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quantum
contextuality

incompatibility nondisturbance
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commutativity compatibility
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Incompatibility

1s a unifying concept
has many manifestations

covers several features of quantum theory
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1)
2)

3)

4)

this talk

simultaneous measurement of quantum observables
incompatibility of quantum channels

incompatibility of a quantum channel and
observable

special nature of quantum incompatibility?
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quantum observable
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quantum observable

Q0 A
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quantum observable

POVM
Alx) >0
A Sedlal=ck

trjoA(x)]
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quantum channel

output port

1. output port
input port
2. output port
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measuring two observables
simultaneously
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Definition

and ‘ are broadcastable

if there exists such that

for all @ .
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Remark

means that

and
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Remark

means that

=

and
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Remark

means that

tr[A(e)A(z) ® I] = tr{eA(z)]

and

tr[A(o)I ® B(y)] = tr[oB(y)]
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Remark

<

means that

.=

and
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Example:

m and a are broadcastable
B

A

Fix an orthonormal basis {¢; }

d
Use channel A(0) = ) (p;lop;)le; ® ¢;){p; ® ;]
=l

A and B are broadcastable 1f all operators A(x),B(y) are
diagonal 1n the fixed basis
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instrument of
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Therefore,

1s measured without

disturbing ‘

implies that
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Proposition

00l can be measured without disturbing

if and only if

there exist and

such that

for all @
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Example:

50 can be measured without disturbing
A

when

[A(x),B(y)] = 0 for all outcomes x,y

[Luders instrument of 4

o v A(z)o/ A(x)
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Example:

m cannot be measured without disturbing J
B

A
when

m 1s any nontrivial observable

and
‘ 1s an informationally complete observable

Why?

irsa: 17070048 Page 28/97



Example:

m cannot be measured without disturbing J
B

A

=

when

a 1s any nontrivial observable

and
a 1s an informationally complete observable

Why?
No information without disturbance
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Example:

50 cannot be measured without disturbing J
A B

when

[A(x),B(y)] # 0 for some x,y

dim [span{B(1),...,B(n)}] > (d-1)* + 1

( B is informationally complete if dim [span{B(1),...,B(n)}]= d*)
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qubit observables

Proposition

For two qubit observables 4 and B, the following are
equivalent:

(1) 4 and B are broadcastable
(2) A can be measured without disturbing B

(3) B can be measured without disturbing A4

(4) [A(x),B(y)] = 0 for all outcomes x,y
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Remarks

For d > 3, the nondisturbance relation 1s
not equivalent to commutativity
not symmetric
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Definition

‘ and ‘ are compatible

such that

1f there exists

for all @ ; otherwise incompatible.
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Definition

A and B are compatible

if there exists G such that

Y G(z,y) = A(z)
Y G(z,y) = B(y)

Pirsa: 17070048



@ | ) I@

cahn
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Proposition

‘ and ‘ are compatible

if and only if

there exist

for all @ .
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Proof
* Assume that 4 and B are compatible, hence there
exists G such that

Az) =3 G(zy), By) =Y Gz

* Fix two sets of orthonormal unit vectors:

{¢z} and {ny}
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Proof

* Assume that A and B are compatible, hence there
exists G such that

A(z) =) G(z,y), Bly) =) G(z,v)

* F1x two sets of orthonormal unit vectors:

{%:} and {"731}
*Observables:

A'(z) = |@z){pz| and B'(y) = |ny)(nyl
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Proof

* Assume that A and B are compatible, hence there
exists G such that

A(z) =) G(z,y), Bly) =) G(z,v)

* F1x two sets of orthonormal unit vectors:

{50:1:} and {"731}
*Observables:

A'(z) = |@z){pz| and B'(y) = |ny)(nyl

e Channel:

Alo) = tr[oG(z,y)] l¢s){@al ® |ny)(nyl

LY

irsa: 17070048 Page 43/97



(A,B) incompatible

compatible

® A not disturb B
® B not disturb A

) mutually
nondisturbing

broadcastable
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(A,B) incompatible

compatible

® A not disturb B
® B not disturb A

) mutually
nondisturbing

strict inclusion?
broadcastable
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simple sufficient condition for compatibility

[f A and B are compatible, do they have a joint
observable G of some specific “canonical” form?
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simple sufficient condition for compatibility

G(z,y) = 5{A(z),B(y)}
= S (A(z)B(y) + B(y)A(z))

1s a valid joint observable of 4 and B 1f

{A(z),B(y)} >0

for all outcomes x,y.




simple sufficient condition for compatibility

G(z,y) = 3{A(z), B(y)}
= 3(A(z)B(y) + B(y)A(z))

1s a valid joint observable of 4 and B 1f

{A(z),B(y)} >0

for all outcomes x,y.

Remark:

[A(z), B(y)] =0 = {A(z),B

OIS0



sharp POVM
A(z)? = A(z)

Proposition

[f 4 or B 1s sharp, then the following are equivalent:
(1) A and B are compatible
(2) A be measured without disturbing B
(3) B can be measured without disturbing A4

(4) [A(x),B(y)] = 0 for all outcomes x,y
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ignoring one output port

:1/ [ - e
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joint channel

C,; Q s a joint channel of
.
__x] and (_,___\.

P if

= and
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incompatibility

Two channels

) e -

are compatible 1f they have a joint channel.

Otherwise they are incompatible.
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incompatibility

Two channels

P end | B

are compatible 1f they have a joint channel.

Otherwise they are incompatible.

* For this definition to make sense, channels must have the
same input space. However, they can have different
output spaces.
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concatenation

If S . and [ : ] are compatible,

then also N ) and DD )

are compatible.
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concatenation

If () and P are compatible,

then also ) ) and ) (

are compatible.

Proof:
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observables as channels

orthogonal pure states

Ca(o) = 3 trloA(@))é,
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observables as channels

Proposition
Two observables (POVMs) 4 and B are compatible

if and only 1f

the corresponding channels I' 4 and I'p are compatible.
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universal broadcasting

(L (\\_ 1s a (perfect and universal) broadcasting channel 1f

(S = identity channel

|

= 1dentity channel
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no-broadcasting theorem

The following are equivalent:
1. Universal broadcasting is possible.

2. Two identity channels are compatible.

3. Any pair of channels are compatible.

ting theorem 1n iIncompatioility riavor:

There exists a pair of incompatible channels.
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self-compatible channels

)
] 1s self-compatible 1f there exists [0 |

b

b -

such that
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self-compatible channels

( o __] is self-compatible if there exists (17 T

such that

Proposition
self-compatible channel = anti-degradable channel
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n-self-compatible channels

) is 3-self-compatible if there exists (9
such that T
)
= L
and
) = N )
and
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