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Non-critical systems TRG flow
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Partition function as a tensor network

g Z e—BH({o})
{o}
partition function
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Partition function as a tensor network

L= Z e‘ﬁH({”}) local
{0} Boltzmann 17 (iJ) = e_ﬁ;.;(u)

partition function weights
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Partition function as a tensor network

Z:Ze‘ﬁ”({a}) local
{c} Boltzmann /(1)) = e_/;';.;w)

partition function weights

(1) defm_e W _ ( ﬁ e_ﬁ) (Ising model)
matrix - -
e F E'ﬁ

w
—O-
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Partition function as a tensor network

7 Z o—BH({a)) ocal
{0} Boltzmann 17 (iJ) = e_lmw)

partition function weights

(1) define W = eﬁ e_[)) (Ising model)
matrix - - ¢4
e e

w

—O-

(2) decompose
M M M:(

” cosh 8 sinhﬁ)
= T
W =MM O - <0G

coshfg —sinhf

(Ising model)
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Partition function as a tensor network

2= Z e‘ﬂH({”}) local
{0} Boltzmann 1/ (iJ) = e_/m(u)

partition function weights

(1) defiﬂ? W _ ( eﬁ 6_3) (Ising model)
matrix s
e B E'ﬁ

(2) decompose

- M M M = coshff  sinhf
W= MMT > - -0 N (coshﬁ —sinhﬁ)
(Ising model)
(3) define with
tensor components
A Aapys =
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Partition function as a tensor network
7 = Z e~BH((o})

N =3 X3 =9 spins w

(cﬁ ) @)

A= B
e-B  of
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Partition function as a tensor network
7 = Z e -BH({0))

N =3%x3=09 spins W = (6” c'”) (@)
e P ef.
w M MT M = ‘cosh 8 Sinh[ﬂ’)
T _O_ = _O_O_ - (cnshﬁ —sinh f3.
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Partition function as a tensor network
7 = Z e -BH({0))

N=3%3=9 spins W = (c’” c"g) @)
e P ef.
w M MT M = ‘cosh 8 sinhﬁ)
e _O_ = _O_O_ - (Coshﬁ —sinh f8,
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Partition function as a tensor network
}

:} »
N =3 x3 =09 spins W=(‘~l ‘6) {o

_ (’cosh B sinhp )

“\coshfp —sinhp
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x Cost of exact contraction
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* Exact representation of Z

x Cost of exact contraction:
exp(N)

Japproximate contraction?

(a) Monte Carlo sampling

(b) Tensor renormalization group
TRG (due to “Area Law”)
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* Exact representation of Z

x Cost of exact contraction:
exp(N)

“approximate contraction?

(a) Monte Carlo sampling

(b) Tensor renormalization group
TRG (due to “Area Law”)
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simplify by coarse-graining

general strategy:

tensor A

. .......
9"83&.%"
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simplify by coarse-graining

general strategy:
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simplify by coarse-graining

general strategy:

tensor A tensor A’
& & &
—
> > p—

coarse-graining
transformation
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simplify by coarse-graining

general strategy:

tensor A tensor A’
& o o
O b —

coarse-graining
transformation

Pirsa: 17060070 Page 19/86



Pirsa: 17060070

simplify by coarse-graining

general strategy:

tensor A tensor A’

B o

o

4

A

.
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w
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o
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coarse-graining
transformation

-

o

A

tensor A"

| ——o—

coarse-graining
transformation
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simplify by coarse-graining

general strategy:

tensor A tensor A’

‘d " ¢ _J) (1} d J}_ tensor A"
..&.::&&8: —<\>—<g— tensor A"
‘........... — .

0000000 ™ - - —

.q.’..‘.‘ , —0 0o ‘
Poovools e
‘0.0.0.0.:.. B ZEN JEE B
coarse-graining coarse-graining coarse-graining
transformation transformation transformation
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simplify by coarse-graining

general strategy:

tensor A tensor A’
| b | J}_ tensor A”
- -
& & tensor A
) O > @—
& &5 — 4 A |
| 9 |
4 > b ®—
T T 1
coarse-graining coarse-graining coarse-grain_ing
transformation transformation transformation

A”’
Z = OP

truncations
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors

SvD
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

examples of singular values:

STEP 1: SPLIT tensors
10°

? 107! p—o * o o o 0o o
H

” i — Peczo’

107} 3
SVD truncation 104t ]

36"
10°
107
10°®

T

12345678910
a
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Tensor Renormalization Group (TRG)

2 simple steps

Levin, Nave, 2006

STEP 1: SPLIT tensors
o
SVvD
.
—_->
SvD

—>
truncation

?

—>

truncation

10°
10!

pa 102

10°
104
10°
10°
107
10

examples of singular values:

o8 © © 0 & O ¢

12345678910
a

Page 27/86



Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors

_Q{}_,
5 -

examples of singular values:

10°

10') oo o o o o o o 4

Pa 102}

107 F

truncation 104}
1073

10°

10”7

—) 10_5123456?8§10

a

—>
truncation

STEP 2: JOIN tensors
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors

_é}_,
4}

examples of singular values:

10°

10') oo o o o o o o ¢

Pa 102}

107

truncation 1041
10°

10°

10”7

—) 10-512345675510

a

—
truncation

STEP 2: JOIN tensors

contraction : :
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors examples of singular values:
10°

10" o o © o ° © ¢
. pa 2 !
—_ 10’
10° F
truncation okl
10°
10°®
107

- —) 023456 78910

truncation a
6
cost ~ y
STEP 2: JOIN tensors (x ~ 100)
contraction : :
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors examples of singular values:
10°

10'p o o o o o o o 4
. pa 2 !
—_ 10’
10° F
truncation il
10°
10°
107

— —) 023456 78910

truncation a
6
cost ~ y
STEP 2: JOIN tensors (x ~ 100)
contraction : :
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors examples of singular values:
10°
10! o ® 0 0 0 0 o
> ' Pa 192}
107+
truncation |
107
10
10”7
—> —) 0 > 3456780910
truncation a
6
cost ~ x
STEP 2: JOIN tensors (x ~ 100)
contraction ¥ bond dimension
—_ I:i = # singular values kept
a=12-,x
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Tensor Renormalization Group (TRG) Levin, Nave, 2006
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Tensor Renormalization Group (TRG) Levin, Nave, 2006
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Tensor Renormalization Group (TRG) Levin, Nave, 2006
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

&)
@
Q-

) O 75O AR step 1:
_C.‘} w &, ‘<>_ SPLIT
B ——
& l -
) 4 W, W \DT
step 2:
JOIN
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How many times do we do this?




How many times do we do this?

o S W, N, S,

-

&8 !
44 L L 111
PP ERP

log, N
coarse-graining steps
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How many times do we do this?

10000000 G, o o o NS
ey | | | — -
wol ) F ) l[ }
B BDPRSPY - -
111111 o —9o 9o
SBOIE BB | J | 5 -
PPPPRPPY B i
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NXN -5 —X— - - 1x1
2 2
—
log, N

coarse-graining steps

~
~
[

truncations
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How many times do we do this?

1000000 OUIE o S b W
-%LU?JJ— @ L [ B G -
g e PP ——o——¢—¢
SRPPSPPY - il q
5 il i) B i B —I—L—}\_L 1
SPDBR B P —-‘ =
ovarePodiil o o on o
N N
NXN -» —X— - - 1x1
Z 2
-
log, N

coarse-graining steps

Z = cost ~ (x.)®log, N

truncations of computing Z
with truncation
error €

Pirsa: 17060070 Page 42/86



Performance of TRG (1) non-critical partition function
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Performance of TRG (1) non-critical partition function
coarse-graining

singular values of tensor A('r) steps

_AT)_ 1 2 3 4 4
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Performance of TRG (1) non-critical partition function

singular values of tensor A(T)

coarse-graining
steps

_AT)_ | 123

& T [ F ]
10° | oq 10 . 10 or lm' o
low 4\ 1 { |\
10 *., 0%} | 10 \ {10 \
temperature | eoey seoe seve
10 i 10 ! \ 10 ‘.‘ { 10 I".
‘8 = 08 y | be | o-on.q | .
10 107 | b | 10 {10 seseee
\ I \ ‘ \
104 T\ — Y OPTE— T 104
0 5 10 1S 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

(Be ~ 0.4406)
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Performance of TRG (1) non-critical partition function
coarse-graining

steps
3 4 t

£ S

singular values of tensor A(T)

- . . " "
10° | o 10 oe 10°|4q 107 g
low \ N 1 | |\
10" *“ 107 ) 10 \ {10 \
temperature | Soee sooe | eece
10 i 10 ‘! \ 10 \ | 10 2 I".
B =08 . . s | T
10 107 | s | 10 , {10 !
f \ \ I"
. : ) : | . \
10 104 —L——ibtaas 1/ 10 ‘ 10 _
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 5 10 15 20

(B. ~ 0.4406)

* singular values decay very fast
* spectrum converges to some fixed spectrum

* we can iterate for ever — very large systems!!!
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Performanc

e of TRG (1) non-critical partition function

singular values of tensor A(T)

2

low
temperature

B =08

(B ~ 0.4406)

high
temperature

B =02

coarse-graining

steps
1 >
[ - ) T ] B2
10° |4y 10° [ oq 10° | 4q | 10° | oq
f i ‘
[\ | :
10 *“ 10" P 100 | {10 o T
107 w 107 | \ 10 \ {107 \
| \ \ 1 '
| oe | | : |
10 10° | e 10 seseee {10° e aoa o
s ‘ \ s \
10* 104 hmaa. g ! 10* ‘
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20
] [ N
10° | | 10%}e 10° e 10° |
* [ | e | oo .
10° {10} \ 107} \ 10" \
T | I @ I . .
107 { 10 I I.\q m,i - 10 “
RS L ‘.
' | v 5 ' | ooy 1 (2211
10 ' {107} > 107 | \ 10 \
10 104} . 104 — 10 :
0 5 10 15 20 0 S 10 15 20 0 5 10 15 20 0 5 10 15 20

* singular values decay very fast
* spectrum converges to some fixed spectrum

* we can iterate for ever — very large systems!!!
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Performance of TRG (1) non-critical partition function
coarse-graining

. T
singular values of tensor A( ) steps
_d[\)_ 1 2 £ 4 £
10° | 0q 10° |" 10° oe ! 10° -
low ‘ o 1\ [ |\
10 | 6 10" l \ 10 \ ‘ 10 \.‘
temperature | seey S, ; -
10 10 I \ 10 \ {10 ¢ '\
ﬁ = 0.8 s 10°| .\* 46 .-..-." 110 tecoey
\ \ | \
: \ t : ‘
10* 104 : 10 : 10
0 5 10 15 20 o 5 10 15 20 0 5 10 15 20 0 5 10 15 20

(Be = 0.4406)

10° e | 10 i._ 10° e 10° e
hlgh 10 .'n_ {107 | 3 101] 3 10t
temperature T { | % * *
107 {107} % 10° be 107 '
= E e \ \
p=0.2 10 | {107 »e 10° ons 10 s
[ | Y bt _—
10* I 104! : 10* 10* ‘
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 3 10 15 20
i t~ x®logN
* singular values decay very fast Cos X 108

* spectrum converges to some fixed spectrum
X ~ const(f)

* we can iterate for ever — very large systems!!!
‘area law’
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Performance of TRG  (2) critical partition function
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Performance of TRG  (2) critical partition function
coarse-graining

singular values of tensor A(T) steps

& ; v ()8 T

Pirsa: 17060070 Page 50/86



Performance of TRG

(2) critical partition function

singular values of tensor A(T)

coarse-graining
steps
2 3 4 () 8 ¢
10V — —_— 3 —
. i
. | —s —
critical 101 e , |
temperature '-. e_,.w
. ] | By
2 \ & B,
» - 10 ) 1 \?{‘
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! :‘ R ?
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Performance of TRG (2) critical partition function
coarse-graining

, T
singular values of tensor A steps
_¢)_ 2 3 4 () 8
109 ——— S— 3 S—
. | |
? 1 =) P-g
critical 101w ! !
temperature \ ! !
2 ? | ‘.'{J-,-. )ﬂ“.".
g =p 10 . :‘ i
- Fc L] ] % e ]
: % ;1- %%
3 o
C 0.4 10 ‘. {
(B ~ 0.4406) . -y %
10 4 L1 ; ® e [
pi
109 10! 102 109 10! 102 10% 100! 1002 10°

* singular values do not decay as fast (but spectrum is not flat!)

* spectrum does not converges to some fixed spectrum

» each iteration is more expensive (if we want to keep accuracy
fixed, we need to increase bond dimension y)

cost ~ x°©
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Performance of TRG (2) critical partition function
coarse-graining

, T
singular values of tensor A( ) steps
| 10Y ———— S— 3 e
. | '
critical 101 W, !
i 5
temperature \ e
» — [ 10 2 \ | - % |
. i % . N
3 Y = b : |
(B, = 0.4406) 10 : : éaa
. i ® :
| & % |
1o 0 * 2 O ==l ’ 0 1 > .0
10° 10! 102 10 0! 10?2 10 0! 10?2 10

* singular values do not decay as fast (but spectrum is not flat!)

* spectrum does not converges to some fixed spectrum

» each iteration is more expensive (if we want to keep accuracy
fixed, we need to increase bond dimension y)

cost ~ x° x~e cost ~ exp(71)
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Expectation values and correlation functions
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Expectation values and correlation functions

partition
function

ZEZe_ﬂH({U}) —

{o}

i
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Expectation values and correlation functions

partition L TCELT

252 ~BH((0}) — dhhg ~
function ¢ ! Q—Q : o
; .Q .

{o}

magnetization

Z g (D e-BH(aD)

{g}

(6™ =

N =
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Expectation values and correlation functions

ZEZe_ﬁH({U}) —

partition
function

{o}

magnetization

(cM) =

1
Z

Z cWe-BH({Y) —

{a}

iR
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Expectation values and correlation functions

partition ZEE e—BH({o}) o
function
{o}

magnetization

(e®) = lz s e-BH(0) —
Z
@

e
-Q

£
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Expectation values and correlation functions

{o}

partition  , — Z ~BH((0) —
function ¢ ' _Q—Q L

magnetization

1 .
oMWY =2 sMWe-BH{o) —
((D)=2 =

o}

4

correlator

(eWa™) = j_?z (D (M e=BH{oY)
{o}
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Expectation values and correlation functions

partition 7= Z o-BH((0) — e
function . -Q—Q :

magnetization

(1) E ZJ(UL BH({0)}) —
Z

APAP P
PLOrOL

correlator

(eWa™) = — Z (1) (M p=BHUT) —
o)

444
=
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Performance of in D=3 dimensions
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Performance of in D=3 dimensions

- ¢

D=2 TRG is essentially equivalent to

coarse-graining
x-direction
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Performance of in D=3 dimensions

D=2 TRG is essentially equivalent to

coarse-graining
x-direction

coarse-graining
y-direction
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