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Abstract: <p>The tak is based on my recent work with Ryan Aziz. We find adual version of a previous double-bosonisation theorem whereby each
finite-dimensional braided-Hopf algebra in the category of corepresentations of a coquasitriangular Hopf algebra gives a new larger
coquasitriangular Hopf algebra, for example taking ¢_q[SL_2] to ¢_q[SL_3] for these quantum groups reduced at certain odd roots of unity. As an
application we find new generators for ¢_q[SL 2] with the remarkable property that their monomials are essentially a dual basis to the standard PBW
basis of the reduced quantum enveloping algebra u_q(sl2). This allows one to calculate& nbsp; Fourier transform and other results for such quantum
groups. Our method also works for even roots of unity where we obtain new finite-dimensional quantum groups, including an 8-dimensional one at
g=-1. Our method<br />

can be used to construct& nbsp; many other new finite-dimensional& nbsp; quasitriangular Hopf algebras and their duals that could be fed into
applications in quantum gravity and quantum computing.</p>

Pirsa: 17070060 Page 1/19



BRAIDED ALGEBRA AND DUAL BASES

Shahn Maiid MUL @ with Ryan Aziz arXiv:1703.03456 (math.QA)
il (Q ) @® S .M. Aquantum groups primer’ CUP 2002
Famous quantum groups from 1980’s but root unity versions ¢" =1, n odd

)

@ uy(sle) Er=F"=0, K"=1, KEK-'=¢2E, KFK-!=¢F [E,F] = K-K™!
AK=K®K, AF=FQ®1+K'®@F AE=E®K+1QE

I ) | 1) 2ab L L - R i -
R== Y D™ g ® B"K®€ uy(sla) ® uq(sla) > Braided category of repns

Pomrairtl U o => knot invariants and TQFT

quasitrianguiar‘ structure

y ba=gqgab, eca=gqac, dbh=gbd, dec=gqed, cb=bc
a®=1=d", '=0=c" ad—q bc=1, da—ad=(qg—-q 1)bec
o (u b) (u b) ,___(u h) => For generic q, quantise Poisson-Lie group SU2
e ¢ a c @ => example of noncommutative geometry’
coproduct
cq[SLo] {F'KIE*}o<i jk<n uq(sl2)

Pirsa: 17070060 Page 2/19



Braided op
category C,8,¥: - ®,2:(®(®))—-(®)1®)

VW VW
Diagrammatic W . % g H
notation Velt ,5 v il WV
VWZ VWZ VWZ VWZ
)
Hexagons ) m % () J
ZVW ZVWw WZV WZV.
V W % W V w V W
Functoriality . \QD %
e
W Z w Z A zZV

% v

Left dual o _

raigio) o, ) ool U) \ (U ‘ /
v %
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Braided algebra -: B® B — B, n:1— B SM 1990’

Lemma: in a braided category there is a tensor product

of two algebras
BC B € BC€C BG

W

B C B C

Braided-Hopf algebra A:B - B®B, ¢:B—1 §:B > B

3

BB B B BB

VL LYY 40

B B B 8B B

annpode

homomorphism co/unity (inversion)
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Lemma:

B B B B B B B B

WC?

Du B* B* B* B¥* B* ” ?
(8 By ol T T
* B*B*  prp+ B* B*
Tensor product BBV W

of B-modules

=> monoidal
category BC

ReORC
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Thm:; B’ dually paired with B, category 5/Cp of crossed

B’-B-bimodules is another braided category cf Bespalov,
Drabant, SM
(a) (b) 14 |4 14 _
8 Vv B B v B (3§ / mid 1990s
| A g =
&/4 > // W ‘l'“_,:_,: U
: = V.W g
), 4 \?] 4 :
{/D Vv W Vv
SM ‘95

Tannaka-Krein

H quasitri. 5 = B;" ¢ pCp sl 5P >qH< B
Hopf alg. braided cat new braided _

right H-mod cat Le;:)fqaulgsitri.

be =(RP b c) RPRT M (bay < R5 V) (RS & ey, biay A RY”)

et . 7y T\)-m»u' —_— (‘X])-R-
(R > Seg, bsy <R;™)

1 eXp = )_ f* ® Sea

e, 1s basis of B and [ is dual basis

cross relations between B*°P B
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Example
| o C = Z, — graded v. spaces
H = (quh :C[]\l/(h g 1)

VK “

v| =1
Y G m'a]\ ¢ 1\1)
a,b=0 /] V.W (‘3,-‘ X "U:'_) i q|ff||‘u*|,“_T R v
B=C[E]/(E")eC E<K=¢qE
AEF=FEQ14+1Q®F (|E )
B*®°P>qHp< B = uq( sls)

E"=F"=0, K'=1, KEK'=¢'E, KFK'=¢qF, |[E,F]l=K-K!
AK=K®K, AF=FQ1+K'QF AE=EQRK+1QE

n-—1 . r
Y i 1 (71),“1_”!J WIS o 1T 1oh . - | ,q
Rug(stz) = — Z{:_“Mq —F"K* ® E"K Fla =3 q

ug(sla) = ug-m(sle) if n=2m+1 | R.A./S.M. arXiv:1703.03456

=>new quasitri. Hopf algebras for n even

e.g. u_1(slz) 8-diml self-dual strictly quasitri. R=(1®1-F® E)Rg

E°=F*=0, K?’=1, EF=FE, KE = -EK,

KF=-FK
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Next iteration e.g. n=2m+1 odd such that soln to o? = m(m—1) mod n

™

H = uy(sl2) =ug-m(sl2) ®Cyalg,g7']/(¢" — 1) walpp C = My
e.g. B=reduced quantum plane e2e1 =¢ Mere2  eidg=q-e

el =es =0, ee;=q¢ Mees, Ale;)) =¢e;®1+1Qe;, ¢€(e;)) =0, S(e) =
ll"((",'-;‘:'(j) = g€e;R¢e;, \l’((‘l }’:.(’2) = (1_"”(-'2:33('1 .

_(,

U(ez®e1) = ¢ e @ea+(q—1)ea®e;

m B*P S B=Uq(8l3) = uy-m(sls) if @ >0 (n=11,13,23,37...)

u_:{ (sl3) ® CZs if a=0mn= ;__;)
u_:’ 1 (sl3) = ug-1(sl3)/ (K2 — K1)

12

is result starting from H= uy-1(sl2)
9-diml, quasitriangular

uq(sl3) :
CZ,, = uq(*"’ZQ) ’*
.
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Dual version codouble-bosonisation’

—_— A BeC '
A coquasitri. A B'LB =l B >qdp< B*
Hopf alg. = braided cat => new braided new coquasitri

(ALR:A® A k) left A-comod cat Hopf alg.

Initial example == C = Z, — graded v. spaces = BCB
same categor s n
A = C,lt,t-Y/@ - 1) il B = C[X]/(X™)
coaction X —»t® X

=1, YX=XY, Xt=qtX, Yt=qtY

AX)=X®]1 +f(

l = ((¢g=1)Y & X)*! ¥
l1-(¢g-1)Y®X ) :

dg s 3 o _ I : L4
Sl e,-m[SLs] fn=2m+] X=-=2—, ted? F=

C(I

=> new quasitri. Hopf algebras for n even c-1[SLsa] = u_;(slz)
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Thm A = H* => B%>ads B* =(B*° >¢Hp< B)’
Cor C;;[SLQ]* = Uq(-‘il:z) and {X"Y*}o<iik<n-1 isa "dual basis’

(XY*, FU KT EYY = 8; 400k 107 [i] g1 ![K]!

Fourier Transform right integral structure [ : H — k, / cA=H"sk, p= ()

F(hy=3( / eah) f4,  F*() = Z((/ 6f°), F'oF=uS

a § a

eq 15 basis of H, f* is the dual basis

F i ¢q[SLa| = ug(slz) is given by

n—1 —(l4+a)(1=b)+b(n—1—¢)
(1 ) rC ({ T l ol '! T i [~
FIXY%T) = I K'E
( ) ; nfn—1-als-1l[n-1-c! :
o~ Another application (braiding for TQFT)
b= _ _ :
nin —1),-1ljn — 1], D(H) = H*P >« H Rp = Z(}/” R1)®(1®e,)

€l
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Braided-Hopf Algebra Fourier Transform

Suppose (1) B has a left integral / B—1 (d® [)A=7Q®

(2) B has a left dual
ev=U:B*@B—1, coev=N=exp:1— B B*

= braided Fourier transform F:B—=B* FoRep=(F®id)
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Suppose B* also has an integral, define ™ then (new)

5 FF=us pi= (/ / ) exp
S . .

If the integrals are both unimodular and morphisms then FF* = puS and [F,S] =0

Example: ¢"*! =1 C=7Z/(n+ 1)graded spaces, B = k[z]/(z"*!)
Uiz Q) =¢""z" @™ Ar=2®14+1Rx — [ =85

B* = kly]/(y"*t!)  ev(y" ®aP) =bmylmiq)!  exp = o™ @y /[miq)!

2
n—1in (n—m)" lr,M—Ju

Y
[n — m;q]! :

q

F(z™) = /J"” exp(z ® y) Fy") = p=[n;q)!™’

[H — TN, l”'

FF* = ¢*PHus SF = FSq*P+! D = monomial deg
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APPLICATION TO DG OoF QQUANTUM GROUPS

@ space of 1-forms, i.e. 'differentials’ on an algebra A
0! A-bimodule d: A— Q! derivation
{Z adb} = Q' (surjective) kerd = k.1  (connected)
@® require thisto extendtoaDGA  Q =T,N' /T =6,0"%, d°=0

= Hgr(A) quantum de Rham cohomology

@ quantum metric 9 € 0 Qj O Ng) =0 quantun
(,):2'e0t - A4
A

((,)Rid(w®g)=w=(>(d&(, ))(GRw), VYweN!

a(w,n) = (aw,n), (w,n)a = (w,na)

- g is central
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HODGE OPERATOR ON QQUANTUM GROUPS

Q(H) isa super Hopf algebra ezinski), S.M. Alg. Repn. Th. 2017
x H
Q= Hr< A A a super braided Hopf algebrain C = M, = YD}

with primitive generators 1 _ H+/I

§ 9 e : n top—mn
if Vol , g central and binvariant => #=(d®goF): Q" - 7

Lemma h = (V()l,V()l)_l e kX, ﬂﬁfl« 1S = (—1)!”"521
g quantum symetric ==
S=(-1)P, f*=44=y on D=0,1,top—1,top
exp=1®1+g+---+¢™ Y + Vol ® Vol
codifferential and Hodge Laplacian
§ .= (Sf)~'d(SY), O:=dé+dd
df = (8°f)ea, a =0, g=9g"ea®e

=> fa=a%e, + gp0%a®, Of = (0% f)de, + Gap0?0° f
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=> canonical Hodge operator:

top

s E E . 5 -1 o

(}XI) — ) ("I B "'.ua (”'B)].] @QI (:'jl s miy ("jnr
m=0 [I,J

m 1))!" — (()il iR (J‘r.JH ? (J,jl A ()JHI> — (‘\'((’,’] ('x ("i‘_’ ot \\t ()jn: 3 I,I)' l.IJJ'((JJII \k‘ (JJQ i (’J;n;)

== i e ok i p : T 'pu:'“})'ﬂpl
— -(]"Iljl -q"rnpnr l”" \IJJ}|}_!’”,

Beo — 1 » ] ] ) — l ) > 5 "o — 6 > > ') L ilP=] — l -] > > 1 > 5 ]
HCa { CuChHe,, HEp = ( CaqChC, REe = { €4€pEyY, a€d = (q €pcey } /\({ CaChle
2 i > > — i > ] ' > ] —_— :")' > > 1 > )
ﬁ((iuph) — q €4Cp, -(( al (') = { CyuCq, :(( al d) = { CpC, - /\q CaCd

il ] ] _ 1 ] y il ) y _— ‘l’ ] ) 1 ] > = ] ] — 2 ] y

a((-h( r') { €qCq, n((b(d) q €pey + (l =g )(-rr(b- w((-r'(rf) —({ €.Cq
e 2 ‘ 2 m 2 2

Y PO — ) Blo p.p — > PP — Blo.po o — > 3
:((u(b( r') = —( €4, é((n(-b(fi) = —(q € ﬁ(fu(-r'(d) = €¢ -‘((J'J((‘( u') = ({ €4 + /\fj €q
A=1-g

=>on §°(C,[SL3))
P=q¢® (D#£2); H-¢Y8+q¢*)=0 (D=2).

Page 19/19



