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LECTURES 1 and 2
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1d quantum spin chain

Hilbert space wavefunction
1 quantum
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= ‘plll) + lpz|2) ~ complex
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1d quantum spin chain

Hilbert space wavefunction
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1d quantum spin chain
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1d quantum spin chain

Hilbert space wavefunction
1 quantum .
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1d quantum spin chain
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1d quantum spin chain

Hilbert space wavefunction
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ground state of
local Hamiltonian
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ground state of
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ground state of NOT IN THIS COURSE
local Hamiltonian http://pirsa.org/16070046
tensor networks
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multiscale entanglement
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ground state of
local Hamiltonian
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ground state of NOT IN THIS COURSE
local Hamiltonian http://pirsa.org/16070046
tensor networks
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Entanglement
bipartite Hilbert space wavefunction
A B _ '
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Entanglement
bipartite Hilbert space wavefunction

system VA |¥) = Z Wi i) ® 1j%)

Lj

def: product state |l-IJ> — |¢A) ® |§OB)

example |¥) = [14) ® |17)
- IlAl.’?)
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Entanglement
bipartite Hilbert space wavefunction

system VA Q VP W) = Z W 114 @ 1j7)

Lj

def: product state |Lp) — |¢A) ® |§OB)

example |¥) = [14) ® |17)
- IlAlf?)

def: entangled state |L[J) E= I¢’A> ® |(PB)

example |¥) =11 ® [17) + |24) ® |2F)
= |1418) + |2425)
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Entanglement
bipartite Hilbert space wavefunction

system VA W) = Z Wi [iY) @ [j7)

Lj

def: product state |l-IJ> — |¢)A) ® |§OB)

example |¥) = [14) ® |17)
= 11417

def: entangled state |LP) + |¢’A> ® |§03>

example |¥) =11 ® [18) + |24) ® |2F)
= |[1418) + |2425)

Question:  |w) = [1418) + |1428) + |241%) + |242®) entangled?
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Entanglement
bipartite Hilbert space wavefunction

system Vi Q VP W) = Z Wi [iY) @ [j7)

Lj

def: product state |l-IJ> — |¢)A) ® |§OB)

example |¥) = |14) ® |18)
= |141%)

def: entangled state |l{J) +* |¢’A> ® |(PB)
example [¥) = [11) @ [17) + [24) ® |27)
= |1418) + |2’42H)
Question:  |w) = [1418) + |1428) + |241%) + |242®) entangled?

= (11) + 124) @ (117) + |2F))
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Entanglement
bipartite Hilbert space wavefunction

system Vi Q VP W) = Z Wi i) ® 1j%)

Lj

def: product state |LIJ> — |¢A> ® |§DB)

example |¥) = [14) ® |17)
- ]1;413)

def: entangled state |l‘P) * I(,bA) ® |(PB)

example |¥) = [11) ® [18) + |24) @ |27)
= |1418) + |2427)

Question:  |y) = [1418) + |1428) + |241%) + |242®) entangled?

= (11) + 124) @ (117) + |2F))

Question:  |¥) =[1117%) +[142°) + |241%) — |242®) entangled?
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- , T = ty =
matrix singular value decomposition vt =1 V'V =1

M M =USV? I

Sq = 0 singular values
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: , , Ty = ty =
matrix singular value decomposition utu =1 V'V =I

M M =USV?t o[

Sda

Sq = 0 singular values

M Uvs  Jsvt

- - 0@
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- , , Ty = ty =
matrix singular value decomposition utu =1 Vv =1

M M =USV? o[ s

Sa

Sq = 0 singular values

M Uvs  VJsvt
wavefunction

W) = ) W, 1i) ® Ij°)
i
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: , , Ty = ty =
matrix singular value decomposition Utu =1 V'V =1

M M =USV? o[ s

Sa

Sq = 0 singular values

M Uvs  Jsvt

0 -0@-

wavefunction Schmidt decomposition
V)= ) W@ N W= V16 @ o)
ij a
VP =0

Schmidt values
(=singular values)
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— Ty = ty =
matrix singular value decomposition Utu =1 V'V =1

M M =USV? o[ s

Sd

Sq = 0 singular values

M Uvs  Jsvt
wavefunction Schmidt decomposition
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Schmidt values
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— T = ty =
matrix singular value decomposition utu =1 V'V=I

M M =USV? o[

Sa
Sq = 0 singular values
M Uvs Vst
. ) N examples of singular values:
wavefunction Schmidt decomposition
10% g . :
— ‘A ‘B
=) RN BUD W)=Y e ®leh) o
ij a Pa 192
VPa = 0 107 b
_ 10°F
Schmidt values .
(=singular values) 10
10°}
10”7
10®

1234546728910
a
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matrix singular value decomposition U-'-U =] VTV =1
—_— _ S,
M M=USV?T ¢
Sd

Sq = 0 singular values

M Uvs  Jsvt
0 0@

examples of singular values:

wavefunction Schmidt decomposition
. : 10% g 1 T

|LP)=Z\PI-‘;|LA>®|]B) |W):vaa|¢’£)®|(l)g) 10
4 & Pa 19°

VPa =0 107}

A 10°F
Schmidt values .
(=singular values) 10°

10°}
Question:  |¥) = [14) @ |17) ? Pa 107
10°®

1234546728910
a
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- T = ty =
matrix singular value decomposition Uutu =1 V'V =1

M M =USV? o[

Sd
Sq = 0 singular values
M Uvs  VJsvt
wavefunction Schmidt decomposition examples of singular values:
10% g : :
— A ‘B
|w)_zwii|l )@ 177) IW):vaa|¢£)®|¢§) 10!
" a Pa 192
VPa = 0 107
af
Schmidt values 1075
(=singular values) 10
10° | :
Question: |¥) = [11) @ |17) 7 Pa = (1,0,0,-) 107
10°®

1234546728910
a
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matrix singular value decomposition U-'-U =] V+V =1
—_— _ S,
M M=USV?T ¢

Sa

Sq = 0 singular values

M Uvs  VJsvt
0 0@

examples of singular values:

wavefunction Schmidt decomposition
. . 10° g : :
|LP)=ZLPU|1A)® %) |¥) :vaa|‘p£)® |90g) 10!
{)l' (04 pa 1072
VPa = 0 107}
A 10°
Schmidt values S
(=singular values) 10
10° :
Question: |¥) =14 ® |15) 7 Pa = (1,0,0,:) 107
108

12345678910
(1141%) + [2428))  ? Pa a

Question: 1

¥ =—
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: , , Ty = ty =
matrix singular value decomposition utu =1 V'V =1

M M =USVT s =

Sd
Sq = 0 singular values
M Uvs  Vsvt
. ) o examples of singular values:
wavefunction Schmidt decomposition
10% g : T
- A ‘B
|LP)_Z\PU|1 ) /%) |W):vaa|¢£)®|(ﬂg) 10!
{)l' (04 pa 1072
VPa =0 107 ¢
Schmidt values 10f5 :
(=singular values) 10
10°}
Question: |¥)= 1Y) ® |15) 7 Pa = (1,0,0,+) 10”7
. 108 ——— L
Question: R P . 9] (11 12345678910
I“’)—\Q(Il 19) +[242%)) 1 Pa= :2,72,0,0,--- a
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Truncation X , . examples of singular values:
Schmidt decomposition P €

10 10°
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Truncation . , . examples of singular values:
Schmidt decomposition P €

10% rmr——

10
%) = > VPel6d) ® lok) o

Pa 10+
a=1 ,
l 6 107}
|LIJ) - Vpﬂ |(p(l) ® lq)(x) 105
a
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107
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1 2345678 910
a
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Truncation . , . examples of singular values:
Schmidt decomposition P €

0% porm————

10
W) = > VPel62) ® lod) o

pam2

a=1 3
10~ ¢
6

®) = > Vpal9d) ® o8 v

=1

- 10° }

|P) = |¥) 10°
108 1 1 1 . I 1 |

_ _ 123456738910
approximation 104
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Truncation . , . examples of singular values:
Schmidt decomposition a €

10° r—v——

10
W) = > VPel62) ® lok) o
a=1

pa102

l 1072 F
6

®) = > VPal9d) ® 98 o
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- 10° |

|P) = |¥) 10°
108 1 1 ] L J ] L
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Truncation X , . examples of singular values:
Schmidt decomposition P €

10%

10
W) = > Ve l6d) ® lok) o
a=1
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l 107 F
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entanglement entropy as a measure of entanglement . ‘
examples of singular values:
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entanglement entropy as a measure of entanglement

(squared) _
singular values {pa}
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SWpad) = = ) Paloga (b

entanglement entropy
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entanglement entropy as a measure of entanglement . ‘
examples of singular values:

10 r——— —
( 3 10 p o o o o 0 o o
square _ 2
10
singular values {pa} Pa e
'
107
. _ O(;
S{pad) = Zpa log; (Pa) 10,,
a 108 1 L i 1
entanglement entropy 1234567380910
a

example 1:  |¥) = |14) ® |17) Pe = (1,0,0,:++) S=-1log,1—0log,0--=0
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entanglement entropy as a measure of entanglement . _
examples of singular values:

10° g . —

10t p o o o o o o o
(squared) _ 2
. 10
singular values {pa} Pa 102

i
107

Spa) = = ) Paloga(pe) i

107 F |

109 —
entanglement entropy 12

W
F=y
-
o
~
o}
R o

example 1: |w) =|14) ® |15) P = (1,0,0,-++) S=-1log,1—-0log,0--=0

product state S = 0 (no entanglement)
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entanglement entropy as a measure of entanglement : ‘
examples of singular values:

10° T —
{ 3 101 p o o o o o o o
square _ 2
10
singular values {Pa} Pa 102
’
107
- _Oh
SWped) = = ) Palogz (e) o
a 108 1 1 L i 1
entanglement entropy 123456738910
a

example 1:  |¥) = |14) ® |15) Pe = (1,0,0,++) S=-1log,1—0log, 0 =0

product state S = 0 (no entanglement)

1 Aq1B AnB 1 1
example 2: I‘l‘)=ﬁ(|11)+|22)) Pa = 55
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entanglement entropy as a measure of entanglement . ‘
examples of singular values:

10° g —
( 3 10 p oo o 0o 0 0 o4
square _ 2
10
singular values {Pa} Pa 102
'
10°
_ 0(1
SWped) = = ) Palogz (ve) o
a 108 1 1 L 1 1
entanglement entropy 123456738910
a

example 1:  |W)=[11)®[1°)  pg = (1,0,0,--) S=—1log,1—0log, 0 =0

product state S = 0 (no entanglement)

1
example 2: |¥) = 5

(11418) + |2428)) - g S = 2><]1 :
| ) pa_ EJE - 20522
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entanglement entropy as a measure of entanglement . ‘
examples of singular values:

10° pr—r—— —
{ 3 10! p * o o o 0o 0o o
square _ 2
10
singular values {Pa} Pa e
’
10°
_ OE;
SWed) = = ) Palogz (ve) o
a 108 1 L 1 1
entanglement entropy 123456738910
a

example 1:  |W) = |14) ® |17) Pe = (1,0,0,++) S=-1log,1—0log,0:-=0

product state S = 0 (no entanglement)

1

example 2: I‘P)=\/E

(11418) + |2428)) _(11 S = 2><11 !
| ) Pa — EJE - 2 UBZZ

= —Ingzi =log,2 =1
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entanglement entropy as a measure of entanglement . ‘
examples of singular values:

10° p——p—— T—
{ 3 101 p * 0o 0 0o 0 0 0 4
square _ 2
10
singular values {Pa} Pa e
'
10°
- S O(:
S{pah) = Zpa log; (Pa) io,,
a 108 1 L L L 1
entanglement entropy 123456738910
(04

example 1:  |¥) = [14) ® [17) Pe = (1,0,0,-++) §S=-1log,1—-0log,0:-=0

product state S = 0 (no entanglement)

L
V2

11 1 1
example 2: |¥) = —=(11*1%) +242%)) p, = ( ) S=-2xzlog, >

2’2 2 °%2
= —|ng2§:10g22 = ]

1 d
Examp|e 3: |l{l) = _Z “AI‘E)
Vd L&ai=
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entanglement entropy as a measure of entanglement : ‘
examples of singular values:

10° T —
( d) 10t p o o o o o o o {
square i >
10
singular values {pa} Pa 102
|
10°
6
S(pad) = = ) Paloga(pe) 1o
@ 108 i i i1
entanglement entropy 1 2345678910
a

example 1:  |¥)=[11)®[1°)  pg = (1,0,0,--) S=—1log,1—0log, 0 =0

product state S = 0 (no entanglement)

V2 2’2 2 °%2
1
= ‘Ingziz log,2 =1

1 Aq1B ~AnB 1 1 ] 1
example 2: |¥) = —=(17°17)+1272%)) p, = S=-2xzlog, >

( 11 1 11
example 3: |y :L LB - - - ... — S o —
p w) ﬁZJ i#)  p, (d,d, ,d) §=-dxlog; -
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entanglement entropy as a measure of entanglement . ‘
examples of singular values:

10° r— T T—
( 3 101 p o o o o o o o
square _ 2
10
singular values {Pa} Pa e
'
10°
D _Oh
SWed) = = ) Palogz () o
a 108 1 L L i 1
entanglement entropy 123456738910
a

example 1:  |w) = |14) ® |17) Pe = (1,0,0,++) S=-1log,1—0log,0--=0

product state S = 0 (no entanglement)

L
V2

11 1 1
example 2: |¥) = —=([1%1%)+242%)) p, = ( ) S=-2xzlog, =

29 2 2
1

= —Ing2§ =log,2 =1

11 1 11
example 3: |y :L © A =[_ = ... = — ~1lOoo. —
p w) ﬁzclh #)  p, (d,d, ,d) S = —d x Slog;

1
= —logzz = log, d
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entanglement entropy as a measure of entanglement . ‘
examples of singular values:

10° pr——1— —

10 p o o o o o o o 4
107
10°

'

10°
Spa) = = ) Paloga(pe) 1o°
a

10°®
entanglement entropy 12

(squared) _
singular values {pa} Pa

W
F=Y
w -
o)
~
o
o
-
o

example 1:  |W) = |14) ® [|17) Pe = (1,0,0,--+) S=-1log,1—-0log,0--=0

product state S = 0 (no entanglement)

1 ) 11 1 1
example 2: |¥) =ﬁ(|ﬁ13)+ 1242%))  p, = (EE) S=-2X ?]ng >
= —IngE =log,2 =1
example 3: |jyy= — jAiB =[_ = ... = P ~1Oo~ —
W)=2=p. l%"  p, (d,d, ,d) §=-d xlog; -
1
QUESTION! = ~log, - = log, d
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entanglement entropy as a measure of entanglement . ‘
examples of singular values:

10° r T —
10 p 0.|oo..01
(squared) _ 2 arger entropy
10
singular values {pa} pa_ 10°3
@ Lo smaller entropy
10°
) - .O(J
S{pad) = = ) Paloga(pa) o°
a 10-8 1 1 1 L L
entanglement entropy 12345678910
a

example 1: |W) = [14) ® |18) Pe = (1,0,0,-++) S=-1log,1—-0log,0--=0

product state S = 0 (no entanglement)

1 ) 11 1 1
example 2: |¥) =ﬁ(|1’*13)+ 12428))  p, = (EE) S=-2X 51082 >
= —Ingzi =log,2=1
1 11 1 1 1
example 3: |yy = — jAiB -l ... = S —log., —
W) \/EZ,-I'* ") g (d,d, ,d) S = —d x log;
QUESTION! . _]Og%: log, d
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tensor SVD
tensor

M; jkim
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tensor SVD

tensor singular value decomposition
Mijiim Mijykimy = Z U(ij)aSaa(VT)a(klm)
a
M uvs  Vsvt o
[ [
SR =y
J m J « m
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tensor SVD
tensor singular value decomposition

Mijklm Mijykim) = Z U(ij)asaa(vf)a(klm)
a

uvs  Jsvt

i k
— [

: a

/ m
wavefunction Schmidt decomposition
W) = Z Weim |14 Bk CTIPmE _ AB CDE

P %)= ) VP |95”) @ 19i"F)
a

VPa 20

Schmidt values
(=singular values)
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tensor SVD
tensor singular value decomposition

Mijklm M(ij)(klm) = Z U(ij)aSaa(VT)a(klm)
a

uvs  Jsvt

— .
= :
—

wavefunction Schmidt decomposition

examples of singular values:

) = Z W, ikim |14 JBREIPmE _ | AAB CDE
I ) Ikt Il J ’ } |lp> - Z pa |¢(T ) ® |(pa ) 100
a

e R —
10!
VPa =0 Pa 102
Schmidt values 107F
(=singular values) 10
107
10° ¢+ 1
107
10°

123456728910
a
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examples of singular values:

100 p— -
101 ) e o © © © © @ (
Pq 10°
10~
10"; . -
10-‘_‘ § R i J
10
107
108

12345678910
a
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examples of singular values:

100 p— -
101 ) e @ © ® © © @ {
Pq 10°
10
10*}
10-‘_‘ _ : . ]
10
107
10°®

12345678910
a
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" 3
\ \
; 1
j
r’ /
' \
\ \Y
\ I \
|
svd svd

examples of singular values:

10°

101 )
pa,_ 1072
10~
10* }
10-'_\ i
10
107

10—8 -

00— —0—0—0—{

-
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\ i 1 1
\
\; \. ] \I
! ! / ! LIJ
/ ’ / ;
1 1 1\ 1
\ \ \
Y Y I I I I I I
1 1 \

. ) for each entanglement cut,
examples of singular values:

100 p— - ——— (squared)
101 ) e o 0 0 0 0 o { singular values {pa}

pa 1072

3

107
104 F |
10-'3 _ . i
10
107

1 23 456 78 910
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1 i I\ \

\ ' 1 \

1 | | |

! ! . ! LIJ
/ ’ ¢’
1 1 ‘\ 1

\ : Y I I I I I I

I \ I \ I \ I \
1 1 A

! ) for each entanglement cut,
examples of singular values:

10°% T —T— (squared)
101 ) e o 0o 0 0 0 o { singular values {pa}

pa«_ 1072
10
10° F :
10-') _ : . J
10°°
1077
108

1 23 456 7 8 910
a
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fro—
N -
N"—-
-
.‘ﬁ-
e —
v
Na———

i ) for each entanglement cut,
examples of singular values:

10° p—r T —r—r— (squared) .
1070 ) ® o 0 0 0 0 o { singular values {Pa}
Pg 107
107 @
10% :
B o Spa) = = ) Paloga(pe)
10°© - a
107 entanglement entropy
10'3 L L

12345678910
a
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\ i 1 1
\
L S S
! I i ! LIJ
/ ’ / ;
1 1 1\ 1
\ \ \
0 v v by I I I I I I
1 1 A

. ) for each entanglement cut,
examples of singular values:

10° g . P (squared)
101 ) e o 0 0 0 0 o { singular values {pa}
Pg 107
107 : @
10° : .
w05k . S({pa})E-Zpa log2(Pa)
106} : a
107 entanglement entropy
10— 3456 78 910 5“
a P
: @
o i i
1234 Cte
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EEmE
o L
'\-_- —
-

\.l-
—
v
S

. ) for each entanglement cut,
examples of singular values:

10° g T T (squared)

101 ) e o 0 0 0 0 o { singular values {pa}
, 1072
107 : @

10° F :
wsb " Spa) = = ) Paloga(pe)
10°¢ - a

107 entanglement entropy

1 23 456 7 8 910 S
a

cut
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N quantum Hilbert space v(M = C, QC, ® - ® C,
spins %
|¥) = z Wiiyiy lTaiz - iy)
i1, iN
s < z
g 3 g
[ BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN BN I ]
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Hilbert space  y(M) = C, ®C, ® - ® C,

N quantum
spins %
Wy — W. . . jiga -
¥) = ) Wiy liats
i1, IN

SPin N

Spin g
Spin 2

A

entanglement | :
entropy | i

S

I S S S N N B S S S B S
N-1

12 3 4
cut
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Hilbert space vV = C, ® C, ® - ® C,

N quantum
spins %2
Wy — W. . . |fads e
¥) = D Wiy liaiz i)
i1, IN

SPin n

SPin 1
SPin

A

entanglement | :
entropy | i

S

cut
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VvV = C,RC, R RC,

N quantum Hilbert space
|¥) = z Wiiyiy lTadz - iy)
ey

spins %

SPin

generic state

§7]
lr'lr;)---rN

pin g
Spin 2

o 0o0oi0o0o0o000 00 00000000
2V random
complex coefficients

A

entanglement | :
entropy

S

v
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VvN) = C, ®(c2 ®...®(CZ

N quantum Hilbert space
W)= ) Wiy liala:
by, 1y

spins %

SPin N

generic state

W
lr'lr;)---rN

pin g
Spin 2

F

0000000000000 0 00 0000
H : aN .
random
complex coefficients

A

entanglement | :
entropy

S

cut
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N quantum
spins %

pin g
Spin 2

A

entropy

S

entanglement | :
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Hilbert space  y(M) =€, ®C, ® - R C,

W)= ) Wiy liala:
L1, 0N

SPin N

generic state

N
2" random W
Lpla* Ly

complex coefficients

ground state
of local Hamiltonian

W)

H|W) = E,
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Hilbert space v =C, ®C, ® - ® C,

N quantum
spins %
Wy — U R O PR
|W) = z Viiyiy ll1l2 = in)
ill"'-tN

SPin N

generic state

§7]
lf'lr;)---rN

Spin g
Spin 2

o 000000000000 00000000
2V random
complex coefficients

T -
I

entanglement | :
entropy | i

S

ground state
of local Hamiltonian

H|W) = E,|W)

grolmd state |
B o No1

cut
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Area law t
entanglement

entropy

S

(infinite chain)

ground state

d = 1 space dimensions

A region size L

size L
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Area law t
entanglement

entropy

S

(infinite chain)

generic state

S(A) ~ L

volume law

ground state

0
ground state S(A) ~ L
_ i ; &
d = 1 space dimensions > area law
A region size L
size L

ground state

S(A) ~ |0A|~L41

area law
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Area law *
entanglement generic state
entropy

(infinite chain) volume law

ground state
0
ground state 5(44) ~ L
— - ; ; &
d = 1 space dimensions > area law
A region size L
size L

ground state
S(A) ~ |0A|~L41

area law
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Area law

entanglement
entropy

S

(infinite chain)

d = 1 space dimensions

A

e i

size L

4

generic state

S(A) ~ L

volume law

ground state

&

ground state S(A) ~ LO
> area law
region size [, region A of linear size L

ground _s.t-a"t;
S(A) ~ |0A|~L4—1

area law
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Area law t
entanglement

entropy

S

(infinite chain)

generic state

S(A) ~ L

volume law

ground state

0
ground state S (A) ~ L
- i ; &
d = 1 space dimensions . area law
A region size L i i i
———— region A of linear size L
size L ’

size of boundary
' of region A

ground stéfé i
S(A) ~ |9A|~14-1

area law
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Area law t
entanglement

entropy

S

(infinite chain)

generic state

S(A) ~ L

volume law

ground state

N 0
ground state S (A) ~ L
d = 1 space dimensions &~ . area [aw
A region size L i i i
— region A of linear size L
size L
size of boundary
' of region A
d = 2 space dimensions ground state generic state groundgstéte p,
S(A) ~ L' S(A) ~ L2 x . 5
A (4) S(A) ~ |0A|~L
L
area law
d = 3 space dimensions :
_ generic state
ground state generic state ]
} _ . " ¢
LA S(A) ~L*  S(A)~1° S(A) ~ |Al ~ L
I volume law
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