLane)
Tensor category: quadruple (C, ®, a,1) where C is a category, ® : C x C - Cis a
bifunctor, ax y 7z : (X® Y)® Z - X ® (Y ® Z) is an associativity constraint, 1 is the

unit object.
1) Pentagon axiom : the diagram commutes, X, Y,Z, T € Obj(C).

(Xevye2)eT

ax,y,z®ld_~" XQY.2,T
e

XR(YRXT XR@Y)R(EZ®T)

l/aX\YiEZ.T aX,Y‘ZLZTi
fd(}:bay‘z‘r

Xe(reZ)em X@(Yye(ZeT))

2) Unit axiom: both functors 1 ® (—) and (—) ® 1 are isomorphic to the identity functor.
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Rigidity

If X € C, aright dual is X* € C together with &vy : X* ® X — 1 and
coevy : 1 — X ® X* such that the compositions equal the identities

coevy A, X% X idy @evy

X X@X')Y@X — XR@(X* @ X) —————— X
3—1

coev y X* X, X* vy ®idy«

X* ——— XX X)) — (X" X)) ® X — x*
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Rigidity
If X € C, arightdual is X* € C together withevy : X* @ X — 1 and
coevy : 1 — X ® X* such that the compositions equal the identities

coevy Mg 0w idy @evy
X X@X')@X — X @ (X" @ X) ————— X

coev x XXX vy Qid y
Xt ——— X" @ (X @ X") — X" ®X)® X" ———— x*

Example

C = Rep(H) finite dimensional modules over a Hopf algebra (no necessarily finite
dimensional or semisimple ).
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Fusion categories

Definition (Etingof, Nikshych, Ostrik) |

A fusion category C is a C-linear semisimple category with finitely many simple objects
and 1 simple.

Example

C = Rep(H) finite dimensional modules over a semisimple Hopf algebra.
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Fusion categories

Definition (Etingof, Nikshych, Ostrik)

A fusion category C is a C-linear semisimple category with finitely many simple objects
and 1 simple.

Example

C = Rep(H) finite dimensional modules over a semisimple Hopf algebra.

C(g,q,/),

The category of tilting modules of the quantum groups Uy(g) (g° a /th root of unity)
module negligible morphisms.
For example:

@ SU(N)x =C(sln, N + k),
@ SO(N)y,
@ PSU(N)x C SU(N), for ged(k, N) = 1.
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Definition of fusion category in coordinates

Fusion rules

Let L = {1,a,b,c...} be a set of representatives of isomorphism classes of simple
objects.

@ There is an involution x : L — L such that 1* = 1.

@ aR b=, Ngbc, we have integers NS, = dim(Hom(c, a ® b)), and satisfy

b _ s, _ Nb 1 _ ¢ T e hU u pye
Nya = dab = Ny, Nab = Saxb, abc = Z NapNec = Z 26 Noe
e

e’
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Definition of fusion category in coordinates

Fusion rules

Let L = {1,a,b,c...} be a set of representatives of isomorphism classes of simple
objects.

@ There is an involution x : L — L such that 1* = 1.
@ aR b=, Ngbc, we have integers NS, = dim(Hom(c, a ® b)), and satisfy

b _ s, _ Nb 1 _ ¢ T e hU u pye
Nya = dab = Ny, Nab = Saxb, abc = Z NapNec = Z 26 Noe
e

e’

v b i . , - c i ®©
Fix isomorphism o, : a® b — a® b := @, Ng,c and define a7, .

©
(a0 b)ec —2% a@ (b c)

' s 'y

Tamb,c Ta boe

(acb)®c a® (boc)

'y 'y

Tq pRC iligc\:()ﬂb‘c

(a®b)®c —2% aw (b®c)
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F-matrices (6j-symbols)

Denoting by [gcb

} the hom space Hom(c, a ® b), and using the isomorphisms a®

F

e - Home((a® b) ® ¢, d) — Home(a® (b ® ¢), d)

fsfo A p o

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Pirsa: 17070062 Page 37/59



F-matrices (6j-symbols)

Denoting by [a b} the hom space Hom(c, a ® b), and using the isomorphisms a®

FS.:Homc((a® b) ® ¢, d) - Home(a® (b® c), d)

fi>fo ap ¢

F-matrices
The linear maps

uid @] o< 2] —~ @) o 2

iel jel

are called the F-matrices and they satisfy the pentagonal identity (pentagon axiom).
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Examples

Pointed fusion categories, C(G, w)

@ L = G (afinite group)
@ fusion rules are the product in G

° Fg‘b‘c = w(a, b, €)dapc,q, SO is a function w : G*3 — CX

@ Pentagon equation is exactly 3-cocycle condition of group cohomology:

w(a, b, c)w(b, c,d)w(a, be, d) = w(ab, ¢, d)w(a, b, cd)
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Examples

Pointed fusion categories, C(G, w)
@ L = G (afinite group)
@ fusion rules are the product in G

° F;’_‘b‘c = w(a, b, €)dapc,q, SO is a function w : G*3 — CX

@ Pentagon equation is exactly 3-cocycle condition of group cohomology:

w(a, b, c)w(b, c,d)w(a, be, d) = w(ab, ¢, d)w(a, b, cd)

Fibonnaci theory
o bk =41.%}
o fusion rules x? = 1 + X,

i qf)—1 d)—1/2
® Fix = ( p—1/2 1
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Examples

Pointed fusion categories, C(G, w)
@ L = G (afinite group)
o fusion rules are the product in G

° F.j’_‘b‘c = w(a, b, €)dapc,q, SO is a function w : G*3 — CX

@ Pentagon equation is exactly 3-cocycle condition of group cohomology:

w(a, b, c)w(b, c,d)w(a, be, d) = w(ab, ¢, d)w(a, b, cd)

Fibonnaci theory
o bk =41.%}
o fusionrules x? = 1 + x

_71 (_)71/2
® Fix = ( (;L/E lqz)—1 )

Not every fusion rules admit a set of F-matrices

As an example the fusion rules:
o Ly ={1.x}
e x2=1+kx,kez>°
define a fusion category if and only if k = 1 (Victor Ostrik).
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Fiber functors

A fiber functor is an C-linear exact faithful functor F : C — Vec, such that F(1) = C,
with natural isomorphism

bx‘y ; F(V@ W)—iF(V) Rc F(W_), X, Yec

such that "

i

Y,
FIX®Y)®Z) ——— FIX®Y)Qr F(2)

F"‘X,Y.Z bX‘Y®i(|

3 Y
FIX ® ( (F(X) @¢ F(Y)) ®¢ F(2)

bx vyez

Y P Y
l‘|Q<JbY,Z
F(X)@l{_‘ FY ® Z) —» F(X)'E‘.L‘ (F(Y)@l{_‘ F(2))

Examples

@ H Hopf algebra. The forgetful functor Rep(H) — Vec is a fiber functor.
@ C(G,w) admits fiber functors if and only if 0 = [w] € H3(G, CX).
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Tannakian-Krein reconstruction

Theorem (Saavedra, Deligne-Milne, Ulbrich)

Let C be a tensor category and F := (F,b) : C — Vec be a fiber functor. Then there is |
a Hopf algebra H := coend(F) such that F factorizes through a tensor equivalence
F : ¢ — CoRep(H) and the diagram

CoRep(H)

commutes.
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Tannakian-Krein reconstruction

Theorem (Saavedra, Deligne-Milne, Ulbrich)

Let C be a tensor category and F := (F, b) : C — Vec be a fiber functor. Then there is
a Hopf algebra H := coend(F) such that F factorizes through a tensor equivalence
F : ¢ — CoRep(H) and the diagram

4 CoRep(H)

commutes.

Example

If J € H® H is a twist. The forgetful functor U : Rep(H) — Vec, with

by w:U(Va W) UWV)e UW)
v w— J(vew),

defines a new fiber functor. The associated new Hopf algebra is the twisting H.
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Group-theoretical semisimple Hopf algebras

Letw € Z3(G,C*) and C(G, w) the associated pointed fusion category.
@ If F < Gand a € C?(F,C*) such that da = w|Fx Fx F» then the twisted group

algebra C, F is associative in C(G, w).
@ The category C(G,w; F, o) of C, F-bimodules in C(G, w) is a fusion category.
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Group-theoretical semisimple Hopf algebras

Letw € Z3(G,C*) and C(G, w) the associated pointed fusion category.

@ If F < Gand a € C?(F,C*) such that da = w|Fx Fx F» then the twisted group
algebra C, F is associative in C(G, w).
@ The category C(G,w; F, o) of C F-bimodules in C(G, w) is a fusion category.

@ The classification of fiber functars of C(G, w; F, «), is contained in the more
general description of indecomposable module categories over C(G, w; F, «) by
Ostrik.

@ These Hopf algebras are called group-theoretical.
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Group-theoretical semisimple Hopf algebras

Letw € Z3(G,C*) and C(G, w) the associated pointed fusion category.

@ If F < Gand a € C?(F,C*) such that da = w|Fx Fx F» then the twisted group
algebra C, F is associative in C(G, w).

@ The category C(G,w; F, o) of C, F-bimodules in C(G, w) is a fusion category.

@ The classification of fiber functors of C(G, w; F, «), is contained in the more
general description of indecomposable module categories over C(G, w; F, «) by
Ostrik.

@ These Hopf algebras are called group-theoretical.

Examples
® C(G,w,{e},1) =C(G,w).
@ C(G,1,G,1) = Rep(G).
@ ¥ = GF is matched pair, C(G,w, F, @) = Rep(C€ "<, CF)

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Page 47/59



Categorical constructions: Drinfeld center

Let C be a strict tensor category. A braiding for C is natural isomorphism
cxy : X®Y —= Y® X, such that

cx,yez = (idy @ cx z)(cx,y ®idz), cxpy,z = (cx,z ®idy)(idx @ cy 2)
Cx 4 =1dy = 6y x.

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Pirsa: 17070062 Page 48/59



Categorical constructions: Drinfeld center

Let C be a strict tensor category. A braiding for C is natural isomorphism
cxy : X®Y —= Y® X, such that

cx,yez = (idy @ cx z)(cx,y ®idz), cxpy,z = (cx,z ®idy)(idx @ cy 2)
Cx1= idy = C1.X-

Definition

A (strict) braided tensor category (C, ), is a tensor category with a braiding c. ‘

o If (H, R) is a quasitriangular Hopf algebra, Rep(H) is braided with
cvw:VRcW-o>WecV, vaw— r(R(vew)).

@ Conversely, if ¢ is a braiding for Rep(H), then R := 7(cy y(1H ® 14)) is an
R-matrix.
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The braided group representation associated to a Braided tensor
category

The braid group on n strands, Bp,

On—1|oioiy10i = 0jp10i0i41, o0 = 0j0}),

where 1 </ < n - 2 in the first relation and in the second relation, |/ — j| > 1.
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The braided group representation associated to a Braided tensor
category

The braid group on n strands, Bp,

On—1|oioiy10i = 0jp10i0i41, o0 = 0j0}),

where 1 </ < n - 2 in the first relation and in the second relation, |/ — j| > 1.

The braid group representation

Let C be a braided tensor category, then for every object X € C, the map
Bn — Aute(XE), o — G,

is a group morphism, where

= i(lx.g,(fq) QCx x @ i(lx®(n—f71)
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The braided group representation associated to a Braided tensor
category

The braid group on n strands, Bp,

On—1|0i0iy10) = 0i110i0i41, 0j0j = 0j0}),

where 1 </ < n - 2 in the first relation and in the second relation, |/ — j| > 1.

The braid group representation

Let C be a braided tensor category, then for every object X € C, the map
Bn — Aute(X®M), o — G,

is a group morphism, where

= i(lx.g,(fq) RCx x @ idx®(n471)

Example

If (H, R) is quasi-triangular and V' is an H-module,

cvyv:V@cV-oaVecV, vav - r(RveVv)),

is a solution of the quantum Yang-Baxter equation (or braid equation).
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Drinfel'd center of a tensor category, Z(C)

@ Objects Z(C): pairs (X,ox, ), where X € Obj(C)andox y : X®@Y = Y® Xis
a natural isomorphism, such that

ox,yez = (idy ® ox z)(ox y ®idz), oxq=idx, V,Z & Obj(C).

@ tensor product: (X,ox _)®(Y,oy _) = (X® Y,oxgy, ), where
oxey,z = (0x,z®idy)(idx @ oy 7), for all Z € Obj(C).

@ The Drinfel'd center is braided with (5, _x),(0y _v) := ox,v-

Dijkgraaf-Witten theories.

Z(C(Gyy)) are the represention of the twisted Drinfel'd double or Dijkgraaf-Witten
theories.
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Braided fusion category in coordinates

If (C, c¢) is a braided fusion, the maps

Rg,b : Home(a® b, ¢) — Home (b ® a, ¢)

fr—)'foCa?b

define

c
Rg_,b: lab —
that satisfy the hexagon equations

> e loac] e = 2 F ] e ape

ij,k iJ K

> Bl e = rl LR EL ]

ij.k = ij,K
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Example:Pointed braided fusion category

o If C(G,w) has a braid structure then G is abelian
@ ARY, = c(X,y)dxy,z, soisafunctionc: G x G — C*
@ Hexagonal equation is exactly the abelian 3-cocycle condition

w(y,z,x)e(x, y2)w(x,y,2) = e(x,2)w(y, x,2)e(x, y)

w(Z,%,¥) Ve(xy, 2)w(x,y,2)~ 1 = e(x,2)w(x,2,y) " ey, 2)
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Example:Pointed braided fusion category

o If C(G,w) has a braid structure then G is abelian
@ RY, = c(x,y)dxy,z, s0isafunctionc: G x G — C*
@ Hexagonal equation is exactly the abelian 3-cocycle condition

w(y,z,x)e(x, y2)w(x,y,2) = e(x,2)w(y, x,2)e(x, y)
w(z,x,y) " e(xy, 2)w(x, y,2) 7" = c(x,2)w(x,2,y) " e(y, 2)

A dictionary of terminologies between anyon theory and braided fusion category theory

Braided fusion categories Anyonic system

simple object anyon

label anyon type or anyonic charge
tensor product a ® b fusion

fusion rules a x b fusion rules

triangular space Vg, := Hom(a® b, ¢) | fusion/splitting space |axb — ¢)
dual antiparticle

coevaluation /evaluation creation/annihilation

mapping class group representations generalized anyon statistics
nonzero vector in V(Y) ground state vector

unitary F-matrices recoupling rules

twist O = @°™/ topological spin

morphism physical process or operator
colored braided framed trivalent graphs | anyon trajectories

quantum invariants topological amplitudes
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Universality of Quantum computer associated to a BFC

A fusion category is called "weakly-integral" if the square of the quantum dimension of
all simple objects are integers.

Property F Conjecture (Eric Rowell)

Every non weakly-integral braided fusion category is universal for quantum
computation.

Theorem (Etingof, Rowell and Witherspoon)

The representation category of the twisted Drinfeld double of a finite groups is not
universal for quantum computing.

Theorem (G, Rowell)

The representation category of the twisted Drinfeld double of a discrete groups is not
universal for quantum computing.

Theorem (Nicolas Escobar, G, Zhenghan Wang)

Braiding gapped boundaries of Dijkgraaf-Witten theories alone cannot provide
universal gate sets for topological quantum computing with gapped boundaries.
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o Every weakly-integral fusion category is weakly group-theoretical fusion category.
(Etingof, Nikshych and Ostrik)

@ Every semisimple Hopf algebra admits a unique C*-Hopf algebra structure.
(Nicolas Andruskiewitsch)

Theorem (G., Eric Rowell, Seung-Moon Hong)

Every weakly-group theoretical fusion category admits a unique unitary structure. In
particular every weakly group-theoretical semisimple Hopf admits a unique C*-Hopf
algebra structure.
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Thanks for listening!
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