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Abstract: In this lecture | will introduce non-commutative geometry in the form of fuzzy spaces and explain how we have begun examining random
fuzzy spaces using Markov Chain Monte Carlo simulations. Doing so leads us to consider a complicated matrix model, with even more complicated
observables on it. A particular problem in this approach is how to define observables that can be related to physics and calculated with the computer.
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Random and fuzzy
How to put NCG on the computer

Lisa Glaser
20th June
Roadmap:
@ Noncommutative geometry Radboud
@ Random fuzzy spaces ; ‘f{g }\J;;iil;if:;;c“
@ How do fuzzy spaces look? ’4%Ne_@$’ ;
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NCG a la Connes

(s, H, AL, J, D)

v

Hilbert space

Algebra

» Dirac operator
» signature

» Chirality

Real structure

v

v
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NCG a la Connes

(s, H,A,T,J,D)

Classical (1, 3)d geometry

» Hilbert space

» Algebra » L?(M,S) the L? spinors
» Dirac operator » Functions C*°(M) : fi(x)
» signature »D=¢@

» Chirality » s=(q—p) mod 8 =2

» Real structure o i

» charge conjugation

1/ 29

Pirsa: 17060074 Page 4/50



The fuzzy sphere

H =V ® M(n,C) A= SU(2)

V is a (0,3) Clifford module, spanned by the Pauli matrices o;

i<j

Lija N x N rep of SU(2)
(Grosse Presnajder Lett. Math. Phys. 33,n0.2:171-81)
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Axioms for fuzzy spaces

(s, H,A,T,J,D)

» H =V ®M(n,C)
where V is a (p, q)-Clifford module
p-times (v%)? =1 and g-times (y")? = -1
» Ais a x— algebra M(n,C)
» s = (¢ —p) mod 8

» I'(v ® m) =~yv®m with v the chirality operator on V
» J(v@m)=Cv@m* where C is charge conjugation on V
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;';k(bﬁl'S"IUl "f’tflzq‘:pcu,t'b

(s, 1. A,T,.J,D)

» H=V® M(n,C)
where V' is a (p, q)-Clifford module
p-times (v*)? =1 and g-times (y*)? = -1
» A is a x— algebra M(n,C)
» s =(qg—p) mod8

» I'(v ®m) =~yv®m with v the chirality operator on V
» J(v ®@m) = Cv®m* where C is charge conjugation on V
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Dirac operator : Form

Conditions on D

D = D! DI = +T'D
DJ==JD [D, p(a)>], <p(b)] = 0
Lead to:
left action right action

,.../\\ , ,.-N:k
(v ®m) Zw v® ( m +€  mK; )

(). Barrett arXiv:1502.05383)
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Examples for general fuzzy spaces
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Examples for general fuzzy spaces

Type (1,3)

ala 2 o g a o 1

0 e o o 1 D b T T 0

iami R TR i 0 0
g T o @ ¥ @ e 0

0 0 0 I 0 0 -1 0

o o @ a8 3 g o 0 1
s U -1 0 0 DR 0 o o
I 0 @ 0 0 1 & ¢

3
D= Z ¥4 ® [Lijk, ]| + ¥'9*7° ® {Hizs, -}
j<fk=1

S
+~% ® {Hy, -} -I-Z’yi ® [Ls, *]

1=1

5/ 29

Pirsa: 17060074 Page 10/50



The path integral over Fuzzy space

» Integral over all geometries, parametrized by D

» Lesbegue measure on D
» D is highly constrained by conditions

» Action S
» Need to measure functions of geometry f
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The path integral over Fuzzy space

[ f(D)e5P)dD
f) = [ e=S(D)dD

[ f(D(H;, L;))e SPWHuLG(H;, L;)
] e S(D(H,L,))d(H{L{)

» Integral over all geometries, parametrized by D

» Lesbegue measure on D
» D is highly constrained by conditions

» Action S
» Need to measure functions of geometry f
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The action

S = g:Tr (D?) + Tr (DY)
(J. Barrett, LG arXiv:1510.01377)

What do we want from an action?

» physical motivation
= lowest order when expanding a heat kernel

» bounded from below
= for some g
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Pirsa: 17060074 Page 13/50



The action

S = goTr (D?) + Tr (D)
(J. Barrett, LG arXiv:1510.01377)

(2,0) geometry
D=7 ®{H,}+7" ®{Hs)
Can write D as a 2N? x 2N? matrix using
M, ] =MQIny —In®M" M, }=MQIn+In®M*
and calculate powers using

{H{H,}}=1,. H'H' +2H®H" + HHQ®]I,
Tr({H,{H,-}}) =2nTr H*> + 2(Tr H)?
L, IL]l=1.@ E°L" —2EQ L* + LE® ],
Tr([L,[L,]]) = 2n Tr L* — 2(Tr L)?
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The action

S = goTr (D?) + Tr (D)
(J. Barrett, LG arXiv:1510.01377)

D=v'®{H1,}+7°®{Hz,}
TrD? = 4n(Tr HY + Tr HZ) + 4 ((Tr H1)? + (Tr H»)?)

TrD?* = 4n(TrH'f T by - AT H H — '2TrH1H2H1H2)
s 16(Tr H, (Tr Hy + Tr H3 Hy)
+ TrH, (Tr H{H2 + Tr H3) + (Tr HIHZ)Q)

+ 12((1&- B + (T H.i_;’)‘-’) + 8Tr HZ Tx H?
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The action

S = goTr (D2) + Tr (DY)
(J. Barrett, LG arXiv:1510.01377)

D=+'®{Hi,}+~*® {H¥.
TrD? = 4n(Tr H? + Tt H?) + 4 ((TrQ((Tng)z)
&

TrD* = 4n.(Tr B+ T H L 4T B2 H2 -‘?.’FlﬂzHin)

+16(TrH1 (Tr Hy + Tr H3 Hy) 0)

+ Tr Hy (Tr H H + Tr H3) + (Tr Hle)Q) Q

+ 12((Tr H2)? 4 (T Hé)“) +8Tr H2 Tr H2 /./
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MCMC on this

Moves are easy
H;, — H; +cOoH or L;—= L;+cdL

dH.,)L are (anti-)hermitian
¢ € R adjusts for acceptance rate

Possible choices

» random matrices w. all elements between —1.1
(uniform dist, normal dist, pick what you like)

» matrices w. single entry
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MCMC on this

Moves are easy

H, — H; + coH or L;—= L;+cdL

Update the action:

Lazy method:
Recalculate entire action for H; + 6H
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My code

> C++
» Eigen library

» analysis w. Python
code

Pirsa: 17060074 Page 19/50

9/29



My code

» C++
» Eigen library

» analysis w. Python
code

. But make up your own :)
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The covariant curse

MC simulations can measure (f(g)), but what are good f(¢)?

Should be

» completly covariant
» space independent
» efficient to measure
» connect to physics?

10729
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The covariant curse

MC simulations can measure (f(g)), but what are good f(¢)?

Should be

» completly covariant
» space independent
» efficient to measure
» connect to physics?

» Phase transitions, Critical exponents (Thermodynamics)

» Transition amplitudes between boundary states

» Spectrum & spectral observables

» Spectral dim
» zeta function
» spectral distance

10729
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Thermodynamic observables

Which geometries do | explore?
Today only Type (2,0) (but results for (1,1) and (1,3) also

available)

And observables?

Si=% 8 Var(S) = (§%) — (S)?
MC
(Tr (D)) =S T (D?) Var(Tr(D D?)) = (Tr (D?)?) — (Tr (D?))?
MC

MC' is the markov chain we generate with our algorithm

(Glaser arXiv:1612.00713)
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Locate the phase transition (2,0)

12/ 29

Pirsa: 17060074 Page 24/50



Locate the phase transition (2,0)

—— Var(Tr(D?)) estimate

—— Var(S) estimate
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Locate the phase transition (2,0)

—— Var(Tr(D?)) estimate

—— Var(S) estimate

9e
t

N N
—
2.82
5) 6] 7 S 9 [0

g0 = —2.781 + 0.289

JC
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Order of a phase transition

» no correlation growth » correlation length
diverges in V. — oo limit
» discontinous ‘jJumps’ » qualitatively new
between states, behavior exactly at
getting rareras V — o~ transition
A _~ Large V _ A ~
Small V g \
Large V\

Small V

Ve

\
\J
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Order of phase transitions (2,0)

A\ 10 \ 10)
N 5 ] N
| s
-  f & f
ZRT il = 1
= | =
~ I =
i | e,
r LU
] | 4
| U™
|InJ
3.6 —3.4 ] ( ( 22 24
S Tr(D?)

Two peaks, but they merge, that signals 2nd order.
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Scaling with size, Variance

Var(Tr(D?)) = (Tx(D?)?) — (Tr(D?))?

ng Mg
= 20208 - D)
i
ng Ng

=33 Cov(a A2
P
~ N4?
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Scaling with size, Variance

Vzl.r(Tr(Dz)) — <T1(D3)3> _ <Tl.(D2)>2
Nng ng
I\ 2 ¢ 9
=22 2N = D))
|
ng Ny

— Z Z Cov(A7, A9)
it
~ N*7?

Not that simple, other effects arise!
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Cov(A7, A3) Type (2,0)

go = —2.5 go = —2.8 go = —35

|
o

Features
» Diagonals away from PT i

» Blob at PT |
16729
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Away from the PT it scales as N?!

Type (2,0)

1.0
—— N=5
3.5 N6
3.0 N=7
_ — N-=S8
al 25 — N=9
= = N=10
=1 2.0
E
.5
— Jf'—-s_-‘i
1.0
0.5
—-36 —3.4 2D a2 =28
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Finite size scaling

Scaling Ansatz for variance

Var(Tr (D?))(&,N) = NQ*‘Z%(N?) :

AEPTE >0
— Variance scales as N2 2=

18/ 29
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Scaling of Var at the PT

Type (2,0) ~ N? = 2 = —0.5

ar(Tr( D? i
” - h('L’ ” / 600
0.458 N2:935

— 300 // 00
N
Q250 = 100 &
g 9 /”/ :"3
= 200 S 300 .S
> 150 e 200
T » Var(.S)
100 S i SR 0
il —— 0.392 N3
50 0
5 6 7 8 9 10
N
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Two critical exponents

1.9
— ().815 ‘f,f;' q 0.333
1“\ ; L Var(Tr(D?))
1.7 i1
) :_: . 1.6 ;};I
= ty TN
1.0) - b .3,-3_&.‘
N=5 1.4 ‘t:: i»‘:" !
N=6 * ‘ _‘.7
0 N=7 \ 1.3 3 "”'ki, ]
3 - A 1.2 o
Sl= 0 ko 2 1 (.10 .15 (.20 ().25 (.30 .35
N=10 S
\ 2.0
0 ————— . T [l_]f]i . I (.68
: : 2 i1 Var(8) il
0 g 4 : o 0 e ) 6 4 99 }}.} | %
e )'“ ;4‘;‘+
) |y !: {
= | [.8 e = ! t 1.4
& M - 1.6 e Ny
V&LI‘(b(gg)) ™~ ’f} - .(](" ' TN,
9 1.4 ' H'#;,
y [/ R4 ; }-—k._. "
Var(Tr (D2)) ~ |g — ge|'
1.0
(.10 0.15 .20 ().25 (.30 (.35
’U" (j,[ 20/ 29
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A plot of the spectrum

Eigenvalues of D

Advantages: Disadvantages:

» We can’t hear the
shape of a drum

» contains more than

» Easy to interpret
» Ready made efficient

algorithms ;

c ! | ¢ juste.w. of H,L =
il ontams.a 2ot diagonalize dim(y)N*
_information

Pl il e dimensional matrices
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A plot of the spectrum

Eigenvalues of D

e

()
—_

o

i
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A plot of the spectrum

Eigenvalues of D

20

15 |
él()

0 “Mh ULK

S
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A plot of the spectrum

Eigenvalues of D

25

20

freq(A)

10

o

S
o
—
-
—
o
S
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Eigenvalue histograms

P(A)

‘ Eigenvalue hisiogram
0.08 [ﬁ
0.06 J

one

0.04

02

-10 -5 a 10

Fuzzy S* Random (1,1

Density of states

p(A) ~ A

22/ 29

Pirsa: 17060074 Page 40/50



The spectral dimension

Use D? to get a A-type operator
‘ 2 1.5
Z)\ /\26 tA< N
Dy(t) = 2t — .
o Z/\ = 3.0

~tA; forlarget
\ € Ev(D)

D.(t)

Vit).

A5 = 0 = no problem
Ao # 0 = linear mode

exact S?

(Barrett, Druce, Glaser coming soon!)
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The spectral dimension

Use D? to get a A-type operator

L5

/\2? tA\?
Dy(t) = 21 22X "

Z (_}*!.)\2 3.5

. A ~ 3.0
~t\; forlarget o
A € Ev(D) =

ODs(t)

Vs(t) = Dg(t) — t ot

exact S?

(Barrett, Druce, Glaser coming soon!)
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Type

).

bl
. — =34
b —; 3.5
G ga =-3.6
—_— w37
)
J2 =-3.8
I 3.9
o Jo <O -
]
) _'- — —— — o o
I /%
0
0 2 G 8 10 14
t

-3.6
3.7
3.8

-3.9

4.0

20)

30

al)
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Why (7

o0

C(s) = 0 .“/t K (t)dt

Pole at t = 4
(4m)4/% ¢(d/2)T(d/2)

Vol(M) = Tr (Id) [O‘(](N)
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f\.’

Volume from

9000 G000
— Nu=b —— N=b
e T 5000 T
7000 Ne7 Nw?
N=8 N=8§
GO0 N0 1000 N=d
5000 N=10 N=10
3000
1000
3000 2000
2000
1000
1000 e — i ht — =
0 T . 0 ————
b —3.4 §.2 0—-28-206-24-22 0-1.8 (M | 2 () 28 2. 24
Type (1,1) Type (2,0)
4500
N=§
3000 N=
N=7
Read off at
2000
1500 p y s p
OO0 e S = (]/2 = I]li‘t}((l-"'s(l))/z
gop EEr-eslle WE Eoesvhe T
1
0 gy
1.0 -3.9 -3.8 -3.7T -3.6 -3.5 -34 -3.3 -3.2 Normed by [P /\nu:J'
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Distance between geometries

For two geometries X, X»

0
% (5)

dekg(X1,X2) = sup

y<8<vy+1

log

» v >d/2 for X, X, in continuum, otherwise free

(Cornelissen, G. & Kontogeorgis, A. Lett Math Phys (2017) 107: 129)
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Testing the distance measure

-

‘
™~ { .«

d,(S%(N), S?)

10 20 30 40 50 60 70 &0 90 100
N

Fuzzy S? to exact S?
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Testing the distance measure

d(r(g2)/¢(1), 5%

-36 -34 -32 -30 -28 -26 -24 -22
g2

Type (2,0) N = 10 distance between g,
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What did we learn today?

» NCG
» Fuzzy space

» The hard part:
Observables
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What did we learn today?

» NCG
» Fuzzy space

» The hard part:
Observables

Thanks for your attention!
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