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Abstract: In order to perform foundational experiments testing the correctness of quantum mechanics, one requires data analysis tools the
assume quantum theory. We introduce a quantum-free tomography technique that fits experimental data to a set of states and measurement
a generalised probabilistic theory (GPT). (This is in contrast to quantum tomography, which fits data to sets of density operators and |
elements.) We perform an experiment on the polarization degree of freedom of single photons, and find GPT descriptions of the stat
measurements in our experiment. We gather data for a large number of preparation and measurement procedures in order to map out the
allowed GPT states and measurement effects, and we bound their possible deviation from quantum theory. Our GPT tomography method a
to bound the extent to which nature might be more or less contextual than quantum theory, as measured by the maximum achievable viola
particular noncontextuality inequality. We find that the maximal violation is confined to lie between 1.2A+0.1% less than and 1.3A+0.1% gr
than the quantum prediction.
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Akaike information criterion

* Criterion for model selection
AIC = =2log L + 2n

* Lower AIC value implies higher relative model likelihood
* Trade-off between not underfitting and overfitting

* For normally-distributed, independent errors
Lo=e X
AIC (k) = 2x2(k) + 2n(k)

2
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Akaike information criterion

AIC value

Model no.

1 AlC,
2 AlIC,
3

AICs
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Good for comparing models to
each other
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Akaike information criterion

Model no. | AIC value Good for comparing models to

1 AIC, each other

2 AlIC,

3 AICB . 3 i ) exp {-%(1410(11{3)-Ajcmtn)}

| ' likelihood(k) = ZA: oxp {— 2 (AIC(k)—AICmin)}

-/
A
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Akaike information criterion

AIC(k) = 2x2%(k) + 2n(k)

AIC

e 3 4 2] 6 7 8 9 10
Model Rank
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Akaike information criterion

1 - 0.9998

AIC(K) = 2x2(k) + 2n(k)

Relative Model Likelihood

. . exp {—1(AIC(k)=—AICmin
likelihood(k) = Zepr{:.(%(AIC(?(L)—AICY-,,,.,--?.})}
K - o
0.0002 Use k=14
0 == T T T T 1
2 3 4 5 6 7 8 9 10
Model Rank
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Experiment
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Measured state and effect spaces

69
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Measured state anc
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effect spaces

N
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effect spaces

True state space S,, . lies between S and E

true dual

True effect space lies between E and dual of S, .

71
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effect spaces

N

- 0.5
- 0
R
e e
e, 05 0.5 €

True state space S, lies between Sand E

true

True effect space lies between E and dual of S
More preparations and measurements could increase volume ratio

Vs/Vg,.., = 0.91267 + 0.00001 I

true

—> Noise prevents reconstructing QT exactly
73
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1000 preparations and measurements

1006

ik * 1006 measurements on 6 states
* 6 measurements on 1006 states

* If data is rank 4 = can predict
empty 1000x1000 entries

Preparation

* Chose 6 measurements (vs 4) to
allow possibility of revealing
additional dimensionality

Measurement 74
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More preparations and measurements

I Vs /Vi, , = 0.968 % 0.001 |

e
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GPT tomography

* Put states and measurements on equal footing (self-consistent)
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GPT tomography

* Put states and measurements on equal footing (self-consistent)
* Dimension inferred from data

* Directly extracted qubit-like state and measurement spaces without
invoking QM

* Placed a small upper bound on possible deviation from QM
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Outline

* Noncontextuality inequality

-0.5]
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Ontological models framework

* Preparations %5:] o /’ﬁ// \
S / N
A
EOINM) T~ NN
« Measurements 0 = . E %
(1A, M) !

* Probabilities p(X|M,P) = [ dAp(A|P)§(X|A, M)

83
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Operational

equivalence

P|@

Preparation

(R

p(X|P,M)=p(X|P' M) VX M

)

Preparation

:] then P and P’ are operationally equivalent

Pirsa: 17070057

[Spekkens, PRA 71, 052108 (2005)]
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Noncontextuality

Operational equivalence implies equivalence in the ontological model

p(X|P,M)=p(X|P' M) VX, M , _
Preparation noncontextuality

= WA|P) = p(A[P)
p(X|P,M)=p(X|P,M') VX,P

| Measurement noncontextuality
= {(X|A, M) = (XA, M)

[Spekkens, PRA 71, 052108 (2005)]

aa
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Parity-oblivious multiplexing “game”
x € {00,01,10,11} y €{0,1}

|

All e | B

;

be{0,1}

[SBKTP, PRL 102, 010401 (2009)]
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Parity-oblivious multiplexing “game”
x € {00,01,10,11} y €{0,1}

¢

All e M

,

be{0,1}

* Bob guesses y-th bit of Alice’s input
* Bob is not allowed to learn anything about the parity of Alice’s input

p(success) = % Z p(b= -’Ify|-’1"a y)

Tl

[SBKTP, PRL 102, 010401 (2009)] ©
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Classical strategy
x € {00,01,10,11} y €{0,1}

All e M

be{0,1}

* Alice encodes x, and sends it to Bob

[J%

«
LS

p(success) <

15

[SBKTP, PRL 102, 010401 (2009)]
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A noncontextuality inequality

x € {00,01,10,11} y € {J'O,l}
In::lzr:;;r;tnzrle e _ Implement one of 2
Prep ’ A O B measurements:
Poor Pors Pios P11 My, M,
-1 1
Peven =% POO + 7% Pll b & {‘:LO 1
e | 1 r
Podaa = 72 Poy + 72 Py

Parity obliviousness = p(b| Peven, M) = p(b|Poaa, M), Vb, M

Prep. noncontextuality = p(A|Peven) = P(A|Podd)

) 1
!,}

p(Pf!\: 11 |/\)“ fd2 tvvu) | P(Pwlcl ‘A)”( Dldcl) ‘
_.(\
e

p(success) <
)\) h NCOM

NS

p(PuvcllP\) — p(PUdd

[SBKTP, PRL 102, 010401 (2009)] 9~
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irsa:

Quantum strategy
x €{00,01,10,11}

Afl e

17070057

y €{0,1}

be{0,1}

[SBKTP, PRL 102, 010401 (2009)] 100
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Quantum strategy

x €{00,01,10,11}

Al

Poo Po1

M

PE\j{ll
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p(success) < cos? (7/8)

QM

y €{0,1}

be{0,1}

Q

0.85355

[SBKTP, PRL 102, 010401 (2009)] 101
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Experimental violation of inequality

Search over all GPT states and effects to find maximum inequality violation

102
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Experimental violation of inequality

1
s 3
90 5 03
| e10 0.5 05 0 €2

Search over all GPT states and effects to find maximum inequality violation
Parity obliviousness = Seven = Sodd
Approximate state and effect spaces with spheres

p(success)qubit &~ 0.8536

106
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Experimental violation of inequality

1 0.5
€
0.5 € 4
0 0.5
-0.5 0 "D
0 e, 0.5

e, 05 07

] p(success)min = 0.8303 % 0.0002 \
Search over all GPT states and effects to nind maximum inegquality violation
Parity obliviousness == Seven = Sodd

Approximate state and effect spaces with spheres

pOU

Get operational equivalence “for free” F’E:\

p(success)qubit &~ 0.8536
Gives an experimental lower bound on “how contextual” our system is

108
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Search over all dual GPT states and effects to find maximum inequality violation

Approximate state and effect spaces with spheres
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-~

-0.5

[p(success)mm = (0.8427 + 0.0005

| psuccess)max = 0.8647 4 0.0005 |

p(success)qubit ~ 0.8536
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GPT tomography

* Reconstruct full state and effect spaces of a system
* Minimize assumptions about the dimensionality of the system

* GPT tomography allowed us to test a noncontextuality inequality
* Overcame problem of inexact operation equivalence

* Found both lower and upper bounds on “amount of contextuality” in our
system

—

UNIVERSITY OF ‘ I C ok PERIMETER PI INSTITUTE FOR THEORETICAL PHYSICS
WATERLOO Computing INSTITUT PERIMETRE DE PHYSIQUE THEORIQUE
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Experimental state and measurement tomography for
generalised probabilistic theories:

Bounding deviations from quantum theory via noncontextuality inequality violations

Mike Mazurek
Matt Pusey, Rob Spekkens, Kevin Resch
Contextuality: Conceptual Issues, Operational Signatures, and Applications
July 24-28, 2017
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Introduction

* Contextuality: Conceptual Issues, Operational Signatures, and Applications

* Data analysis tools should not rely on quantum theory for foundational
experiments

* Tomography method within generalised probabilistic theory framework
* Self-consistent

* Application to experimental test of noncontextuality
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Outline

* GPT framework
* GPT tomography method and application to an experiment

* Noncontextuality inequality
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GPT framework

A N
Preparation Measuremen t
PI ’ Pm AI[ ..... A[,,

[Hardy, quant-ph/0101012 (2001)]
[Barrett, PRA 75, 032304 (2007)]
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GPT framework

Preparation

PI»---aPm

Operational state: Sij =

Pirsa: 17070057

[p(0| Py, My)]
p(()|P,. j\[‘g)

“()?5 Lﬂl”
A N

Measurement

My,..., M,

0
Operational effect: €j,0 = 1
0
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GPT framework

Preparation

PI»---aPm

Operational state: Sij =

Pirsa: 17070057

[p(0| Py, My)]
p(OlP,. A[J)

Measurement
M,,.... M,
0
Operational effect: €0 = |1
0
]_'J(O|P,j, f\[},) = 5i €50 :

“().’3 LC] 2

A N
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Tomographically complete measurement set

* Number of possible measurements might be very large or infinite

* Will exist some tomographically complete set of K measurements
which fully determine each state

[ p(0|P;, M)
p(0|P;, M>)

Operational state: si =

| p(0| P, M) |

p(O| P, M) = far.o(si)
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Convex linearity of operational states

irsa: 17070057

w ;
/ {

| 1—\w*

i
! P L=
| £g]
~— _.,"\é

=

Page 39/79



Convex linearity of operational states

w
Plae—"

p(0|P., M) = wp(0| Py, M) + (1 — w)p(0| Py, M)
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Convex linearity of operational states

w [ PL L~ p(0| Py, M)
1_7___‘__ N.

/ _ [)((]|P,, ﬂ[‘z)
. \ — S = .
1 —w ' 'p([]“’,‘. Mp)

p(O|P;, M) = faro(si)

p(0|P., M) = wp(0|P,, M) + (1 — w)p(0| Py, M)

faro(se) = winaro(sa) + (1 — w) faro(se)
Also true for Ms in tomographically complete set

Sec = WSy + (1 — w)sp,
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Convex linearity of operational states

xpﬁ

I‘

—O

p(0|P., M) = wp(0| Py, M) + (1 — w)p(0| Py, M)
fM,U(Sc) = w.ff\-f,(](sa) -+ (1 — ’w)fM,()(Sb)

Also true for Ms in tomographically complete set

Sec = WSy + (1 — w)sp,

faro(wsa + (1 —w)sp) = wfno(sa) + (1 —w)faro(sw)

Pirsa: 17070057

p(0| P, M)
1)(U|P,, ﬂlrg)
Sp = .

p(O| P, M)

p(O| P, M) = far0(si)

f(s) is convex linear
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Linearity

Convex linearity
S = Z w;s; = faro(s) = Z wifaolsi)  wp >0, Z’“’i =1
implies Iir:earity 1 1
8= Z a;si = far,0(s) = Z aifamo(si)  Va; €R
, i

(2

[Hardy, quant-ph/0101012 (2001)]
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Linearity

Convex linearity

S = Z’UMSI = fm,o(s)

implies Imearlty

s = ;8 = fao(s)

)

— zwif M,O(Si) w; > 0, Z’w?; = 1

= Z a; faro(si)  Va; €R

VM Jeuo

: fM,O(S) =epn,-S

Pirsa: 17070057

[Hardy, quant-ph/0101012 (2001)]
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2-level classical system (bit)
K =2

S = (30751) - (1_131) € = (GU,GI)
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2-level classical system (bit)

K =2

S = (30781) — (1_131) e:(eoa@l)
S0

(-1,1) (1,1)
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2-level classical system (bit)

B =2 p(UU\I, P) = eM.,0 - Sp
s = (s0,51) = (1, 51) e = (ep,€1)
S0
(-1,1) (1,1)
> S1
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2-level classical system (bit)

K=2 p(0|M, P) = em, - sp
S = (Smsl) :(1781) 62(60761)
S0 €0

(-1,1) (1,1) (%, %) S %, %)

> €]
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Qubit

p = %(H + Sxox + Syoyz + SBUZ)

B = %(EEU]I + exox +eyoz + 630’2)
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Qubit

| Tr(pE) = %(Go + sxex + syey + szez)
p=5(I+ sxox + syoz + s30z) q

- = (1,8%x.8v.s7)-—(eg.ex.ey.e
E = L(eol + exox + eyoz + e3oz) (1, X) 8Y, z) 2( 0, €X, €Y, Zz

. e
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Tr(pFE) = %(Go + sxex + syey + szez)

1
:\gl,SXJSY,SZ)J‘5(6076)(76\{362)
S

e
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Tr(pE) = (eo + sxex + syey + szez)

P = 2(H+SXOX+SYJZ+'SSJZ) 1
= (1l.8x.Sv.s7) - —(en.ex.ev.e
E = i(epl + exox + eyoz + e307) (1, X, 5Y, z) \2( 05 €X;5 €Y, Zz
S ~
e

Pirsa: 17070057 Page 52/79



Generalised non-signalling theory
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Generalised non-signalling theory

* Some states are deterministic for multiple effects
* Some effects respond deterministically to multiple states
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Some example GPTs
. ‘y " Q B b Qubit
W-C e o

S, 2 ey e, ey e;

S5 (V' € Q e /', Spekkens’ toy theory

Sy S e €& e e,
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