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Abstract: In order to perform foundational experiments testing the correctness of quantum mechanics, one requires data analysis tools that do not
assume quantum theory. We introduce a quantum-free tomography technique that fits experimental datato a set of states and measurement effectsin
a generalised probabilistic theory (GPT). (This is in contrast to quantum tomography, which fits data to sets of density operators and POVM
elements.) We perform an experiment on the polarization degree of freedom of single photons, and find GPT descriptions of the states and
measurements in our experiment. We gather data for a large number of preparation and measurement procedures in order to map out the spaces of
allowed GPT states and measurement effects, and we bound their possible deviation from quantum theory. Our GPT tomography method allows us
to bound the extent to which nature might be more or less contextual than quantum theory, as measured by the maximum achievable violation of a
particular noncontextuality inequality. We find that the maximal violation is confined to lie between 1.2A+0.1% less than and 1.3A+0.1% greater
than the quantum prediction.

Coauthors. Matthew Pusey, Robert Spekkens, Kevin Resch
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Akaike information criterion

* Criterion for model selection
AIC = —2log L + 2n

* Lower AIC value implies higher relative model likelihood

* Trade-off between not underfitting and overfitting
* For normally-distributed, independent errors
2

L=eX
AIC (k) = 22 (k) + 2n(k)
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Akaike information criterion

Model no.

AIC value

1 AlC,
2 AIC,
3

AICs
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Good for comparing models to
each other
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Akaike information criterion

Model no.

AIC value

Good for comparing models to
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1 AIC, each other
> AIC,
i AlCy likelihood (k) = <ZPI=z(AICK) —AICwin))}

o ZA: exp {— 5 (AIC(k)—AIC,,in)}

J
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Akaike information criterion

AIC(k) = 2x?%(k) + 2n(k)

AIC

2 3 4 5 6 7 8 9 10
Model Rank

irsa: 17070057 Page 5/79



Akaike information criterion

1 - 0.9998

AIC(k) = 2x%(k) + 2n(k)

1/ . ~ (1. y ~
. o 1 . _ CXI) _E(“1'[(*’(A;)_[l'[("'ﬂ'f,f?l)}
likelihood(k) = S oo (L (ATCTR —ATC )
K ‘ o

Relative Model Likelihood

0.0002 Use k=4
| | |

| | | | I
2 3 4 5 6 7 8 9 10
Model Rank
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Experiment

Raw data

Fit data to

rank-k model

Decompose
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Measured state and effect spaces

<L
o] <
0.5 N 0->
S 3 0 e 3 0
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Measured state and effect spaces

70
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Measured state and effect spaces

> TN
€3 fg%"" ;‘m .
| WA

lies between S and E

True state space S

true dual

True effect space lies between E and dual of S,

71
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Measured state and effect spaces

True state space S,, . lies between Sand £,
True effect space lies between E and dual of S, .

More preparations and measurements could increase volume ratio

Vs/Vg,.., = 0.91267 + 0.00001 ‘

—> Noise prevents reconstructing QT exactly
73
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1000 preparations and measurements

* 1006 measurements on 6 states
* 6 measurements on 1006 states

* If data is rank 4 = can predict
empty 1000x1000 entries

- 500

Preparation

* Chose 6 measurements (vs 4) to
allow possibility of revealing
additional dimensionality

Measurement 74
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More preparations and measurements

I Vs /Vi, , = 0.968 + 0.001 |

—_ -
— S —
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] ff"“ \i‘\\:\ =
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3

77

Pirsa: 17070057 Page 13/79



GPT tomography

* Put states and measurements on equal footing (self-consistent)
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GPT tomography

* Put states and measurements on equal footing (self-consistent)
* Dimension inferred from data

* Directly extracted qubit-like state and measurement spaces without
invoking QM

* Placed a small upper bound on possible deviation from QM
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Outline

* Noncontextuality inequality
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Ontological models framework

: g AP
* Preparations %j o HUIP)

o N N
* Measurements 0 \ E =
&
£( 1 I ’\a AI ) : - I Messurement
0 A

* Probabilities p(X|M, P) = [d\pu(A[P)&(X|A, M)

83
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Operational equivalence

&l

Preparation

p(X|P,M)=p(X|P" M) VX M

Pl % i] then P and P’ are operationally equivalent

Preparation

[Spekkens, PRA 71, 052108 (2005)]

84
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Noncontextuality

Operational equivalence implies equivalence in the ontological model

p(X|P, M) = p(X|P',M) ¥ X, M | |
- Preparation noncontextuality
= u(A|P) = p(AP')
p(X|P,M) = p(X|P,M') V¥ X, P

| Measurement noncontextuality
= (XA, M) = §(X[A, M)

[Spekkens, PRA 71, 052108 (2005)]

Q
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Parity-oblivious multiplexing “game”

irsa: 17070057

x €{00,01,10,11%}

A

y €{0,1}

i

| B

i

be{0,1}

[SBKTP, PRL 102, 010401 (2009)] @o
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Parity-oblivious multiplexing “game”
x € {00,01,10,11} y €{0,1}

¢

All e M

i

be{0,1}

* Bob guesses y-th bit of Alice’s input
* Bob is not allowed to learn anything about the parity of Alice’s input

p(success) = % Yoplb=aylz,y)

T,y

[SBKTP, PRL 102, 010401 (2009)] ©
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Classical strategy
x €{00,01,10,11}

A

* Alice encodes x, and sends it to Bob

Pirsa: 17070057

[0

‘
LS

p(success) <

I

y €{0,1}

be{0,1}

[SBKTP, PRL 102, 010401 (2009)] ©2
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A noncontextuality inequality

x € {00,01,10,11} y € {‘I'O,l}
In:plzrr‘n;;r;t c;.ne ord Implement one of 2
Prep e A O B measurements:
Poor Pors P P1s Mo My
-1 1
Peven =7 POO + 7% Pll b e {‘:lO 1
Poda = %2 Poy + 72 Py '

Parity obliviousness = p(b|Peven, M) = p(b|Poaqa, M), Vb, M

Prep. noncontextuality = p(A|Peven) = P(A|Podd)

p(P(!vczn |/\)'”{-?ﬂhv(‘n‘) | S p(R)drl ‘A)U{ }Dudc] )
[} B LR

JeP )

, p(SllCCesS) <
/\) NCO j\I

., 2
'I,‘RI\II

3

I

o

p(Puvc11|)\) — p(PUdd

[SBKTP, PRL 102, 010401 (2009)]
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Quantum strategy
x €{00,01,10,11}

Afl e

17070057

y €{0,1}

be{0,1}

[SBKTP, PRL 102, 010401 (2009)] 100
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Quantum strategy

x €{00,01,10,11%}

A [
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p(success) < cos? (7/8)

QM

y €{0,1}

be{01}

Q

0.85355

[SBKTP, PRL 102, 010401 (2009)] 101
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Experimental violation of inequality

Search over all GPT states and effects to find maximum inequality violation

102
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Experimental violation of inequality

1
eo0.5 €3
0 0.5
| e10 0.5 03 0 €2

Search over all GPT states and effects to find maximum inequality violation
Parity obliviousness = Seven = Sodd
Approximate state and effect spaces with spheres

-~

p(success)qubit &~ 0.8536

106
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Experimental violation of inequality

e 0 5 '0.5 eZ

' p(success)min = 0.8303 £ 0.0002 | o
Search over all GPT states and efrects to nind |
Parity obliviousness = Seven = Sodd
Approximate state and effect spaces with spheres

Get operational equivalence “for free”

p(success)qubit &~ 0.8536
Gives an experimental lower bound on “how contextual” our system is

108
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Search over all dual GPT states and effects to find maximum inequality violation

Approximate state and effect spaces with spheres

Pirsa: 17070057 Page 29/79



1000x1000 data

- —
- -—-7‘\,“.

"J \'1\‘.

-r
Bhe— /33

-0.5

‘ p(success) iy = 0.8427 £0.0005 | | p(success)nax = 0.8647 + 0.0005

p(sucecess)qubit ~ 0.8536
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GPT tomography

* Reconstruct full state and effect spaces of a system
* Minimize assumptions about the dimensionality of the system

* GPT tomography allowed us to test a noncontextuality inequality
* Overcame problem of inexact operation equivalence

* Found both lower and upper bounds on “amount of contextuality” in our
system

e

UNIVERSITY OF | I C L;‘f,ﬂf:if,:ﬁ’,’ PERIMETER PI INSTITUTE FOR THEORETICAL PHYSICS
@ WATERLOO Computing INSTITUT PERIMETRE DE PHYSIQUE THEORIQUE
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Experimental state and measurement tomography for
generalised probabilistic theories:

Bounding deviations from quantum theory via noncontextuality inequality violations

Mike Mazurek
Matt Pusey, Rob Spekkens, Kevin Resch
Contextuality: Conceptual Issues, Operational Signatures, and Applications
July 24-28, 2017

e

UNIVERSITY OF | I C foiiabohie PERIMETER PI INSTITUTE FOR THEORETICAL PHYSICS
2 WATERLOO Computing INSTITUT PERIMETRE DE PHYSIQUE THEORIQUE
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Introduction

* Contextuality: Conceptual Issues, Operational Signatures, and Applications

* Data analysis tools should not rely on quantum theory for foundational
experiments

* Tomography method within generalised probabilistic theory framework
* Self-consistent

* Application to experimental test of noncontextuality
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Outline

* GPT framework
* GPT tomography method and application to an experiment

* Noncontextuality inequality
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GPT framework

ﬂco.ﬂ? e]

AWA

Preparatio Measuremen t
Pr,..., P, My, ..., M,

[Hardy, quant-ph/0101012 (2001)]
[Barrett, PRA 75, 032304 (2007)]
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GPT framework

Preparation

Plr-"apm

Operational state: 8ij =

Pirsa: 17070057

-p(()“jh AII )-
p(0|P;, Ms)

GC().’.'J L&‘l 7
A N

Measurement

My, ..., M,

0
Operational effect: €j,0 = 1
0
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GPT framework

Preparation

Plr"'apm

Operational state: 8§ =

Pirsa: 17070057

-1’(0|P:'.a M, )_
p(0|P;, Ms)

- o

CC( ” “1 7
A N

Measurement
My,.... M,
0
Operational effect: €j,0 = 1
0
p(0| P, M) = si - ejo :
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irsa:

Tomographically complete measurement set

* Number of possible measurements might be very large or infinite

* Will exist some tomographically complete set of K measurements
which fully determine each state

[ p(0|P;, M) |
p(0|P;, M>)

Operational state: si = :

(0P, M),

p(0|P;, M) = faro(si)
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Convex linearity of operational states
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w ,
/ {

.1—\w*

[
RI &
Sy

e
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Convex linearity of operational states

1—\w‘

p(0|P., M) = wp(0|P,, M) + (1 — w)p(0| Py, M)
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Convex linearity of operational states

| P, L p(0| P, M)y)
— N

e d 0[P, M)
E— p(O| 7, Mo
P || —O - |

e ' p(OIP, Mic)

}-'-’(“|Pu A‘f) = fﬂ-i.()(si)

p(0|P., M) = wp(0|P,, M) + (1 — w)p(0| Py, M)

faro(se) = winaro(sa) + (1 — w)faro(sp)

Also true for Ms in tomographically complete set
Se = WSy + (1 — w)sp,
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Convex linearity of operational states

w R, |
[ IR

- e = '

p(0|P., M) = wp(0|P,, M) + (1 — w)p(0| Py, M)
faro(se) = wfro(sa) + (1 —w)faro(sw)

Also true for Ms in tomographically complete set

Se = WSy + (1 — w)sp,

Iaro(wsa + (1 —w)sp) = wfarro(sa) + (1 —w)faro(se)

Pirsa: 17070057

Si = :

p(O| P, M)

p(ﬂlP,;, A‘f) - fn-i.o(si)

f(s) is convex linear
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Linearity

Convex linearity

S = Z w;si = faro(s) = > wifaro(si)  w; >0, Y w;, =1
implies Imearlty | |

s = a;8i = fuo(s) Zﬂ’zfmu( i) Vo, €R

)

[Hardy, quant-ph/0101012 (2001)]

17
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Linearity

Convex linearity

S = Z“’ si = far,0(s)

implies Imearlty

s =Y a;8;i = far,0(s)

)

- Zu}i.f‘]\-f’[}(Si) wy 2 0_, ZZU?: =N
i -

Z%fmo( i) Va; €R

 fao(s) =eno s

Pirsa: 17070057

[Hardy, quant-ph/0101012 (2001)]

18
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2-level classical system (bit)
K =2

s = (sg,81) = (1, s71) e = (eg,e1)
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2-level classical system (bit)

irsa: 17070057

K =

S = (S(),Sl) - (1181)

('111)

S0

(1,1)

> 51

e = (erel)
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2-level classical system (bit)

K =72 p(0|M, P) = emp - sp
s = (sg,81) = (1, s71) e = (eg,e1)
S0
('111) ' (111)
> S1
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2-level classical system (bit)

K =2 p(O|M,P) =enp - sp
S = (8(),81) - (1:31) e:(eanl)
S0 co
N (0’1)
(-1,1) (1,1) (-1, %) (%2, %)
> 51 > €]
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Qubit

| =

p =514+ sxox + syoz + s307)

o

E = (60]1 +exox +eyoyz + 630’2)

o=
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Qubit

Tr(pE) = 3(eo + sxex + syey + szez)

p = %(]I + sxox + syoy + s307) |
| = (1, 8x,8y,87) - =(eg,ex, ey, e
E = %(Ef()ﬂ-l-exffx-l-@YGz-i-eng) ‘(~ ’ kjvh Zl ._2( R Zz

S e
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Tr(pE) = 3(eo + sxex + syey + szez)

1
(8(15 €X, ey, eZ)

p= 51+ sxox + syoz + s307)
: 138X38Y3‘SZ)' a
E = %(eUI[-I— eXoX + eyoy -{-630’2) P — 2
S

( ——

7

e
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Tr(pE) = %(60 + sxex + syey + szez)

(I 4 sxox + syoyz + s307)

P =3
1 = laSXaSYaSZ)'l(e(lveX’eY=eZ)
E = 5(eol + exox + eyoz + e3oz) h % - d
S e
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Generalised non-signalling theory
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Generalised non-signalling theory

S3

Sy 52 e, & e, &

* Some states are deterministic for multiple effects
* Some effects respond deterministically to multiple states
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Some example GPTs
‘« <v L Qubit
. Q v GNST
(

s, v Q e /‘, Spekkens’ toy theory

€y
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Some example GPTs

b ) 4’ ) L Qubit
- - Q - /v GNST

/v, Q e; /‘, Spekkens’ toy theory
w V e i/ Random GPT
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Dual state and effect spaces

* There might be logically possible states and effects that aren’t
included in the spaces specified by the GPT
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Dual state and effect spaces

* There might be logically possible states and effects that aren’t
included in the spaces specified by the GPT

) Y
€possible - 0 < €possible * S < 1 Vseb

34
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Dual state and effect spaces

* There might be logically possible states and effects that aren’t
included in the spaces specified by the GPT

- Y
€possible - 0 < €possible * S < 1 Vseb

Spossible - 0<e- Spossible <1 VecFkE

.
€possible € Sdual

Spossible € E(llml

36
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Dual state and effect spaces

* There might be logically possible states and effects that aren’t
included in the spaces specified by the GPT

€possible - 0 < €possible * S < 1 Vse§
Spossible - 0<e- Spossible <1 VecFkE

.
€possible € Sdual

Spossible € E(llml

* GPTs in which S =E, , and E =5, are self dual
* These satisfy no-restriction hypothesis
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Some example GPTs

Qubit

GNST

Spekkens’ toy theory

Random GPT

38
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Outline

* GPT tomography method and application to an experiment

39

Pirsa: 17070057 Page 62/79



Infinite-run statistics

O

Preparation

Plr-"apm,

p(O| Py, M)  p(O| Py, M3)  p(O| Py, My)
p(0| P, Ma)  p(O| Py, My)  p(0| P, My)
])(U|P;_g, /\[g) )(U‘P; A[ ) p(UIP;, A[1)
p(O0| Py, Ms)  p(0|Py, M3) p(0|Py, My)
p(O]P5, Mz)  p(0 ) P(“|P My)

S O T T 'y

Ps, M3

Pirsa: 17070057

p(0| Py, My)
p(0| Py, Msy)
p(O[ 3, M)
p(0| Py, Ms)
p((}|P M)

GC().’?

A N

“133

Measurement

40
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Infinite-run statistics PR

A N

O

Preparation Measurement
PI»---aP.rn, AI[,WA[”

(1) (1) (2,0) (3,00 (40)  (50)
/ 1 o1 k \ 1 0. "—-(_)i ) ‘--04 ] €0 )
2 2 2.0 3, 4,( 5,0
1 SE;: s%{;; 0 eg ) (;?g ) f?g ) Cg '

Losp s e 0
1 .@(14) Si;l) 0 20 (B30 (40 (50)

1 (5) (5) k k 'k k

f"l S "’Af
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GPT states and effects

1 5(11) o Sil) | tr_‘{(]2,()) (____l(]::m "?f)“]) {_r{(]r,‘u__)
) s . b [/ [
1 S(&' o S%Z) 0 "(lzm "(l.tm (f(] 1,0) ('(l‘;.u)
(&) (3)
| 8 : :
I k : : . : :
1 .wﬁ'” e s{:]) (2,00 (3,00 (400  (50)
k 0 e i e €. e
1 q(l.":) o q{.")) : 4
. 8.
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GPT states and effects

Pirsa: 17070057

1 5.(1) L %,(1)
21 2,
1 352) A
TG j‘“
1 “k
(1) (1)
1 "(I cee 8
A.
R S
c,l t ;\.

(2.0)  (3,0) | (4,0)
I e €g €o

0 e

0 > e

(

k

(2.0) 17(3'“) (i(f'l,ﬂ)

Al

(4,0)

3,0)
, v k

=|(1 sg?') ‘o

: Sg)).
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Finite-run (noisy) statistics -

A N

Preparation Measurement

Pi....P, M,y,..., M,

p(O| Py, My)  p(O| Py, M3) p(O| Py, My) p(O| Py, Ms) - \
p(O| P, Ma)  p(O| Py, Mg)  p(O| Py, My)  p(0] P, ﬂ[r)

])(U|P;, /\[2) (U‘P; A[ ) p(UIP;, ]\[1) ])(U|P;., A[r)
( 3) bl ) )
( 3) Pl ) )

p(0| Py, Mo) [)(O\P1 Ms)  p(0|Py, My)  p(O| Py, My
P U|P Msy) p(0 p'(]|P My) p( (_}|P M,

[ G T T 'y

Full rank data matrix -> not factorizable!
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Experiment

1.0
L
. 05
0
e 05
0

Raw data

Preparation

47
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Experiment

- 1.0

é u 0.5
o

Raw data o F 0

w

ﬁ: -0.8

Measurement -1.0
6
=
o
Fit data to §
rank-k model &

Measurernent

S E

im m |
s -
B om |

Decompose
Measurement

Preparation

48
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Experiment

Pirsa: 17070057

Raw data

Fit data to
rank-k model

Decompose

Preparation

=
m
|
i |
| F m

Measurement

i

Measurement
1]

S E
(] -' i
| | |

» Measurement

Preparation

Preparation

49
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Experimental set-up

]

— U

Pirsa: 17070057

Polarization preparation

I

g

Polarization measurement

50
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¥ T ——

-

N
Measurement Basis

_Selection Unitary Correction
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p(0[P,M;)

Measurement
20 40 6|0 8|0 100

* 100 preparation settings

* 100 measurement settings

N
o

0.8

'S
(@]

0.6

* Noise ensures data table is full
rank

6

Preparation

* Fit data to models of various
rank, see which performs best

52

Pirsa: 17070057 Page 73/79



Fitting to a rank-k model

Assume noise in D is independent and
Poissonian ~ Gaussian

glu [T
D = Je '
2 (D j—Kij)°
min X" =) “Ap)
i.]

subj. to rank(K) < k,
O0<K;; <1 Vu,j
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Fitting to a rank-k model :

Assume noise in D is independent and

nnnnnnnn

glu [T [ )
D p— S‘.O" 04
X 9 (D —Ki )
min X° = (A’Dl f)’
K i,J

subj. to rank(K) < k,
O0<K;; <1 Vu,j

56
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Fitting to a rank-k model

Assume noise in D is independent and

Poissonian ~ Gaussian N
glU [T
D p— S‘.O" 04
X 9 (D —Ki )
min X° = (A’Dl f)’
K i,J

subj. to rank(K) < k,
O0<K;; <1 Vu,j

57
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Fitting to a rank-k model

Assume noise in D is independent and

nnnnnnnn

glu [T
D p— S‘.O" 04
X 9 (D —Ki )
min X° = (A’Dl f)’
K i,J

subj. to rank(K) < k,
O0<K;; <1 Vu,j
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Rank-k parameterization of K:
K =SF

58
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Determining k

Ranks 2 and 3 underfit
the data

Pirsa: 17070057

5
S

v* statistic

10’

10°

10*

10°

lll] llll llll

l]ll

X X X
| | |
5 6 7

Model Rank

60
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Akaike information criterion

e Criterion for model selection
AIC = =2log L + 2n

* Lower AIC value implies higher relative model likelihood
* Trade-off between not underfitting and overfitting
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