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Successes of Lattice QCD
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Lattice QCD has been very successful in previous decade

» Spectrum calculations at sub-percent level precision,
good agreement with experiment and consistency among many collaborations
» LQCD predictions cover vast number of observables with minimum input
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Successes of Lattice QCD

Flavor physics makes use of LQCD to improve understanding of CKM matrix elements
Lattice computations of (P|gvuvsq’ |0) o< fp may be used to disentangle decay width
Ge = .4 m? \ "
(P — r) = S—Efbm;:M-p (l - -—‘) | Voo

Most precise PDG estimates of CKM elements use decay constants from LQCD:

|V,g| = 0.9764(2)(127)(10) |Vus| = 0.2255(3)(6)(3)
V4| = 0.217(5)(1) |Ves| = 1.007(16)(5)

(errors: experimental, decay constant, radiative corrections)
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Successes of Lattice QCD

Flavor physics makes use of LQCD to improve understanding of CKM matrix elements

Lattice computations of (P|gy,.75q9" |0) & fp may be used to disentangle decay width

Flavor physics benefits from LQCD
== neutrino physics should be able to benefit too

Most precise PDG estimates of CKM elements use decay constants from LQCD:

|V,g| = 0.9764(2)(127)(10) | Vius| = 0.2255(3)(6)(3)
V4| = 0.217(5)(1) V| = 1.007(16)(5)

(errors: experimental, decay constant, radiative corrections)
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Utility of LQCD to Neutrino Physics
Experiment

b 4
Nuclear
Neutrino oscillation analysis has many constituent parts

Ideally, lots of redundancy and checks between elements of analysis
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Utility of LQCD to Neutrino Physics
Experiment

X

MC ¢ > Nticleon

b 4
Nuclear
Neutrino oscillation analysis has many constituent parts

Ideally, lots of redundancy and checks between elements of analysis

If a piece is missing or not well determined,
missing element can cause ambiguity/degeneracy
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Utility of LQCD to Neutrino Physics
Experiment

X

MC ¢ > Ntcleon

PN

Lattice QCD

Nuclear

Neutrino oscillation analysis has many constituent parts
Ideally, lots of redundancy and checks between elements of analysis

If a piece is missing or not well determined,
missing element can cause ambiguity/degeneracy

Lattice QCD can restore missing pieces;
acts as a disruptive technology to break degeneracy
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How Does Lattice Help?

Lattice is well suited to compute matrix elements:

Mo nspp(poP) = (10" (Vi = Aw) 1)) ()] (Vi — Ap) [(0))
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How Does Lattice Help?

Lattice is well suited to compute matrix elements:

Moy nspp(p.p') = (u(p)| (Vi = Au) [v(p)) (p(q)] (Vi — Au) [n(0))
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How Does Lattice Help?

Lattice is well suited to compute matrix elements:

My,n Sup(Ps p') = (u(p')l (Vu = Au) lv(p))(p(q)| (Vi — Au) [n(0))

. pen & paper
N
Lattice QCD
n(0) é p(q)
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Lattice QCD: Formalism

» Numerical solution to path integral a
L o e e _,
(O) = > Dy Dy DU exp(—S) Oy [U]

» Discretize spacetime
= #DOF finite

» Quark fields defined on sites &
— Q(x)

S

» Gauge fields defined between sites
e U“(X) U/f. Q@

» FEuclidean time

— correlators ox e E!

O

» Lattice spacing a provides UV cutoff

» Lattice size L provides IR cutoff
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Lattice QCD: Formalism

» Numerical solution to path integral d
s .
(O) = > Dy Dy DU exp(—S) Oy [U]

» Discretize spacetime
= #DOF finite

» Quark fields defined on sites L

= Q(x)

D

» Gauge fields defined between sites
— U‘“ (X) (j[t. Q

P> Euclidean time

— correlators ox e £t

O

» Lattice spacing a provides UV cutoff
» Lattice size L provides IR cutoff
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Lattice QCD: Formalism

To get full control over all systematics,
need at least:

» Multiple lattice spacings
(“continuum” extrapolation)

» Multiple pion masses/physical pion mass
(“chiral” extra/interpolation) |

» Multiple volumes
(“infinite volume" extrapolation)

O

» 3-4 quarks in virtual sea (2+1, 2+1+1, 19 Q
1414141 flavors of sea quarks) l

» Renormalization technique or scheme,
usually nonperturbative

D
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Baryon Systematics

Why are baryon matrix elements so difficult?
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Baryon Systematics

Why are baryon matrix elements so difficult?

» Signal-to-Noise Grows Exponentially

» Signal & (=

—=— iy oW

. P —— 2 7”..;”77_ B
noise? oc (| [} = (BF) ~ e
» Noise gets contribution from 3-pion term, worsens

as M, decreases
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Baryon Systematics

Why are baryon matrix elements so difficult?

» Signal-to-Noise Grows Exponentially

:> N <:§> ~ o 3Mnrt

-

» Signal (EE) ~ e Mt noise? x ( =

S —

» Noise gets contribution from 3-pion term, worsens as M, decreases

» Finite size effects

» self-interaction via ms which
wrap around periodic BC TR
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Baryon Systematics

. 2} _ (55) ~ o IMnt

S —

Why are baryon matrix elements so difficult?
» Signal-to-Noise Grows Exponentially
. — — - 2
» Signal o {(—=—) ~ e ™! noise? x (
» Noise gets contribution from 3-pion term, worsens as M, decreases
AR

» Finite size effects
» self-interaction via s which
wrap around periodic BC

» Excited state contamination
» Operators couple to ground state + excited states
~Ert for many n

» Requires fitting Z” e
» Rotation/tranlation symmetry broken by lattice

Page 19/60
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Utility of LQCD

Lattice QCD is most useful as a tool when matrix element
» is well-posed
» s difficult or impractical to measure in experiment

» gives sizeable contributions to systematic errors

Computations have large overhead costs,
many studies come cheaply after paying overhead costs
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Two-point Correlation Functions

source (fixed) sink (moved)
> (N|ON0)[Q) =Mt (Q|Op(t)|N;) = Cab(t)
Time i
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Three-point Correlation Functions
source (fixed) current (moved) sink (fixed)
i (N[ OL0) (N[ Au(t) [N) (2] Op(T) [N;)

X e Mfte Mi(T t_) = C;b(t T)

Time
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Calculations of Interest

F(.(. FN(.
A A
k¢
u
E‘ A
o ssin N (NN| J|NN)
2
% vN = N* A N, ...
=
9 NN forces
3
c N forces
(4]
o=
2 Cc NC
g F’_, FP ’
>

Difficulty in lattice QCD
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Calculations of Interest

Importance to Neutrino Physics

TF N
\l\F‘i( FA(
©) 3)uN — N*. A, N, ...
i -
FSC  FN
>

Difficulty in lattice QCD
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(Charged Current) Axial Form Factor
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Quasielastic scattering

QE scattering is relatively easy measurement,
relatively theoretically clean:
v interacts with nearly-free nucleon

QE is primary signal measurement process
for neutrino oscillation experiments

Current Monte Carlo nuclear models assume gas of weakly bound nucleons
— free nucleon amplitudes useful for determining nuclear matrix elements

QE matrix element involves many-body interactions
— parametrized by form factors (—q* = Q°):

=]

/ a7 - . 2 qu 2 :
(NP Au(a) IN(P)) =Ty | YuvsFa(a”) + 57 Fr(@®) | S up

Axial form factor Fa(Q?) = G4(Q?) is important, not well-known
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Dipole Form Factor

Most analyses assume the Dipole axial form factor
(Llewellyn-Smith, 1972):

F;iipnlp(Qj) — EA .
(1 ¥ Qw)

[Phys.Rept.3 (1972),261]
Dipole is an ansatz:
unmotivated in interesting energy region
—= uncontrolled systematics and therefore underestimated uncertainties

Large variation in my over many experiments
(dubbed the “axial mass problem"):

» my = 1.026 + 0.021 (Bernard et al., [arXiv:00107088])
> m¢' = 1.35+0.17 (MiniBooNE, [arXiv:1002.2680])

Essential to use well-motivated parameterization of Fj4
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z Expansion

The z Expansion [arXiv:1108.0423] is a conformal mapping which takes
kinematically allowed region (t = —Q? < 0) to within |z| < 1

& Imax

» Motivated by analyticity arguments from QCD
» Only few parameters needed to get good description of form factor

» Sum rules regulate large-Q? behavior
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Deuterium Fitting - Differential Cross Section

Dipole:
b e ] \/Nins | 58.6/49
g 55 :‘l‘ l)umr lti.l L 1 ma 102(5)
o = . » e ANL 1982 dala _"
% [ \. j Z Expansion:
g 100 - \_‘)/meg 609/49
3T % | Al 2.25(10)
“:% | \%\“‘ a, 0.2(0.9)
2 ol e ?’, a3 | —4.9(2.4)
Q’(GeV?] a4 2.7(2.7)
Dipole:
A ARSIV RIS \*/Noins | 70.9/49
S ) e Dt ] ma 1.05(4)
o « BNL 1981 data
S 100 z Expansion:
E : \J/Nbins 734/49
S s 2 2.24(10)
g o e a3 ~5.4(2.4)
QY GeV? a4 2.2(2.7)

Analysis in arXiv:1603.03048[hep-ph] ASM, M. Betancourt, R. Gran, R. Hill
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Deuterium Fitting - Results Summary

1039
,,,,,,,, 15+
Ny=4 z expansion F
1H m, = 1.014(14) dipole | [
. - ‘“\ (“'\E‘ 10 - (
Y] FoN r AT
O’ \\ L&L b ,i/ 3 sar AR VRAREERR IR {
“_'" I "\ ‘—‘L f/
wost Y L / '
L 'A\;;;.’- ‘ | © 5 # L
L \:";_;_;‘_ 1 i / N,=4 z expansion
T | I /
‘ R o -4 - m, = 1.014(14) dipole
ol——i w1y o ol . .. R B
0 . . & 3 10" 1 10
QY GeV? E.[GeV]
1 dFx 1,
= —=r
=TA
Fa(0) dQ2
A( ) Q Q2=0

ra =046(22) fm?,  oynspup(Es =1 GeV) =10.1(0.9) x 10~ ¥cm?
compared with Bodek et al. [Eur. Phys. J. C 53, 349]:
ri = 0.453(13) fm?, ounoup(Er =1 GeV) = 10.63(0.14) x 10~ ¥cm?

Dipole model significantly underestimates error from nucleon form factor

Most theoretically clean data do not constrain form factor precisely
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z Expansion in GENIE

z expansion coded into GENIE - turned on with user switch
Officially released in production version 2.12

Uncertainties on free-nucleon cross section as large as data-theory discrepancy
— need to improve F, determination to make headway on nuclear effects

- 20 T |: GENIE RFG z-expansion
N -
o i GENIE RFG dipole
o ‘
(D —o— MINERVA Data
S
£
(&)
| W
be |
3
B o
©
0 L
0
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Plenary given by S. Collins, Lattice 2016

Nucleon axial form factor Ga(Q?)
Previously, [Lin,0802.0863], [Yamazaki,0904.2039], [Bratt,1001.3620], [Bali,1412.7336]

Needed for neutrino oscillation experiments:

Charged current quasielastic (CCQE) neutrino-nucleus interaction must be known
to high precision.

2

Connecting quark - nucleon level: Ga(Q~) form factor.
nucleon - nucleus level: nuclear model.

Traditionally: information on Ga(Q?) extracted from expt. using dipole fit:

= - gA I 11 12
Ga(Q°) = ——F=—= \fa) = 5
e (1+ 322 Y M

World average (pre 1990) from v scattering My = 1.026(21) GeV.
Overconstrained form: different measurements, different Mj.

Lower energy expts: e.g. MiniBooNE: My = 1.35(17) GeV

Systematics being explored including new analysis of old expt data:
(r2) = 0.46(22) fm? — My = 1.01(24) GeV from z-expansion [Meyer,1603.03048].
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Plenary given by S. Collins, Lattice 2016

Nucld Four computations of Ga(@?) appeared in response:

Previoy LHPC 1703.06703 [hep-lat]
Needed ETMC 1705.03399 [hep-lat]
Charge CLS 1705.06186 :hep-latj
to high PNDME 1705.06834 [hep-lat]

Conned - Additional ga computation (Callat): 1704.01114

Traditionally: information on G4(@?) extracted from expt. using dipole fit:

> gA 12
G,r QL) — . —" { r: ) — 5

World average (pre 1990) from v scattering My = 1.026(21) GeV.
Overconstrained form: different measurements, different My.

Lower energy expts: e.g. MiniBooNE: My = 1.35(17) GeV

Systematics being explored including new analysis of old expt data:
(r3) = 0.46(22) fm? — My = 1.01(24) GeV from z-expansion [Meyer,1603.03048].
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Feynman-Hellman (CallLat)

Perturb the action with a bilinear current density:

55 = A / d*x j(x)

With this action, correlation functions are modified

Ca(t) = (A N(t)NT(0) |A)

dCx (1)
N |y

= =Gy (1)

/' dt’ (Q] J(t') |+ / dt’ (Q] T {N(t)J(t')NT(0) } |)
A=0, -
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Feynman-Hellman (CallLat)

Perturb the action with a bilinear current density:

55 :,\/ d*x j(x)

With this action, correlation functions are modified

Ca(t) = (A|N(t)NT(0)

A)

_oG\() — —Ca(1)
i.)‘\ A=0 A

/ dt’ (Q| J(t") |+ / dt’ (Q| T { N(r)J(t’)N""'(O)} 1)
A=0 , N
Vacuum matrix element vanishes for non-scalar currents

Derivative realized by replacing quark propagator with
spacetime volume-averaged current insertion:
» Better volume averaging than RHS == better statistical properties
» LHS derivative evaluated analytically
» Computationally cheaper than RHS
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Feynman-Hellman (CallLat)

Perturb the action with a bilinear current density:

5% = X / d*x j(x)

With this action, correlation functions are modified

Cr (1) = (A N(YNT(0YIN)
2.0

Lo [P 1704.01114 [hep-lat]

dt’ (Q] T {N(t)J(t')NT(0) } |)

ts

statistical properties

6 8 10 12
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Excited State Contamination (CLS,ETMC)

Ensemble N6 m_ =331 MeV Q°

0.0 GeV*

e L7l % o 8 d

* 1 y | :
s 1 A oou "--'
% ¢+ ¥ 0 4
b-ob 250 N

s ?

L

Sum ma

Platcau

u=d

A

(14
oA

R— ga

R—

Summation ®
- Two-state

1s=0.94 fm A
s=1.13fm

ts=1.31fm |

bt
i ]
115/ tda’ UELEN

Connected

0.6 0.4 0.2 0.0
tins — ts/2 [fm]

=

el
-
]

0.2 0.4 0.6
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Extrapolations (CLS)

Two-state method

1.6 - —
Fit A —
: Fit B
ga 1.3 Remema i b
i
e

\.7 7

0 0.05 0.1 0.15 0.2 0.25

i;}ﬁl(_:t'\'."l

At NNLO (from 1704.01114 [hep-lat], CLS sets c3 = 0):

ga =8 +ex [ — (84 +283) loges | + qgacs+ ..., en =
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Form Factor @? dependence (CLS,PNDME,ETMC)

Ensemble O7  m, =261 MeV

- Experiment v scattering

Exp. =
My = 1.026 GeV —
Ma=139 GeV

al2m310 re
al2m220L o+

¢ Summation

1.2 { 3 S : I'wo—state il
; : 0.8 |

10 ; \{ L a09m310

NG i | a09m220

LY ! < 06| a09m130

2 asl i PN B # A, u.6 | a06m310
™~ o { S a06m220 ]

a0bm135

¥

—= 0.2}
oo o1 ) 0O 02 04 06 08 1 12 14 16 138
Q' IGaV Q‘[G{‘Vw]
1.6 w-+-- mg = 1. 077(39) GeV Two-state
ma=1.350(170) GeV === Fit, my = 1. 322(42)(56) GeV
14} — = myu- 1. 010{(240) GeV B L-1.310m
1.2
& 1.0
24
T 08
:(S:
0.6 :
0.4} S
0.2
0.0 ' '
0.0 0.2 0.4 0.6 0.8 1.0
Q2[GeV2]
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Summary

Ref. gA (rs) [fm?]

LHPC 1.208(6)(16)(1)(10)  0.213(6)(13)(3)(0)
CalLat 1.278(21)(26) =

ETMC 1.212(33)(22) 0.267(9)(11)

LS 1.278(68)(*%7) 0.360(36)(52)
PNDME  1.195(33)(20) 0.22(7)(3)

CLS Fa(Q?):

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Q" (GeV?)
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NC Axial/Pseudoscalar Form Factors
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Pseudoscalar Form Factor

Pseudoscalar spinor factor vanishes at QR2=0
— Form factor must be computed at Q° # 0, extrapolated back to Q* = 0

2

Otherwise, Fp(Q?) computation completely analogous to Fa(Q?)

Can be related to axial form factor by pion pole dominance ansatz and PCAC:

Q? —0
~o

" (AL(x)) = 2mq (P°(x))

.)

4 My
Q? + M2

]
S

Fo(Q) = Fa(@
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Departure from Pole Dominance (PNDME,ETMC)

50
- - " Y t;=1.31 fm,
] pion pole prediction
L N (A, S SN | . E— 40 B ,=1.31fm, direct calculation
©] 0.9 & 'E_ ¥ ¢ Lxperiment
2 b T 30
£ 08 o
= =
0.7 { 2520
2 al2m310 sz ~
. " 312m2201
Y 06 - Jg.iméil% |
= a09m220
0 J[;Q;Hl.“u[) 10
5+ a06m310 1l
206m220 ‘::ri?-‘d:- e
- _ a06m135 . L S —
0.0 0.2 0.4 0.6 0.8 1.0 %.0 0.2 0.4 0.6 0.8 1.0
@7 [GeV?) Q2[GeVZ]
5. 3 m ] )
With g = 1,—,\7‘1-'“76;)(0“ = 0.88my,):
Ref. gp
LAPC  8.47(21)(87)(2)(7)
ETMC —
+0.8
CLS ?A?(LS)(?M])

PNDME  4.49(19)
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Disconnected Diagrams

(gauge fields) —

Matrix element: (N| Qv,vsQ |N)
Disconnected diagram: quarks connected by gauge field loops to all orders

Noisy, costly to compute:
» Sensitive to gauge fields/gauge configuration
» Stochastic sampling of correlation functions quickly saturate
» Many gauge configurations needed to improve convergence, costly to generate

Need lots of gauge configurations, lots of statistics to estimate well

More to gain from more efficient/smarter computation algorithms
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Evaluation of quark loop contribution:
(N|QrQ|N) ~ Tr {r (D + m)_l}

~1
Typical algorithms solve for ([Z) + m) , then perform trace

Hierarchical Probing: solve for trace directly + sample phase space more efficiently

fidht light o
o ‘: (dicaoiitisctsd. T ("\.[ (Q° = 0.11GeV-, disconnected. bare)
0.10 — 0.2 prrerem

- Noise only 01k T

P § Hierarchical probing ) P
0.05 }
0.0 i {

. | i f

0.00 1 —0.1 i |

—0.05 | E I I - —
e { I —03F Noise only

¥ Hierarchical probing

—0.10

r BT 100 10 100
N N
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Form Factor Q? dependence (CLS,PNDME,ETMC)

{;.l +d

0.6
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Transition Form Factors
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LQCD with Resonances

For stable particles, interpretation of energy spectrum is cleaner

Unstable particles are not so straightforward:
» Resonances decay into two-particle states
» Two particle states are spatially large, impractical to isolate

» Need to enforce energy/momentum conservation with discretized momenta

W ' W '
i e
35 S
30+ 301
2.5F 25 K 3

ta) 1 A L 1 i . {bl 1 1 it i L

3 - 5 b 7 3 4 5 b 7
Myl

Mel
Luscher, Nuc.Phys.B 364, p237.
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LQCD with Resonances

Spectrum related to scattering phase shift, can be computed on multiple volumes

Costly to generate new ensembles, typically not done

—> WORKAROUND: keep Mj large — A baryon stable

—!— T
Me
351
3.0}
25F
ta} 1 1 1 L {bl 1 1 L 1 L
3 . 5 b 7 3 - 5 b 7
Myl

Mol
Luscher, Nuc.Phys.B 364, p237.
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Transition Form Factors (ETMC)

Used for determining vN — A — N= interactions

' mam 1/2
(A(p’,sfﬂ A;_B: IN(p.s)) = f'\/g ( EA(p?)E:(P))

Cle) , , CFd®) 4
X 1_13__ (pf‘ S,) " (ﬁi—*_‘ Y + 1 ' P” (g,\“g,-n.z = g,\pg;u./) q

mpy mfv ,
Ar A(qz
+C5(q%)gnu + ——qx q;,l up(p.s)
my
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Transition Form Factors (ETMC)

Used for determining vN — A — N interactions

' mam k2
(AP ) AL IN(p. 5)) = f\/g ( EA(p?)E;:(p))

-l AL Kop 3
1.0 T T 1" i Cd (q ) 1 f
T 2 P (g,\ug,r'n.f = g/\pgﬂu) q
0.8 o IT!N .
¥ A f 2
B =3 . o)
oerd T +C(a)gau + —5—axqu | up(p. )
0.4 % % %i' : N
¢ 5] f
X N,=0 m_=0.56 GeV L %
0.210 N =0 m =040 GeV 7
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Neutrinoless Double Beta Decay
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Neutrinoless Double Beta Decay

P
&

Difficult matrix element is short-range nucleon matrix element

Underway, but not complete yet!
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Operators from the first diagram on previous slide —> 7 — een
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o { | | BEEEEEEEEEES |
] pp———————————
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]

1608.04793 [hep-lat]

orF = (Gurv*ay) GrT Y QRJ
075 = (aRT+QL) [E?feT+QL} + (C'JL?‘"Q'H) {C_?LT+QF€J
03 = (@rv*a) [@rtvead] + (@r7 7" ar) [@RT T uar]
Ot = (am*v*a] [arT v ar)
O, = (acr™y*ac] [aurtyuar) + (Gr7 7" ar| [GRTTVuaR)

Parentheses () and brackets [] denote terms with dotted color indices
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NPLQCD

Axial current computed on nucleus rather than nucleon

ga “quenching”

Neutrinoless double beta decay sensitive to nuclear Gamow-Teller transition — gz

Computations at M, = 800 MeV!
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