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Abstract: Using Picard-L efschetz theory we show that the Lorentzian path integral forms a good starting point for quantum cosmology which avoids
the conformal factor problem present in Euclidean gravity. We study the Lorentzian path integral for a homogeneous and isotropic model with a
positive cosmologica constant. Applied to the &omo-boundary&€e proposal, we show that this leads to the inverse of the result obtained by Hartle
and Hawking. Including ainflation field, the Lorentzian path integral prefersto start at the 'top of the hill' leading to good initial conditions for slow
roll inflation. However, when including gravitons the fluctuations seem to be unstable.
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Wick rotations in Quantum Mechanics

The Schrodinger equation
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The Feynman path integral

Glx1;x0; T] = Dx ¢ g [33 -V olar
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W[Xl, tl] = / G[Xl;Xo; T]W[XoJ to]dXo

Wick rotating time, t — Zit, ensures
convergence

x Dx e [ x2+V(x)]dt

Gx1; x0; T] = /x

v A0
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Lorentzian and Euclidean Quantum Gravity

Wheeler-DeWitt equation

HoW =0
[

The Feynman propagator of minisuperspace
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Wick rotating N +— £iN
00 a=a _
G[a1; ao] :/ de Dae SV:al
ot a—ap

Conformal factor problem: S not bounded below

Gibbons, Hawking, Perry (1978),
Teitelboim (1982), Halliwell (1988)
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De Sitter universe

Using the metric ds? = —N(t)?dt? + a(t)?d23, the Einstein-Hilbert action
for a A-dominated universe

L 1 2
S0 — ox2 [ dt N [—3a;,2 + 3ka — 33/\]
0

Redefining the lapse N +— N/a, the action is quadratic in g = a°

1
5O = 22 / dt [—3(72 + N(3k — /\q)]
0 4N

The propagator G[q1; qo] o foof %GESU[‘““’”‘N] with the classical action

A2 A 3
S A — A3 A - 2
Solq1; q0; N] = N 36+ N l3k 2(Q0 + QI)] 4N(ql do)

Halliwell & Louko (1989), Brown & Martinez (1990)
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Picard-Lefschetz theory

Deform the integration contour

© 4N
G _ 150[(-71 qo; V]
[91: go] = o TN
©dn ehlai:qo;N] oiH[g1:q0;N]

o VA

with h = Re[iSo] and H = Im[iSo]

@ Lefschetz thimbles 7,: Lines of steepest
descent of h and constant H

@ Include thimble when corresponding curves of
steepest ascent K, intersect original contour

Arnol'd et al. (2012), Witten (2011)
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No-boundary proposal

Theory of initial conditions:
No-boundary proposal by Hartle & Hawking.

@ Space-time is spherical kK = 1 and started
out Euclidean with initial condition

30:0

e Starting from Euclidean gravity deform to
saddle point

e Weighting of the initial condition

]G[al; 0:”2 - e127r2/(h/\)

Hartle & Hawking (1983), Vilenkin (1982)
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No-boundary proposal

Weighting no-boundary proposal:
o Hartle-Hawking result

Glay; O]|2 oc e127r2/(h./\)
x el2ﬂ2/(fbV(w))

@ Picard-Lefschetz theory result

’6[31;0”2 - e—127r2/(f1/\)
—1272/(hV(¢))

x e

@ Same result as Vilenkin's tunneling proposal
@ Lorentzian gravity # Euclidean gravity
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Inflaton potential

Top v.s. bottom of the hill

I
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Gravitational waves in no-boundary proposal
§$=2 2/1 —3'2+N(3—/\ ) dt+1/1 29 (14 2)¢?| dt

L AN q 2 Jo |9 N
(1)

Result: —
_ 12xn° 2
P-L: |G[g1, $1;0,0]° o e A +H 8

2 I+1)(142
H-H: |G[q1, 61;0,0]2 o et 'k — "oz 41
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Gravitational waves in adiabatic equation of state

2 35 time variable

Adiabatic equation of state, g = a

qi
+ qdQ2, 5O = —67r2i/0 dgv/pq/3—1

I

dq?
4q(3p(q)g — 1)

ds® = —

The quantum phase gives the real part

g8
Re[iS)] = —67r2if dg\/pq/3 -1
0

The classical phase the imaginary part

q=a

H-H . 9B

N
q1 i
Im[is©)] = —67r2if dgv/pq/3 -1 b

98
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Gravitational waves in adiabatic equation of state

2

Adiabatic equation of state, g = a¢ as time variable

ds® = q(n) [-dn® +dQ3], dn=dq/(29v/pq/3—1), q(0)

The perturbations x = a¢ in terms of n,

m
15(2) — iW2A d77 [(X,n)z + U("’))Xz]

The perturbations x in terms of X,

0
—5‘,(_:2) = 71'2] dX [sz + U(X)Xz]

with positive U. Anti-Gaussian weighting
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Gravitational waves in no-boundary proposal
§$=2 2/1 —3'2+N(3—/\ ) dt+1/1 29 (14 2)¢?| dt

T AN i 2 )y |9 N
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At 2 | I041)(142)
_ 127% 2
P-L: |G[g1,1;0,0]|> xx e m t aun §

m?  I(H+1)(1+2)
H-H: |G[q1, ¢1;0,0]| D T A
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Conclusion

Summary:

@ Euclidean Quanturr[1 Cosmology: conformal factor problem

@ Picard-Lefschetz theory: unambiguous evaluation Lorentzian integral

@ Lorentzian quantum gravity # Euclidean quantum gravity

No-boundary proposal:
@ Inverse of Hartle-Hawking result
@ On the top of the hill
e Gravitational waves have anti-Gaussian distribution

@ De Sitter space nucleated from a no boundary proposal
Is unstable
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