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Abstract: This talk will be a short introduction to the semisimple Hopf algebras over an algebraically closed field of characteristic 0 and
representation theories. It is intended to outline the main basic results about structure and known methods for the construction of semisimg
algebras: extensions, twisting, Tannakian reconstruction. Basic notions concerning tensor categories will be introduced: braided structures
construction, fiber functors. Special emphasis is given to the notion of fusion category. At the same time, the relations between these notit
those of the Hopf algebras are studied.
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Introduction
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C algebraically closed field, char 0.
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Hopf agebra

Hopf Algebra: (H, m,u, A, ¢)

@ (H.m,u) algebra, (H, A, ¢) coalgebra,
@ A, c algebra maps, 3S : H — H (the antipode) such that

S®id

H—2 HeH e H@H T H

\ 1d®S
gl
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Hopf agebra

Hopf Algebra: (H, m,u, A, ¢)

@ (H.m,u) algebra, (H, A, ¢) coalgebra,
@ A, c algebra maps, 3S : H — H (the antipode) such that

H— 2 HeH o8 e Hel -

.

: -

Example: G finite group

@ H = O(G) algebra of functions G — C,
e A-H- HRH=OG X G), A(f)(x,y) = f(xy).
@ c:H—C,e(f)=1f(e);S: H— H,S(f)(g) = (g~ ").

Q@ H = CG = Span{ug}gcg (the group algebra), ugup = ugh.
° A(Ug) = Ug @ Ug, £(Ug) =1, S(Ug) = Ug_y.
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Hopf agebra

Hopf Algebra: (H, m, u, &, €) ‘

o (H,m,u) algebra, (H, A, ) coalgebra,
e A,: algebra maps, 35 : H — H (the antipode) such that

S®@id
H——-A—)-H®H~———L—3-HS>HL>-H
WS -

\ ~C

g

Example: G finite group

@ H = O(G) algebra of functions G — C,
o A-H— H® H=0O(Gx G). A(N)(x.y) = I(xy)-
o c:H=C,e(f)=1(e):S:H— H S(N(9) = g™ ")
© H = CG = Span{ug}yea (the group algebra), Uglp = Ugh-
o A[Ug) = Uy ® Ug. -:(Up) =1, S(U‘;‘} = Ug_1-
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Sweedler’s notation

If C is a coalgebra, then A(c) =3 ,c;®@c € C®C, ¢, ¢ € C. Such an expression |
is abbreviated as

A)=3 cn®ce,  orsimply  A(c) = ¢ ® o
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Sweedler’s notation

If C is a coalgebra, then A(¢c) = 3 ,c®¢ € C® C,
is abbreviated as

A)=3 cn®ce,  orsimply  A(c) = ¢ ® o

The coassociativity of A reads, in Sweedler’s notation

(c1)1 ®(c1)2® c2 = ¢ ® (€2)1 ® (C2)2,

or simply
(A ®id)A(c) = (ild® A)A(c) := ¢ @ & ® ¢c3.
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Sweedler’s notation

If C is a coalgebra, then A(c) =3 ,c;®@c € C®C, ¢, ¢ € C. Such an expression |
is abbreviated as

A(C) =D cu)®Cp), orsimply  A(c) = ¢ ® cp.

The coassociativity of A reads, in Sweedler’s notation

(C1)1®(¢1)2® ¢ =¢1 ®(2)1 ®(C2)2,

or simply

(A ®id)A(c) = (id® A)A(C) := ¢ ® & ® Cs.

Hopf algebra axioms in Sweedler’s notation
A algobra map

e(X1 )Xo = X = x16(X2) (X¥)1 ® (Xy)2 = X1 Y1 ® X2

S(x1)x2:f( JH = x1S(x2)
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Basic invariants of a Hopf algebra H,

@ G(H) = {x e H:A(x) = x ® x}, group of grouplikes.
@ Prim(H) ={xe H: A(x) = x® 1+ 1® x}. Lie algebra of primitive elements.

The flip map
T VW -sWeV, r(veaw)=wev.
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Basic invariants of a Hopf algebra H,
@ G(H) = {x e H:A(x) = x ® x}, group of grouplikes.
@ Prim(H) ={xe H: A(x) = x® 1+ 1® x}. Lie algebra of primitive elements.

The flip map

T VW -sWeV, r(veaw)=wev.

Commutative Hopf algebra Cocommutative Hopf algebra

Heo H > HQH
yd
i
n- , ~H&H

Xy =yx, Vx,yeH XIRXo=Xo®@X;. VXEH
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Basic invariants of a Hopf algebra H,
@ G(H) = {x e H:A(x) = x ® x}, group of grouplikes.
@ Prim(H) ={xe H: A(x) = x® 1+ 1® x}. Lie algebra of primitive elements.

The flip map

T VW -sWeV, r(veaw)=wev.

Commutative Hopf algebra Cocommutative Hopf algebra

He H >H®H
P

/"/’
m // m
¥

H HeH >H®H

Xy =yx, Vx,yeH X1 RXo=Xo®@X;. VXEH

Theorem (Cartier-Konstant, early 60’s)

Any cocommutative Hopf algebra is of the form U(g)#C[G].

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Page 15/59



If (H,m,u, A, e, S) is afinite dimensional Hopf algebra, then (H*, m*, u*, A*, e*, S*) ‘
is also a Hopf algebra.

-~

H* @ H* @ H*

A*@id -~ @A™ m *r,/'
" e

*OH* @ H* H* @ H* H* @ H* H* @ H*

-~ | -~
f,.»—" \ " -
A* /Jz.\* m* ®@id &7 d@m*
H

H*Q'OH*(E,')H*

e

m
H* — > H* @ H*
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Example: Drinfel'd quantum double of a Hopf algebra

Quasitriangular Hopf algebras (Drinfel'd)

@ An R-matrix for H is an invertible element R € H ® H such that
RA(X)R-!' =710 A(x) forall x € H.

(A ®id)(R) = Ay3Aoa, (id ® A)(R) = Ry3Rz,

where Ri» = R® 14, Ros =14 ® R, Rz =Ry ® 14 @ Ro.
@ A quasitriangular Hopf algebra is a Hopf algebra with an R-matrix.

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Page 17/59



Pirsa: 17070062

Example: Drinfel'd quantum double of a Hopf algebra

Quasitriangular Hopf algebras (Drinfel'd)
@ An R-matrix for H is an invertible element R € H ® H such that
RA(X)R~!' =710 A(x) forall x € H.
(A ®id)(R) = R13Az3, (id ® A)(R) = Ri3Ai2,

where R12 =R® 14, Rgg — 1H®R. R13 = Fﬁ ®1H® Rg.
@ A quasitriangular Hopf algebra is a Hopf algebra with an R-matrix.

Definition (Drinfel'd)

Let H be a finite dimensional Hopf algebra and let H*“°P denote the Hopf algebra H*
except with the opposite comultiplication. Then Drinfel'd quantum double (D(H), R) is

D(H) = H ® H*®°P as coalgebra,
H and H*°P are Hopf subalgebras,
(t:f’ X h)(’t/” X h,) = ';’i'q (871 (hg))'d,f’g(h«l )’t/’tf.” & hgh’

if & is a basis if H and e' the dual basisin H*, the element
R=>,e®¢€ e D(H)® D(H) is an R-matrix.
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Integrals in Hopf algebras

The spaces of left and right integral in H are defined, respectively, as follows

Ii(H) ={h € H: xh=¢e(h)x,vx € H}, Z,(H) ={h€ H: hx = e(h)x,¥x € H},

o H = C[G] = O(Q)*, (the space of distributions on G). Left integrals in H are left
invariant measures.

@ if H is finite dimensional. A € H* is integral iff hy (¢, ho) = (), )1y, forallhe H
@ For H = CG, we have Z)(H) = Z;(H) = C(3_gc g Ug)-

P
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Integrals in Hopf algebras

Definition
The spaces of left and right integral in H are defined, respectively, as follows

Ii(H) ={h € H: xh=¢e(h)x,vx € H}, Z,(H) ={h€ H: hx = e(h)x,¥x € H},

Examples

o H = C[G] = O(Q)*, (the space of distributions on G). Left integrals in H are left
invariant measures.

@ if H is finite dimensional. A € H* is integral iff hy (¢, ho) = (), )1y, forallhe H
@ For H = CG, we have Z;(H) = Z;(H) = C(3_gc g Ug)-

P

Theorem (Larson-Sweedler, 1969)

Let H finite dimensional Hopf algebra over a field k. Then
e dm(Z;(H))=dim (Z;(H))=1.
@ The antipode S is bijective and S(Z;(H)) = Z,(H)
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Classical results about semisimple hopf algebra

H is called semisimple if every finite dimensional left H-module is completely reducible. |

Theorem (Maschke Theorem for Hopf algebras)

Let H be a finite dimensional Hopf algebra. Then, H is semisimple <= (¢, Z;(H)) # 0. ‘
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Classical results about semisimple hopf algebra

H is called semisimple if every finite dimensional left H-module is completely reducible. |

Theorem (Maschke Theorem for Hopf algebras)

Let H be a finite dimensional Hopf algebra. Then, H is semisimple <= (¢, Z;(H)) # 0. ‘

For H = k[G], | = > ;¢ Ug is an integral. Then k[G] is semisimple if and only if

()=161#9,
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Classical results about semisimple hopf algebra

H is called semisimple if every finite dimensional left H-module is completely reducible. |

Theorem (Maschke Theorem for Hopf algebras)
Let H be a finite dimensional Hopf algebra. Then, H is semisimple <= (e, Z;(H)) # 0. |

For H = k[G], | = }_,¢ g Ug is an integral. Then k[G] is semisimple if and only if
e(l) = |G| # 0.

Theorem (Larson-Radford Theorem, 1989)
Let H be a finite dimensional Hopf algebra. Then,

H is semisimple <= S? =idy <= H* is semisimple

@ Hence every Hopf subalgebra and quotient of a semisimple Hopf algebra is
semisimple.

@ The Drinfel'd double for a semisimple Hopf algebra is semisimple.
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Examples of Semisimple Hopf algebras

Examples: Abelian extensions (G. |. Kac (1968), M. Takeuchi (1981))
Input
(i) A matched pair of finite groups (F, G, <, >);
(i) compatible cocycles (o, 7) € Z2(F, (CC%)*) x Z2(G, (C%)*), denoted by

el X, ) = Z os(x,y)ds, x,yeF, r(st)= Z x(s,t)dx, s, t€ G.

seqG xeF
(fmeans G<"— Gx F—" > F are (respectively, right and left) actions,

suchthat sp xy = (spx)((s<x)p y)and stax = (sa(te x))(t<x), for all
s,te G, x,y €F.

Hopf algebra H = C€ "<, CF on the vector space CE ® CF with
(Os#X)(Ot#Y) = Osax,t0s(X, ¥ )IsH# XY,
A(Ss#x) = Y _ 7x(a b)sa#(b> X) ® Sp#X.

s=ab
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Example (continued)

@ (Drinfel'd double a finite groups ) If G=F, hag =g~ 'hg, g h = h. Then
CC aCG is the twisted Drinfel'd double of CG.

@ (Kac-Paljutkin) Matched corresponds with group factorizations of groups ¥ = FG,
FNG={e}. Thecaseof ¥ := Do, = (r,s:r"=1=28%srs=r""). lf n=4m,
F = (s),G= {(sr,rm).
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Example (continued)

@ (Drinfel'd double a finite groups ) If G=F, hag=g~'hg, g h = h. Then
CC aCG is the twisted Drinfel'd double of CG.

@ (Kac-Paljutkin) Matched corresponds with group factorizations of groups ¥ = FG,
FNG={e}. Thecaseof L := Do, = (r,s:r"=1=28%srs=r""). lf n=4m,
F = (8),G= (s, rM.

Twisting the comultiplication
@ Atwist for His J € H &.H invertible such that

(Aid)(NW®1) =([dR A) (N1 ®YJ), (¢®id)(J)=(i[d®e)J)=1.

@ A new Hopf algebra H” (called a twist of H) is constructed over the same algebra
HY = H, but with comultiplication AY(h) = J=1A(h)J.

@ Twists in H = CG, were classified by Movshe, by classes of pairs (S, «), where
S C Nis subgroup, and w € H?(S,C*) is a non-degenerate 2-cocycle .

@ For instance, if S is abelian, then the twist is given by

J= " alx,Nex ® ex, where, e, = > x(s™")ds.

'X_.'UEg seS
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Representation theory of a Hopf algebra

If H— End(V),H — End(W) are H-modules, the composition

HB He H— End(V) @ End(W) — End(V @ W),

provides V @ W an H-module structure.
The natural isomorphisms (V@ W)@ Z 2 Ve (W W), (veaw)@ 2 v® (W® 2)
are H-module maps.
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Representation theory of a Hopf algebra

If H— End(V),H — End(W) are H-modules, the composition

HB He H— End(V) @ End(W) — End(V @ W),

provides V @ W an H-module structure.
The natural isomorphisms (V@ W)@ Z 2 Ve (W W), (veaw)@ 2 v® (W® 2)
are H-module maps.

C is an H-module via ¢ : H — C and the canonical isomorphism V T = V = C e V
are H-module maps.

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Pirsa: 17070062 Page 28/59



Representation theory of a Hopf algebra

If H— End(V),H — End(W) are H-modules, the composition

HB He H— End(V) @ End(W) — End(V @ W),

provides V @ W an H-module structure.
The natural isomorphisms (V@ W)@ Z 2 Ve (W W), (veaw)@ 2 v® (W® 2)
are H-module maps.

Cis an H-module via ¢ : H — C and the canonical isomorphism V @ C =~ V >~ C & V
are H-module maps.

the antipode is an algebra anti-isomorphism

H -2, Hop ranspgse End(V*).

The evaluation an coevaluation maps ev: V @ V* — C, coev: C - V* @ V are
H-module maps.

The category Rep(H) of finite dimensional representation of a Hopf algebra is a tensor
category.

Galindo, Cesar Semisimple Hopf algebras and fusion categories
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Tensor categories

Definition (MacLane)
Tensor category: quadruple (C,®, a,1) where C is acategory, ® : C x C —+ Cis a
bifunctor, ax y 7 1 (X® Y)® Z - X ® (Y ® Z) is an associativity constraint, 1 is the

unit object.
1) Pentagon axiom : the diagram commutes, X, Y,Z, T € Obj(C).

(Xevy@d)aT

ax,y,z®d_~ XRY.Z,T
L

XR(YRZN®T XY)e(ZaT)

lax.vixaz.r 8x‘v‘2gri
ld@ay 7z 1

X@((Yy®2)eT) > X@(YREZ®T))

2) Unit axiom: both functors 1 ® (—) and (—) ® 1 are isomorphic to the identity functor.
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Rigidity
If X € C, arightdual is X* € C together with vy : X* @ X — 1 and
coevy : 1 — X ® X* such that the compositions equal the identities

COBV y A X% X idy @evy

X X@X')®X — X (X' R X) —— X
=1

coev y A* X X* vy ®idy

Xt ——— XX R X)) — (X" X)) R X ——— x"

Galindo, Cesar
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Rigidity
If X € C, aright dual is X* € C together with evy : X* ® X — 1 and
coevy : 1 — X ® X* such that the compositions equal the identities

coev y A, X* X idy @evy

X X@X')®X — X (X' R X) —— X
=1

coev x 3% X, vy Qidy

Xt ——— XX R X)) — (X" X R XY ——— x™

Example

C = Rep(H) finite dimensional modules over a Hopf algebra (no necessarily finite
dimensional or semisimple ).

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Pirsa: 17070062 Page 32/59



Fusion categories

Definition (Etingof, Nikshych, Ostrik)

A fusion category C is a C-linear semisimple category with finitely many simple objects
and 1 simple.

SE ][
C = Rep(H) finite dimensional modules over a semisimple Hopf algebra.
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Fusion categories

Definition (Etingof, Nikshych, Ostrik)

A fusion category C is a C-linear semisimple category with finitely many simple objects
and 1 simple.

SE ][
C = Rep(H) finite dimensional modules over a semisimple Hopf algebra.

C(g,q,1),

The category of tilting modules of the quantum groups Uy(g) (g2 a /th root of unity)
module negligible morphisms.
For example:

@ SU(N), = C(sin, N + k),
@ SO(N),
@ PSU(N)x c SU(N)g, for ged(k, N) = 1.
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Definition of fusion category in coordinates

Fusion rules

Let L = {1,a,b,c...} be a set of representatives of isomorphism classes of simple
objects,

@ There is an involution x : L — L such that 1* = 1.

@ aR b~ @, Ngbc, we have integers NS, = dim(Hom(c, a ® b)), and satisfy

b __ ¢ __ pDb 1 % ; u
Nia = dab = Ny, Nab = Saxb, abe Z 2 Nec = z ae!
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Definition of fusion category in coordinates

Fusion rules

Let L = {1,a,b,c...} be a set of representatives of isomorphism classes of simple
objects,

@ There is an involution x : L — L such that1* =1,
@ aR b=, Ngbc, we have integers NS, = dim(Hom(c, a ® b)), and satisfy

b __ ¢ __ pDb 1 % ; u
Nia = dab = Ny, Nab = Saxb, abe Z 2 Nec = z ae!

Fix isomorphism 055 : @a® b — a® b := @, Ng,c and define a7, .
Hab
(a0b)oc —=% a@ (bd )

' s ' s

Tamb,c Ta boe

(aob)®c a® (boc)

'y 'y

Tg pRC illg@ﬁrb‘c

(a®b)®c —2% aw (b®c)
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F-matrices (6j-symbols)

Denoting by li@“cb} the hom space Hom(c, a ® b), and using the isomorphisms a“

Fé :Home((a® b) ® ¢, d) — Home(a® (b® c), d)

abce

Q)
fi>fo 8, bie
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F-matrices (6j-symbols)

Denoting by [a b} the hom space Hom(c, a® b), and using the isomorphisms a®

FS. :Home((a® b) ® ¢,d) = Home(a® (b ® ), d)

®
f—fo 8, bie

F-matrices
The linear maps

F a‘g,c D [azb} e [iﬂ — P lbj:cl o L?j]

el JeL

are called the F-matrices and they satisfy the pentagonal identity (pentagon axiom).
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Examples

Pointed fusion categories, C(G, w)

@ L = G (afinite group)
o fusion rules are the product in G

o F_jb o = w(a b, €)danc g, SO is a function w : G*3 — CX

@ Pentagon equation is exactly 3-cocycle condition of group cohomology:

w(a, b, ¢)w(b, ¢, d)w(a, be, d) = w(ab, ¢, d)w(a, b, cd)
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Examples

Pointed fusion categories, C(G, w)

@ L = G (afinite group)
@ fusion rules are the product in G
. F-d.b o = w(a, b, €)dapc g, SO is a function w : G*3 — C

a

@ Pentagon equation is exactly 3-cocycle condition of group cohomology:

w(a, b, c)w(b, c,d)w(a, be, d) = w(ab, ¢, d)w(a, b, cd)

Fibonnaci theory
Q L — {1 N X}
o fusion rules x2 = 1 + Xy,

/ qL()—1 (1)71/2
@ Fix = ( & 1/2 1
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Examples

Pointed fusion categories, C(G, w)
@ L = G (afinite group)
o fusion rules are the product in G

o FY, .= w(ab,c)dabc,g, SO is a function w : GX3 — C*

@ Pentagon equation is exactly 3-cocycle condition of group cohomology:

w(a, b, c)w(b, c,d)w(a, be, d) = w(ab, ¢, d)w(a, b, cd)

Fibonnaci theory
o L ={1x}
o fusion rules x2 = 1 4 x
qIf)—1 l()—1/2
@ Fix = ( p—1/2 ( -1 .

%)

Not every fusion rules admit a set of F-matrices

As an example the fusion rules:
el ={1x}
e x2=1+kx,kezZ>°
define a fusion category if and only if k = 1 (Victor Ostrik).
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Fiber functors

A fiber functor is an C-linear exact faithful functor F : C — Vec, such that F(1) = C,
with natural isomorphism

bxy:F(Ve W) - F(V)®c F(W), X,YecC

such that —_ |
FIX® Y)®Z) ————— FIX®Y) ¢ F(2)

FQX‘Y.Z bx\y@i(l
\ 4

FX® ( ¥)) @¢ F(£)

bx vyez

Y itiQ:(,‘bY‘z §
F(X)®c FIY @ Z) —— F(X) @¢ (F(Y) ®¢ F(Z))

@ H Hopf algebra. The forgetful functor Rep(H) — Vec is a fiber functor.
@ C(G,w) admits fiber functors if and only if 0 = [w] € H3(G,CX).
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Tannakian-Krein reconstruction

Theorem (Saavedra, Deligne-Milne, Ulbrich)

Let C be a tensor category and F := (F,b) : C — Vec be a fiber functor. Then there is

a Hopf algebra H := coend(F) such that F factorizes through a tensor equivalence
F : ¢ — CoRep(H) and the diagram

CoRep(H)

commutes.

Galindo, Cesar Semisimple Hopf algebras and fusion categories

Pirsa: 17070062 Page 43/59



Pirsa: 17070062

Tannakian-Krein reconstruction

Theorem (Saavedra, Deligne-Milne, Ulbrich)

Let C be a tensor category and F := (F, b) : C — Vec be a fiber functor. Then there is

a Hopf algebra H := coend(F) such that F factorizes through a tensor equivalence
F : ¢ — CoRep(H) and the diagram

CoRep(H)

commutes.

Example

If J € H® H is a twist. The forgetful functor U : Rep(H) — Vec, with

by w: UV W)— U(V)® UW)
VR W J(vew),

defines a new fiber functor. The associated new Hopf algebra is the twisting H.
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Group-theoretical semisimple Hopf algebras

Let w € Z3(G,C*) and C(G, w) the associated pointed fusion category.
@ If F < Gand a € C?(F,C*) such that da = w|Fx Fx F» then the twisted group

algebra C F is associative in C(G, w).
@ The category C(G, w; F, o) of C, F-bimodules in C(G, w) is a fusion category.
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Group-theoretical semisimple Hopf algebras

Let w € Z3(G,C*) and C(G, w) the associated pointed fusion category.

@ If F < Gand a € C?(F,C*) such that da = w|Fx Fx F» then the twisted group
algebra C F is associative in C(G, w).

@ The category C(G,w; F, o) of C, F-bimodules in C(G, w) is a fusion category.

@ The classification of fiber functars of C(G, w; F, «), is contained in the more
general description of indecomposable module categories over C(G, w; F, «) by
Ostrik.

@ These Hopf algebras are called group-theoretical.
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Group-theoretical semisimple Hopf algebras

Let w € Z3(G,C*) and C(G, w) the associated pointed fusion category.

@ If F < Gand a € C?(F,C*) such that da = w|Fx Fx F» then the twisted group
algebra C F is associative in C(G, w).

@ The category C(G,w; F, o) of C, F-bimodules in C(G, w) is a fusion category.

@ The classification of fiber functors of C(G, w; F, «), is contained in the more
general description of indecomposable module categories over C(G, w; F, «) by
Ostrik.

@ These Hopf algebras are called group-theoretical.

e C(G,w,{e},1) = C(G,w).
@ C(G,1,G.1) = Rep(G).
@ ¥ = GF is matched pair, C(G,w, F, ) = Rep(CEC "<, CF).
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Categorical constructions: Drinfeld center

Let C be a strict tensor category. A braiding for C is natural isomorphism
cxy: X®Y — Y®X, such that

cx,yez = (idy ® cx z)(cx,y ®idz), cxgy,z = (cx,z ®idy)(idx ® cy z)
Cx1 =1dy = €1 x. ‘
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Categorical constructions: Drinfeld center

Let C be a strict tensor category. A braiding for C is natural isomorphism
cxy: X®Y — Y®X, such that

cx.yez = (idy ® ex z)(cx y ®idz), Cxey,z = (cx,z ®idy)(idy ®@ cy 2
Cx1—= iL|X = CI,X-

Definition
A (strict) braided tensor category (C, o), is a tensor category with a braiding c. ‘

e If (H, R) is a quasitriangular Hopf algebra, Rep(H) is braided with

cyw: VocW-osWeeV, vaww— r(R(vew)).

@ Conversely, if ¢ is a braiding for Rep(H), then R := 7(cy y(14 ® 14)) is an
R-matrix.
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The braided group representation associated to a Braided tensor
category

The braid group on n strands, Bj,

On—1|oiCip10i = 0ip10i0ip, Oj0j = 0joj),

where 1 </ < n - 2 in the first relation and in the second relation, |/ — j| > 1.
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