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Abstract: We describe the tunneling of a quantum mechanical particle with a Lorentzian (realtime) path integral. The analysis is made concrete by
application to the inverted harmonic oscillator potential, where the path integral is known exactly. We apply Picard-Lefschetz theory to the time
integral of the Feynmann propagator at fixed energy, and show that the Euclidean integration contour is obtained as a L efschetz thimble, or a sum of
them, in a suitable limit. Picard-Lefschetz theory is used to make the integral manifestly convergent and is also essential for the saddle point or
semiclassical approximation. The very simple example of the inverted harmonic oscillator presents many interesting mathematical features, such as
the Stokes phenomenon and multiple relevant complex saddles. We also attempt to construct a more redlistic picture of the tunneling process, by
allowing for spreading in energy and duration.
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Quantum tunnelling:
why?

Describe process in real time: >

« for experiments

« for extensions to time dependent models and
gravitational effects

Looking for a better handle on the Lorentzian formulation of
quantum mechanics
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Inverted harmonic oscillator V(z) = —
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The propagator * e

Lorentzian / real time path integral:

G(x1,x0,1) / Dz St )iz zo,t] with (0] =z, 2(}) = 21

Fixed-energy propagator: Fourier transform of the time propagator

"0
(':H(J.l ’ .I'()_} ' / dt (:(.’I'l . L0, f.)(’. +ibt
J )

parameter time
n OO0 . =] . T ¢
: / (h\'/ Dz (""‘"[--‘:(T);.r...f:n.:\'] FiEN t > N1, TE l().l]
J0 ;
A
Schwinger
time
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The propagator * e

Lorentzian / real time path integral:

G(x1,x0,1) / Dz St )iz zo,t] with (0] =z, 2(}) = 21

Fixed-energy propagator: Fourier transform of the time propagator

"0
(':H(J.l ’ .I'()_} ' / dt (:(.’I'l . L0, f.)(’. +ibt
J )

Slz(7);x1,x9,N|+iEN {3 N»r »E l(). 1]

1. Exact
2. Oscillatory integral, need Picard-Lefschetz theory
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1. Exact path integral

(J{J_.I,J.“’{) = / D.I.'('f"hl"” )ixT1,x0,t - (_s.";r-:{'.'l..:.].)\}

Ia

v/ 2misinh(V)

Action in parameter time:

3 .
S{.r(f.!_): 21,20, 1 = / dr [ : ,.I"(T_)E NV (:{T))‘

JO, zo 21\"
Equation of motion: Boundary conditions:
(1) —= N%z(1) =0, z(0) =z, z(1) =z,

Solution:
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1. Exact path integral

G(21:2p:1) :_/ Dz 'St )iznzo.t] — di St (21,20, N)
\ \/27?1'. sinh(N)

_ 1 , ; .
Salz1 20, V) ;('H('h(h‘f) [(-nh‘h(j\-'*) (1;3) | :f) 2.;'0.}'1]
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2. Integral over N

OO
(;};'(-'rl ‘ -"(l) / AN : e Fi O N (‘\Ib, 1(x1,x0,N)
Jo \/271'-: sinh(N)

Cannot be performed analytically, because of how N appears in S

Exponent:

l 4 2
I(N) = +1EN 4 ;i csch(NV) [(:()Hh(i\-‘r) (25 + z%) 2.;'”.171]
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2. Integral over N

Gge(zy,x0) N 1 e TEN giSci(z1,70,N)
) \/‘_)Tr-i sinh(N)

Cannot be performed analytically, but conditionally convergent

Exponent:

| i 3
I(N) = +1EN 4 ;f csch(NV) [(:()Hh(i\-‘r) (25 + z%) 2,:'”..'.'1]

Apply Picard-Lefschetz theory (Cauchy’s theorem) to obtain:

« Manifest convergence
« Saddle point approximation (semi-classical expansion)
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2. Integral over N
' 1 e TEN piSci(x1,@0,N)
(J}«_,‘(.'L'|._.;I.'”) “EX @) 1,204
\/ i sinh( N

Cannot be performed analytically, but conditionally convergent

Exponent:

| 5 g
I(N) = +1EN 4 ;f csch(NV) [(:()Hh(i\-‘r) (25 + z%) 2;1'”.171]

Apply Picard-Lefschetz theory (Cauchy’s theorem) to obtain:
« Manifest convergence
« Saddle point approximation (semi-classical expansion)
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IHO: Integral over N — o,
1. Find all the saddle points vV, ;

2. Distinguish the relevant SPs with 7o # 0 from the
irrelevant SPs;

3. Combine the Lefschetz thimbles (manifestly convergent

contour); / /
—> Tt
JCnN ; U' Ja

4. Expand in . around each SP.
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IHO: Integral over N complex SPs given by Z n(N,) =0

10}
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Lefschetz thimble J-= steepest descent contour through SP

10}

K.
steepest
ascent
through
SP
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1 for relevant SPs,

Intersection e = 1IN X0 CNr} { 0 otherwise

number

Na = 1)

N

o
|
h
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Can smoothly “slide” the contour from (C, onto the thimble 7,

10}
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Picard-Lefschetz theory: / = Z”cr /
JCN o JT

4

&)
|
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1. Saddle Points for

il\'l sp T

£ry —

= A B

+

t(2n+ 1)m

|

In(Ns)=0
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IHO: 1. Saddle Points for o = —Z1: Z n(N,) =0

Negp=2Ty +i(2n+1)7, n €N

10
5
@ ®
R.t‘%[ﬂ 0
[
‘ Saddles are
connected,
-10 o cannot apply PL
-15 .
-20f - : -
-4 -2 2 e 6 8 10
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IHO: 2. Relevant SPs :
the Stokes phenomenon i — he*

fl —> U+

10

IM(N)
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IHO: 2. Relevant SPs :
the Stokes phenomenon i — he™

a— 07

10

IM(N)
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IHO: 2. Relevant SPs :
the Stokes phenomenon i — he*

10

a — 07

one relevant SP =

one semiclassical
expansion=

Borel resummable to
exact result

[Serone+,2017]
R |

8 10
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IHO: 2. Relevant SPs :
the Stokes phenomenon i — he*

a— 07

10+

Im(N)

Infinite relevant SP =
Infinite semiclassical
expansions
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IHO: 4. Semi-classical expansion inh

Angle at which the
thimble meets the SP

The energy propagator: Depending on

Stokes edge:
/ 0 or o
(_i{‘.?h-' Tt/ hH .r;":,fh tanh(7T, ;}) 26
Al 2 ' 1 -| E|7 2n)/ h -
(, f'.-‘(-rl«-rﬂ) — = (}.IUU ) Z e |L|‘T(| f H],-f (l + ()(h))
2\/.1';‘; tanh” (7) n=>0

Contribution from dominant SP = WKB result:

Ge(z1,20) = e =i
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Relation to the Euclidean Path Integral

Singularities on the imaginary axis! = Nsing = *ikm, with £ € N

CN
B
Contour cannot be
Wick-rotated.
e — To— e
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cE = .f'” p— .I‘“,
In the now
well-defined limit
¢ )O : e=0.1
AT ¢ €=2
BENLI =200 | - . 8 g s
-1 0 1 2 3 4 5 6
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Classical Solution
in parameter time

n=0 (dominant)
n=2
n=20
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Take-home points

y EERNEES YV .

We can describe quantum tunneling with a Lorentzian Path
Integral.

The energy propagator has complex-time saddle points.

Thanks to Picard-Lefschetz theory, the integral is made manifestly
convergent and we can use the SP approximation.

Euclidean path integral can be recovered as a limiting case in the
Lorentzian approach.

On going: more physical picture (energy average), an application to
cosmology (membrane bubble).

Page 28/29



Thank you!
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