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LECTURES 3 and 4

Tensor
Renormalization
Group

(TRG)
TRG as a TRGathhg
: Renormalization
computational scheme
Group flow
TRG Algorithm The Renormalization Group
Non-critical systems TRG flow
critical systems Tensor Network

Renormalization (TNR)

D=3 dimensions

Transfer matrix
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Partition function as a tensor network

7 = Z o~ BH({aY)
{o}
partition function
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Partition function as a tensor network

Z= Z o—BH((aY) o
{o} Boltzmann /(i) = e_ﬁHUJ)

L : igh
partition function weights
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Partition function as a tensor network

Em Z o—BH((a) o
{o} Boltzmann |7 (i)) = edﬁH(U)

< : h
partition function weights

(1) dE?rIH_E W = ( B e_ﬁ) (Ising model)
matrix e B P

w
—O-
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Partition function as a tensor network

2= Z o—BH({a)) ocal
{o} Boltzmann W(ij) = e_/,'Hun

R : h
partition function weights

(1) defin‘e W = eﬁ e_ﬁ (Ising model)
matrix - -B p
e e

w

—O-

(2) decompose
M MT M = (

- coshf8 sinhﬁ)
— T
W = MM A

coshff —sinhp

(Ising model)
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Partition function as a tensor network

Z= Z e~ BH((oD ool
{o} Boltzmann /(i) = e~ﬁH('”

s : igh
partition function weights

(1) derl”_e W = eﬁ e_ﬁ (Ising model)
matrix - -B 54
e e

w

—O-

(2) decompose

” M MT W = coshff  sinhf
W=mMMT - (cosh B —sinh [3)
- =00
(Ising model)
(3) define with P
tensor components
Y a
A Aaﬁyﬁ
p
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Partition function as a tensor network

N =3 X3 =9 spins w

(cﬁ c'{”) {o}
e P e
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Partition function as a tensor network

/7 = e‘ﬁH({U})
N =3 x 3 =9 spins W=("‘ﬁ U_ﬁ) {a}
e P ef
T . .
w M M M= (LDSh B “sl_i‘lh B )
— _O_ " _@_@_ coshff —sinhf
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Partition function as a tensor network

Z = e‘ﬁh’({a})
-B
N =3 X3 =9 spins W=("‘ﬁ “{) {a}
e P ef
W M MT M = (Cnshﬁ sinh 8 )
— “\coshp —sinhp
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Partition function as a tensor network

/7 = g‘ﬁH({U})
N =3 X3 =9 spins W = (Cﬁ L'_{”) {o}
e P ef
w M MT M= (COSh B sinhp )
— _O-— = _O_O_ ~\coshp —sinhp
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* Exact representation of Z

x Cost of exact contraction:
exp(N)

V approximate contraction?

(a) Monte Carlo sampling

(b) Tensor renormalization group
TRG (due to “Area Law”)

LAAAVAYAY

N
]
olololololele
olololelalelé
191010101010
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* Exact representation of Z

x Cost of exact contraction:
exp(N)

“ approximate contraction?

(a) Monte Carlo sampling

(b) Tensor renormalization group
TRG (due to “Area Law”)
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simplify by coarse-graining

general strategy:

tensor A

900
00000
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simplify by coarse-graining

general strategy:

tensor A
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simplify by coarse-graining

general strategy:

tensor A tensor A’

S D W

A ’() ) D,

p—

—
RERSRERS
coarse-graining
transformation
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simplify by coarse-graining

general strategy:

tensor A

tensor A’
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N
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coarse-graining
transformation
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simplify by coarse-graining

general strategy:

tensor A tensor A’

- -

A3

—

o

-

S
p—

—

coarse-graining
transformation

'

tensor A"’

0 VRS

 ——o—

coarse-graining
transformation
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simplify by coarse-graining

general strategy:

tensor A tensor A’

" /1\ J>_ tensor A
—(J)—(l)— tensor A"’
H—

A ER:
o >"‘ A
r— |

| e

5
s

%5;: O

%

1

SR G O
coarse-graining coarse-graining coarse-graining
transformation transformation transformation
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simplify by coarse-graining

general strategy:

tensor A tensor A’

| | J>_ tensor A
—é)—(‘)— tensor A"’
D p—

- -4
D o >'-‘ A
—

| =1

P
\ 4

1 T

coarse-graining coarse-graining coarse-graining
transformation transformation transformation

AI!I
/= D

truncations
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors

SvD
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors

examples of singular values:

10°

? 10! )—o o000

’ -_> -L) pa m-j i
P : 107

SVD truncation 104}
10°
10°¢
107

10°®

12345678910
a
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Tensor Renormalization Group (TRG)

2 simple steps

Levin, Nave, 2006

STEP 1: SPLIT tensors
V'
—>
”,
SVvD
L
—>
~
SVD

p

—>

truncation

?

—

truncation

examples of singular values:

10°
107 p-
pa 107
107 b
104}
10°
10°
107
10°®

o e 0 © 0 0 O

12345678910
a
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

2 simple steps

STEP 1: SPLIT tensors examples of singular values:
10% ——
10') oo o o @ o 0 o 4
> 5 pa 107 E 1
10°
truncation 104k ]
10° :

10®
STEP 2: JOIN tensors

10”7

10° : — :
—) 12345678910

truncation a
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Tensor Renormalization Group (TRG)

2 simple steps

Levin, Nave, 2006

STEP 1: SPLIT tensors

—>

s

truncation

—

truncation

STEP 2: JOIN tensors

contraction : :

examples of singular values:

10°
10 ) oo o o o o o o 4
Pa 07}
107+
104}
10°
10°
10”7
10°®

12345678910
a
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Tensor Renormalization Group (TRG)

2 simple steps

Levin, Nave, 2006

STEP 1: SPLIT tensors
—_ N

—>

& -
4}

—

truncation

>
truncation

STEP 2: JOIN tensors

contraction : :

examples of singular values:

10°
10') oo o o @ o 0 o ¢
Pa 102}
107+
10¢F
107
10
10”7
10°®

12345678910
a

cost ~ x®©

(x = 100)
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Tensor Renormalization Group (TRG)

2 simple steps

Levin, Nave, 2006

STEP 1: SPLIT tensors
—_ N

—>

& -
4}

>

truncation

“
truncation

STEP 2: JOIN tensors

contraction : :

examples of singular values:

10°
10') oo o o o o o o
Pa 102}
107+
10}
107
10°
10”7
10°®

12345678910
a

cost ~ x®©

(x = 100)
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Tensor Renormalization Group (TRG)

2 simple steps

Levin, Nave, 2006

STEP 1: SPLIT tensors
: N

—>

-—)

truncation

Ly

truncation

STEP 2: JOIN tensors

contraction : :

examples of singular values:

10°
10 ) oo o o o o o o 4
Pa o7}
107+
10 F
107
10°¢
10”7
10°®

12345678910
a

cost ~ x®©

(x = 100)

¥ bond dimension
= # singular values kept

a=12,x
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

SO

Yy W W ¢
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Tensor Renormalization Group (TRG) Levin, Nave, 2006
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

&)
-
Ve

S . - 4 step 1:
_C.‘)’ & W ‘<>_ SPLIT
—
A W W
i 4 A X/ \9\_
R . N

—4
B
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Tensor Renormalization Group (TRG) Levin, Nave, 2006

&)
@

Y D WY step 1:
_C.‘} b 4 &K, ‘<>_ SPLIT
—_—
B & v %
) 4 o &Y \9\_
step 2:
JOIN
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How many times do we do this?

& F F

_—

I W W W W

1x1

= |

= |

N XN

log, N
coarse-graining steps
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How many times do we do this?

-

log, N
coarse-graining steps

~
~
[

truncations
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How many times do we do this?

—— )4 | L J\ |
9000000 >
)| 0000000 fj [ e
90999 If )¢ { [ { l J
oo o0 bbb ™ - - 9
JJIIT Il  —o—9 oo \
9000009 0! l ] +—
teoedses T T
N N
NXN - —X— - - 1x1
2 2
|
log, N

coarse-graining steps

Z =~ cost ~ (x.)®log, N

truncations of computing Z
with truncation
error €
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Performance of TRG (1) non-critical partition function
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Performance of TRG (1) non-critical partition function
coarse-graining

singular values of tensor A(T) steps

_(LT)_ 1 2 3 4 4
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Performance of TRG

singular values of tensor A(T)

>

low
temperature

g =08

(B ~ 0.4406)

10

10

107

104

(1) non-critical partition function

coarse-graining
steps

4 T

f f T
10° | oq 10° | 4q { 10° |44
[ | \ 1 \
10"} \ 0t | (10"} |
*e [ teey soee
107 | \ 107 \ {107 \
| \ \ i \
: ve \ |
10° | b 10 sesent {10 beseee
I \ \ | \
10 Al o esea ] 1041 10 4
10 15 20 0 5 10 15 20 S 10 15 20 5 10 15 20
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Performance of TRG (1) non-critical partition function
coarse-graining

singular values of tensor A(T) steps

_AT)_ 1 2z 3 4T

10° | oq 10°} oq 10° - | 10°f o
low \ g 0 [ |\
10 \ 10} 10 - {10 \
.o | \ 1 ‘
temperature | | seey vooe | sove
107 ‘ 107 | \ 10 \ {1107 \
B =08 . | e | |
10 10° | b 10 sceey {10 G
5 1 \ | \
10 1wt - cemee lype ' 10*
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

(Be ~ 0.4406)

* singular values decay very fast
* spectrum converges to some fixed spectrum

* we can iterate for ever — very large systems!!!

Pirsa: 17060070 Page 46/86



Performance of TRG (1) non-critical partition function
coarse-graining

. T
singular values of tensor A( ) steps
10° |oq 10 ,“ 10 - ‘ 10 -
IOW \ . | I". - \ 1 : ‘.
10 Lo 10"} 10 \ {10 \
temperature | R vove | cove
107 ‘ 107} \ 10 \ {107 \
ﬁ=0'8 10 10‘% .%Y 10 soseery %10' tossee
e \ \ :’ '-
10* 104 104 - 10
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

(Be ~ 0.4406)

I !
10°|o | 10° e 10¢ io 10° e
high A [ e e
g 10 B {10%F 00\ 100
i ) t )
temperature ! N { S \
10 ‘ 10 10 \ 10 be
TN R ,\
— . | . | - - . .
ﬁ 02 10 | | 10 I ve 10 l ...'-, 10 ..'.
| Y ; Sooy boes
10 10% | 104 L— 10*
0 s 10 15 20 0 s 10 15 20 0 s 10 15 20 0 s 10 15 20

* singular values decay very fast
* spectrum converges to some fixed spectrum

* we can iterate for ever — very large systems!!!
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Performance of TRG (1) non-critical partition function
coarse-graining

. T
singular values of tensor A( ) steps
10° |4y 10 |“ 10° o ; 10 oq
IOW \ 1 : I‘I. ) \ | 1 ‘,
10 Lo 10"} | 10 \ {10 \
temperature | eeey - | voce
10 ‘ 107 | \ 10 \ {107 \
| ; \ | '
— : s : : -
ﬁ_0'8 10 10° | - 10 seeeee {10° i 4 ¢
| \ \ | \
10 T\ I > DOV DY, : 104
0 5 10 15 2 0 5 10 15 20 0 S 1 15 20 0 5 10 15 20

(B. ~ 0.4406)

10° e { IO'iQ 10° io 10° o
high 10* .'-_ {107 | b’ J.U‘i 3 10°* “‘-‘
temperature T ’ R S .
10 ‘ { 107 S 107} be 10 e
| I I \ \
— [ | s : ‘-
ﬁ — 02 10" | { 10 :! "\ 10 i 0!.._1 10 ...'.
10* 10*! ' 10*! : 10* )
o s 1 15 2 o0 S 110 15 20 0 S 10 15 2 0 S 1.0 15 20
i t~ x°®logN
* singular values decay very fast Ccos X 108

* spectrum converges to some fixed spectrum
X ~ const(f)

‘area law’

* we can iterate for ever — very large systems!!!
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Performance of TRG (2) critical partition function
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Performance of TRG  (2) critical partition function
coarse-graining

singular values of tensor A(T) steps

_(LT)_ 2 3 4 () 8 2
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Performance of TRG  (2) critical partition function
coarse-graining

. T
singular values of tensor A( ) steps
T)— Lt R o
. ! :
. Q —a
critical 0t e, !
temperature \ ‘ -. B,
) . | ) '*..
— lU ‘ ! { Y "3:‘ .
ﬁ - p’c % ] % o) i
. ' & ? Z
3 * , b J
(B. ~ 0.4406) 10 i 3 %
[ ] | t\ 1
| ? X
10 ! D % 0 ] ‘ 0 1 2 ‘(]-
10 10! 10?7 10 10! 10 10 0! 102 10
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Performance of TRG  (2) critical partition function
coarse-graining

) T
singular values of tensor A( ) steps
T)_ lOU R R !: e
. | '
. | e
critical 0t e, !- Sg Sy
temperature \ f_ .
2 . | 4» '*--
ﬁ _ p; 10 IS | { ? i
= Pc - ! ) N
3 % | :Ll- %' |
(B. ~ 0.4406) 10 i ; & %
10 0 1 0 | ) 0 1 2 0
10° 100! 102 10 10 102 10 10 102 10

* singular values do not decay as fast (but spectrum is not flat!)
* spectrum does not converges to some fixed spectrum
» each iteration is more expensive (if we want to keep accuracy

fixed, we need to increase bond dimension y)

cost ~ y©
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Performance of TRG  (2) critical partition function
coarse-graining

. T
singular values of tensor A( ) steps
T)_ 100 o ; I !: R
. ' '
critical 0l ey, : «
I. { .'Ju
temperature \ ‘ e .
i .I | n%;) 3‘:- {
ﬁ — p! 10 . 1 { ? |
= Pc . i 3 ® i
3 % ::;' % |
(B. ~ 0.4406) 10 i ; Y %
. ! 9 |
p . ‘: _ ? % o
10 0 1 2 0 l 2 0 a1 2 0
10 10 10 “ 10 10 10 10 10 10 10

* singular values do not decay as fast (but spectrum is not flat!)

* spectrum does not converges to some fixed spectrum

* each iteration is more expensive (if we want to keep accuracy
fixed, we need to increase bond dimension y)

cost ~ x° x~e cost ~ exp(71)
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Expectation values and correlation functions
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Expectation values and correlation functions

partition 7 = E e~ BH{oh) — | o=T1
function —Q—Q
(o} O
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Expectation values and correlation functions

partition  , Z o—BH(0) — =11
function —Q—Q
(o) O

magnetization

(cW) = ZJUJ@-BH({G})

{o}

N =
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Expectation values and correlation functions

partition 7 = E e~BH{oh) — =11
function —Q—Q
(o} -9

magnetization

(cW) = Zg(l)e-ﬁm{a%) —
e~ hihd =

N =

010
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Expectation values and correlation functions

partition  , Z o—BH((0) — '
function —Q—Q
(o) HO)

magnetization

(cW) = lz s e-BH({0)) —
Z
@)

010
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Expectation values and correlation functions

partition  , — Z o-BH({0)) —
function —Q—Q
(o) O

magnetization

(cW) == nge BH((0) =
Z

010
00

correlator

(eWa™) = Z 5 (1) 5(7) g=BH({a))
o}
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Expectation values and correlation functions

partition  , _ Z o-BH({0)) —
function —Q—Q
(o) O

magnetization

(c®) = lz cWe-BHU)) —
Z

{o}

010

correlator

W) = Z (1N p-BHUT) —
o)
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Performance of in D=3 dimensions
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Performance of in D=3 dimensions

——

D=2 TRG is essentially equivalent to

coarse-graining
x-direction

-6~ 4
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Performance of in D=3 dimensions

D=2 TRG is essentially equivalent to

coarse-graining
x-direction

-6~ 4

coarse-graining
y-direction

$-d--s
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Performance of in D=3 dimensions
] [
——

D=2 TRG is essentially equivalent to TRG can be generalized to D=3 dimensions

o x-direction
coarse-graining

L = e S

coarse-graining
y-direction

$-d--s
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Performance of in D=3 dimensions / 7

N AN
S

D=2 TRG is essentially equivalent to TRG can be generalized to D=3 dimensions

. x-direction
coarse-graining

x-direction
— —_—
y-direction

coarse-graining . |
y-direction
z-direction
—_—0 — -¢—
# - — %
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Performance of in D=3 dimensions / 7
10° — — 72<

/
10* f’ f 2{/
Pa 102 ] .

102 F : - TRG can be generalized to D=3 dimensions

AN
s

examples of singular values:

AN
RN

T

!

#_.

10
105 x-direction
10°F
107 F
108 L1 L1 1
123 4546 7 8 910
04 y-direction
z-direction E
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Performance of in D=3 dimensions / 7

examples of singular values:

/
mf — —_ /72< { /
Pa ig; « LQL/

103 f--2-o - | TRG can be generalized to D=3 dimensions

o g
4
+

AN
N
y
N

AS
N
AN

T

105 x-direction

10°®
107+
10°®

l
!

1 2345678 910
04 y-direction

D-2
Sp~L
D = 3 spacetime dimensions

L@ Sy z-direction
E

L 7

|
|

|
!

.éj_
,*_
.*_
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Performance of in D=3 dimensions /

N
1S
3

examples of singular values: 7

/]
10° — SR— 7& d/

10"
Pa 102
102 F : - TRG can be generalized to D=3 dimensions

N 5
@
#

AN
Y
]

E

T

10% x-direction

10°®
107+
10°®

l
l

12345678910
04 y-direction

D-2
S;p~L
D = 3 spacetime dimensions

L@ ) BB z-direction
L

cost ~exp S;3~expL j*-

|

|

!

.éj_
,*_
.*_
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Back to D=2 TRG: Transfer matrix

Oror9)

$/0/0/0/0re!

C@
S
=

7 = Z o —BH({0))

{o}

partition

function




$ore
$/0/0/0/01e!

L
UV

CC}

<

=

TR
Dol

partition
function

Back to D=2 TRG: Transfer matrix
E o—BH({o))
{c}



Back to D=2 TRG: Transfer matrix

QPO OrOrOrOro
SR
S S
7= et - RO
= B it e
sartition 0} “QrOrOTO101010101
function @QQQQQQQ
RARARRA

Z=tr (M) M= Sbedbe0e
|

transfer
matrix
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Back to D=2 TRG: Transfer matrix
| 1 | | | 1 | |
v M =
Z = tr (M ) transfer matrix
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Back to D=2 TRG: Transfer matrix

M =
/Z =tr (MN) transfer matrix

translation operator

| | | | | ] ] |
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Back to D=2 TRG: Transfer matrix
Z = {r (MN) transfer matrix ; ; ; ; ; ; ; ;
translation operator
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Back to D=2 TRG: Transfer matrix
/Z =tr (M ) transfer matrix
N R RR RN e
translation operator
at a critical point:
partition function of a
Z ~ ZCFT conformal field theory
(CFT)
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Back to D=2 TRG: Transfer matrix

Z =tr MN ransfer matrix
R AR RRRN

translation operator

M, T] =

at a critical point:
partition function of a

Z ~ ZCFT conformal field theory

'\ (CFT)

finite size
corrections
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Back to D=2 TRG: Transfer matrix

Z =tr MN ransfer matrix
(M7) t ' ' ' ' ' ' ' ' T =
R AR RRRY

translation operator

at a critical point:
partition function of a

Z ~ ZCFT conformal field theory M ~ MCFT
\ (CFT) -\
finite size finite size
corrections corrections
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Back to D=2 TRG: Transfer matrix

Z =tr MN ransfer matrix
(M7) t ' ' ' ' ' ' ' ' T
= SPTTIIYNN

translation operator

at a critical point:
partition function of a

Z ~ ZCFT conformal field theory M ~ MCFT

-\ - (CFT) -\

finite size
corrections

finite size
corrections

continuous
phase  «—— CFT

transition
universal conformal
properties data

e.g.

e.g. critical scaling dimensions A,
exponents conformal spins s,
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Back to D=2 TRG: Transfer matrix

M = CQWW
Z =tr (MN) transfer matri

X

translation operator

at a critical point:

partition function of a

Z ~ ZCFT conformal field theory M ~ M CFT
'\ (CFT) '\
finite size finite size
corrections corrections
continuous
phase  «—— CFT
transition
) eigenvalues of MCFT mCFT
universal conformal 24
properties et eigenvalues of T CFT tCFT
e.g. a
e.g. critical scaling dimensions A,
exponents conformal spins s,
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N sites

Wiwia 20 3 % 3 3 2 o

transfer matrix

O\
r= »\\\

translation operator

lattice

eigenvalues of transfer matrix M

m, = aexp|bA, + O(1/N)]

Page 82/86



Pirsa: 17060070

N sites

n= S

transfer matrix

W\
r= »\\\

translation operator

lattice CFT

eigenvalues of transfer matrix M eigenvalues of MCFT

mg = aexp[bAy + 0(1/N)]  mYT = aexp[bA,]
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N sites

M- FEEESEEE

transfer matrix

W\
I = »\\\

translation operator

lattice CFT

eigenvalues of transfer matrix M eigenvalues of MCFT

m, = aexp|bA, + O(1/N)] mgFT = a exp[bA,]

goal: use eigenvalues m, to compute
scaling dimensions A,
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N sites

M- FEEEEEeE

transfer matrix

\\
T= ST

translation operator

lattice CFT

eigenvalues of transfer matrix M eigenvalues of M¢FT

m, = aexp[bA, + O(1/N)] m&T = aexp[bA,]

goal: use eigenvalues m, to compute
scaling dimensions A,

problem: finite-size corrections
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N sites

M- FEEEEEEE

transfer matrix

W\
r= »\\\

translation operator

lattice CFT

eigenvalues of transfer matrix M eigenvalues of MCFT

m, = aexp[bA, + O(1/N)] m&T = aexp[bA,]

‘ larger N = smaller finite-size errors
goal: use eigenvalues m, to compute

scaling dimensions A, without TRG N = 20 — 30

with TRG N ~ 100s
problem: finite-size corrections

Pirsa: 17060070 Page 86/86



