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Abstract: In this tutorial, we will review the microscopic aspects of rare-earth magnets relevant for quantum spin ice. We first discuss the single-ion
properties of the variety of rare-earth atoms that appear in quantum spin ice candidate materials. Second, we consider the origin of the two-ion
exchange interactions, including electric and magnetic multipolar interactions, super-exchange and virtual crystal field mediated interactions. We
provide a detailed microscopic basis for the super-exchange interaction and discuss the implications of its multipolar structure for models of
rare-earth materials. Finally, we introduce the generic symmetry allowed anisotropic exchange model for rare-earth pyrochlore magnets.
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What are we talking about?

* Corner-sharing
tetrahedra

Canonical 3D
frustrated lattice

Materials:
- R2M207
- AR2X4

R = Rare-earth

Strong insulators

Rare-earths?
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Why rare-earths?

Lathanide series: partially filled 4frshell (=1, ..., 13)

Ce-Pr-Nd-Pm-Sm Gd-Tb-Dy-Ho-Er-Tm-Yb

Chemically versatile

Clean separation of energy scales (mostly)

Coulomb >> Spin-Orbit >> Crystal field >> Exchange
O(10eV) O(1eV) O(100 meV) 0(0.1-1 meV)

Well-defined local degrees of freedom (contrast:
transition metals)
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Free-ion

* Many 4f electrons in most Example: Dy, 4f°

cases - many states L=5,5=5/2 - J=15/2
* Only free-ion ground state is
relevant

Hund’s rules: : J=1
1. Maximize S Spin-orbit g‘

2. Maximize L
3. Maximize J (n<7)
Minimize J (n>7)

o
1
Il

* For 4f series: Coulomb 15

- 5/2<=)<=8,0<=L<=6
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Free-ion (cont.)

* Many degrees of freedom in J-manifold

* Has much more than dipoles
(LM OkoD) I, M") o< (J,M; K, Q|J, M"),

* K= multipole’s rank (Kthorder polynomial in J)
= Maximum rank of 2J
Examples:
* Rank-2 ~J,J +JJ,, J,2J2,...(c
 Rank-3~JJ J

J2,J3,... (octupoles;

e Rank-6~(J,)s +(J)s,... (noname)
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Crystalline electric field

* J-manifold split by electric
fields from surrounding
ions

* Local symmetry: D,
- C,axis (local 2)
- C, axis (local y)
- Inversion

* Reduces degeneracy from
2)+1 tosinglet or doublet

Form of CEF interaction?
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Crystalline electric field (cont.)

* Effective Stevens’ operator form

VIJ) = B2O02:0(J) + B4oO40(J) + B413043(J) +
Bs0Oe0(J) + Be3063(J) + BesOes(J)

* Six parameters B,, strongly material dependent

* Typical energy splittings ~ 10 meV - 100 meV (~ 1 meV
in exceptional cases)

Kinds of CEF ground states?
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Crystalline electric field (cont.)

* Classify states by local symmetry: label by
irreducible representations of D,

Kramers (odd number of electrons)

- [, irrep.— pseudo-spin doublet Case #1

- 56 irrep. = dipolar-octupolar doublet Case #3

non-Kramers (even number of electrons)

- E;irrep. = non-Kramers doublet Case #2
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Case #1: Pseudo-spin doublet (I'))

* Simplest case, protected by time-reversal

(S, =0
|+) = a|£1/2) +ﬁ |F3[2) + - * Time-reversal
odd
+Y{(+] = |-) (-
SE= ey s7= L '2' A + BreaksC,
* Effective spin operators (S,,S,, S,) all *
represent magnetic dipoles
* Two g-factors generically: (S, #0
K= Hp [!]Jr(ifs'f +¥ :‘S';!) + !J;irSﬂ» . Zgge-reversal

* BreaksC,,C;

* Transforms in same way as spin-1/2 under

spatial symmetries of pyrochlore lattice =
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Case #2: non-Kramers doublet (Eg)

Not protected by time-reversal

(S»#0
|i> = |i4> +ﬂ |i1> s * Time-reversal
odd
* Strongly anisotropic e
- S,transforms as magnetic dipole along
local z *
- S, S,transform as electric quadrupoles
(et 72 1

Magnetic probes couple only to S, directly

7A * Time-reversal
Hi = luBg"S i Z even

* BreaksC,,C;

Sensitive to non-magnetic disorder

Can couple directly to elastic degrees of X
freedom
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Case #3: Dipolar-octupolar doublet (I, )

* State unrelated under spatial symmetry,

connected only by time-reversal SRACHER

* Time-reversal

|+) = @ |£3/2) +B|F9/2) + - -- odd
« Canonical basis choice: magnetic L
moment prop. to S, *
Hi = UBG:S [Zi
* Strongly anisotropic
- Both S,and S, transform like magnetic (S, #0
dipoles along the local z axis 5 e

- S, transforms like magnetic octupole -

invariant under all D, symmetries ?
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Aside: Multipolar content of effective spin
* Can project multipole into CEF ground doublet

POxoP = ) Ch,S,
7,

* Any multipole can contribute to effective spin so long as
symmetries match

- Pseudo-spin: dipole, octupole, ... (odd ranks)
- Dipolar-Octupolar:
S,, S, :dipole, octupole, ... (odd ranks)
S, : octupole, ... (odd ranks)
- Non-Kramers:
S,— dipole, octupole, ... (odd ranks)
S, S,— quadrupole, hexadecapole ... (even ranks)
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Single-ion summary

* Three doublet types under D,, symmetry:

pseudo-spin, dipolar-octupolar, non-Kramers

Irrep. ¢g- g: Time. rev. Cs C, States Examples
3¢ — §° §¢ — —8§*? 5 Er Ti,O7,

[4 #0#0 S— -8 ) ) _
L= L et ngh ok g - i Yb>Ti,O7

_ gz _y gt .
ol 20 0 S—-S S-S |i-_;), [£3).-  Dy2TiOy
L"v:!: — SI = o

S: e "S': S: =2 S: S: . "‘S: H():Tl:()7‘

E, #0 0 r |+£1), |[£4), |F5), -+ - _
SEo 8% SEToetT St §ET ST Tb,Ti,04

Interactions?
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Two-ion physics

* How do these doublets
interact?

* Consider neighbours

* Strongly constrained by
symmetry of lattice

* Symmetry of bond:

- Reflection o /O
q| L N \.s

* Connect other bonds using C,
rotations: x =y =z
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AniSOtrOpiC eXChange model LZ;'__:;}-_ )T/K
* Model takes the form: ]Y Y%/\

0

Z [JoeS3S2 = T (S7ST +S7S}) +Jex (vi5S7ST + y;f.'S;S;.)

/
(i)

> IR R - zQ+ +Cz * IQ— =8

Zero for non- + y ('[,‘, [SI.SJ- R S‘f.] + _{;3. [S,.Sj. + 5, S‘l._])]
Kramers

Cases: &ij = —vi; Quantum
) | spinice
* Pseudo-spine y= Loy =™ 3 = 5P whenJ >0

* Non-Kramers: y, = 1.y, = ¥y, = ¢ J, =0 isdominant

<

* Dipolar-Octupolar: vyi; =1
Origin of

exchange?
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Microscopics : Plan

Electronic = > 2 (8" funsFiwre + 1) + D Hion)

{ijy mm'" o

fuln fm o 01\ Q(J)

“Free ion” y 7 7 /\f1KQ i1 OkoJ)Ok o (J)) + Z Vi)

ij KQ K'(Q/

OAQ(J) - Sﬂ

Effective N7 sisi_ g, (5757 +5752) + Jus (7S 1S3 +735757)
spin-1/2 @ | | |

+ 0 (G5 ST8T +8785| + [ 5787+ 5753))
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Multipolar interactions

* All these multipoles interact

* General multipolar Hamiltonian

202 2 M OroB)Oro Uy + 3 V)

ij KQ K'Q

* Inprinciple, rank goes up to 2J = tens to hundreds of
symmetry allowed couplings for large J

Question: Mechanisms to generate? Any generic,
robust features?
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Exchange interactions

* Lots of ways to generate exchange interactions
- Magneto- and electro-statics
- Direct exchange
- Super-exchange (ligand-mediated)
- Exchange via higher orbitals (5d, 6s)
- Exchange viainter-shell interactions
- Magneto-elastic couplings

* Many competing mechanisms, small energy scales, hard
to estimate
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Electro- and magneto-statics

* Atomic multipoles carry magnetic (odd rank) and electric
(even rank) multipole moments

* Only two significant:
- Magnetic dipole-dipole (MDD)
giﬂ?;ﬂo Z Ji- J; _ 3(J;i-2)(J; - 15y
4 i<j e el

- Electric quadupole-quadrupole (EQQ)

1 10 35
O - - = =l -
2N, j(gn QQj| - 5QiQ; + ZQifif, J,-Q;-)r,-,-
(i
Quadrupole i
matrix Only relevant at low energy

for non-Kramers
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Super-exchange

* Generate exchange

through ligand
mediated processes

* Complicated inrare-

earths

- Large orbital
contributions to
states

- Large and varied
set of virtual
atomic states in
process

Example:
Charge
transfer
process

Ths+ - Th3+
4—
Th2+ - Thé+
—
Ths+ - Ths+

Th4 Tb2
3432 2002 |
states = stateSj
"t
cai:
==g§=:%
SEf_E5::
What operators?

Page 21/32



Super-exchange (cartoon)

* Recall: super-exchange for one-band Hubbard model:

_tz C;wCio + h.C. +UZ”!T”rL

(ij)
* Localized 1. Hop through 2. Coulomb (virtual)~U  Anti-aligned =
; . ligand can fluctuate
spin-1/2in
Mott limit: @ © S @ O ’ # o o o
Oxygen
U>>t s ) 3. Hop back

- Magnetic — through ligand ‘ }) ‘

Pauli exclusion

ZZ Pl(’:r tchl)(Pl jo! JCJ’PI A Z S;- S;

(ijy oo’ (1))

Effective model:
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Super-exchange (cont.)

* Operators that appear Example:
non-generic Dy,Ti,O, (J=15/2),

* Microscopic constraintson ~ Ho,Ti,O, (J=8)
multipolar content +)py ~ [£15/2) + (s 10%)

* Roughly: Must transfer an £ ~ [£8) + (< 10%)

electron there and back = o
L=3, S=1/2 Spin-flipis rank-15, 16

= Nearly classical
* Canonlyonly change

angular momentum by at Example:
most seven units YbM,0, (J=7/2)
« Holds even when All operators rank <=7

approximations lifted — Always quantum
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Two-ion summary

* High-rank multipolar interactions (beyond dipole) are
significant

* But: generically should expect: rank <=7 multipoles
- Can sometimes strongly constrain anisotropic model
Key takeaways:

= Single-ion and two-ion physics not apriori related
* |sing moment #> Ising interactions
* XY moment #>XY interactions

- |Interactions in J-manfiold not bilinear M] |
J

- Some constraints on multipolar content
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Super-exchange (cont.)

* Integrate out ligands — direct 4f-4f hopping integrals

* Effective (simplified) 4f-electron model:

= 2 2 2 (B Foefiwe e ) + ) Hion(D

(ijy mm’ o

- t = Hopping integrals of f-orbitals
- H,,, = full free-ion interactions (Coulomb, spin-orbit)

* Strong coupling limit, assume one dominant energy scale

m |1 m n),

IPIPIPIEII T RN (NS

(ij) m,m m» m oo

Operator in J-manifold at site i What operators?
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Super-exchange (cont.)

* Operators that appear Example:
non-generic Dy,Ti,O, (J=15/2),

* Microscopic constraintson ~ Ho,Ti,O, (J=8)
multipolar content +)py ~ [£15/2) + (s 10%)

* Roughly: Must transfer an £ o ~ [£8) + (< 10%)

electron there and back = e
L=3, S=1/2 Spin-flipis rank-15, 16

= Nearly classical
* Canonlyonly change

angular momentum by at Example:
most seven units Yb,M,0,(J=7/2)
* Holds even when All operators rank <=7

approximations lifted — Always quantum
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Anisotropic exchange model

* Model takes the form:

D JSiS% =T (S7ST +S7ST) + Jus (SIS + y,,s 9]
i)
zeroforron-+ I (¢35 + 15] + &5 83S + 5785

CaSES: é‘rj = —')/:,- Qual:]tum
| spinice
* Pseudo-spin: y,=1,y, =3, y. = ¢ whenJ_ >0

* Non-Kramers: y, = 1.y, = ¥,y = > J., =0 isdominant

* Dipolar-Octupolar: vyi; =1
Origin of

exchange?
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Two-ion summary

* High-rank multipolar interactions (beyond dipole) are
significant

* But: generically should expect: rank <=7 multipoles
- Can sometimes strongly constrain anisotropic model
Key takeaways:

= Single-ion and two-ion physics not apriori related
* |sing moment #> Ising interactions
* XY moment #>XY interactions

- |Interactions in J-manfiold not bilinear MJ :
J

- Some constraints on multipolar content
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Aside: Virtual crystal field interactions

* Assumed separation CEF >> Exchange
- 1st order perturbation theory (projection)

Not always clear
- Tb,Ti,O,, CEF gap ~ 2 meV
- Er,Ti,0,, CEF gap ~ 4 meV

Must treat multipolar exchanges as perturbation to CEF
and go to 2 order or higher

= All higher rank interactions contribute!

Essentially no constraints on generated interactions
even at 2n order
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Microscopics : Plan

Electronic =) >, D, (#" fuFimws +he) + ) Hi(D)

{ijy mm'" o

fi.j;rrf;n':r’ - ORQ(J)

Freeion” NN N MECKC 0,30k )+ Y VA

ij
ij KQ K'Q'
OAQ(J) — S‘u
Effective D [FS58% — T (S7S7 + 5751 )+ Jua (7S 18T + 455757

spin-1/2 @ f
e . (;:,‘,- [ssj +S ,*SI] + [SIT'S.? +3; 5;])]
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Aside: Virtual crystal field interactions

* Assumed separation CEF >> Exchange
- 1st order perturbation theory (projection)

Not always clear
- Tb,Ti,O,, CEF gap ~ 2 meV
i ErzTizo'/, CEF gap e 4 mEV

Must treat multipolar exchanges as perturbation to CEF
and go to 2n order or higher

= All higher rank interactions contribute!

Essentially no constraints on generated interactions
even at 2n order
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Summary

Irrep. g. ¢g: Time. rev. C; Cs States Examples

Pseudo- St = 8¢ i — -§? 1 . Er,Ti, 05,
. | 2020 S—-S o |i;>. :;._-;>_... i
Spin §* "t 8* §F .97 i 1® Yb2Ti2 07
. S$* o -§°
Dipolar- .o 20 0 S—-s S-S [£3).[£3)-  Dy:Ti0
octupolar S — 5" i -
Non- §5 = =8% 5" =03 5% —=§* Ho, T1,07,
E, #0 0 |£1), |[£4), |¥5), ---

Kramers St _, §F ¢ _, A% gt ¢ _, ¢F Th,Tin O

D SiST— Ju(S1ST +57ST) + Jus (vuSIST +7157S5)
ij)
+ T (G |S3ST + 818 + ¢ [Si87 + 575%))]

— ¥ = — 2R3 ., _ —2%if3 g
(:j = ‘V,-‘_,‘ Y= 1’7’;1 =€ y Yz =€ Yij ]
J2mif3 27i/3

B=bLn=e " n=c¢ Je =0
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