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Abstract: The 2D S = 1/2 sguare-lattice Heisenberg model is a keystone of theoretical studies of quantum magnetism. It also has very good
realizations in several classes of layered insulators with localized electronic spins. While spin-wave theory provides a good understanding of the
antiferromagnetic ground state and low-lying excitations of the Heisenberg model, an anomaly in the excitations at higher energy around
wave-number g = (\pi, 0) has been diffi_cult to explain. At first sight, the anomaly is just a suppression of the excitation energy by afew percent, but
it also represents a more dramatic shift of spectral weight in the dynamic spin structure factor from the single- magnon (spin wave) pole to a
continuum. Recent neutron scattering experiments on the quasi-2D material Cu(DCOO0)2_.4D20 (the best realization so far of the 2D Heisenberg
model) were even interpreted as a complete lack of magnon pole at the anomaly; instead it was suggested that the excitations there are fractional
(spinons) [1]. I will discuss recent quantum Monte Carlo and stochastic analytic continuation results pointing to the existence of fragile g~(\pi,0)
magnon excitations in the Heisenberg model [2], which can be fractionalized by interactions competing with the nearest-neighbor exchange
coupling. This phenomenon can be understood phenomenologically within a ssmple theory of magnon-spinon mixing.
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The S=1/2 Heisenberg antiferromagnet
He=5] Z SIS (1, j) = nearest neighbors
(4,5)
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The S=1/2 Heisenberg antiferromagnet
= Z )30 (o) (1, j) = nearest neighbors
(4,5)
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The S=1/2 Heisenberg antiferromagnet
Ho=":"] Z S; - S; (1, ) = nearest neighbors
(4,5)

—0—0—0—90 0000
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The S=1/2 Heisenberg antiferromagnet
He=>1 Z SIS (1, j) = nearest neighbors
(4,5)

—0—0—0—0 0000

Ground state
- critical in 1D (spin correlations ~1/r)
- long-range ordered in 2D (order reduced by quantum fluctuations)
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The S=1/2 Heisenberg antiferromagnet
=17 Z SIS (1, j) = nearest neighbors
(4,9)

—0—0—0—90 0000

Ground state
- critical in 1D (spin correlations ~1/r)
- long-range ordered in 2D (order reduced by quantum fluctuations)

Elementary excitations

1D
“spinons”, carry spin S=1/2 (exactly from Bethe Ansatz)
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The S=1/2 Heisenberg antiferromagnet

="/ Z S; - S; (1, j) = nearest neighbors
(2,7) G S GG B oY op Rt R
Ground state
- critical in 1D (spin correlations ~1/r)

- long-range ordered in 2D (order reduced by quantum fluctuations)
Elementary excitations

1D

“spinons”, carry spin S=1/2 (exactly from Bethe Ansatz)
2D

Conventional wisdom (spin-wave theory etc): magnons, carry Sz=1

Pirsa: 17050086

Page 13/129



The S=1/2 Heisenberg antiferromagnet

== Z S S (1, j) = nearest neighbors
(2,7) s s R e e
Ground state
- critical in 1D (spin correlations ~1/r)

- long-range ordered in 2D (order reduced by quantum fluctuations)
Elementary excitations

1D

“spinons”, carry spin S=1/2 (exactly from Bethe Ansatz)

2D

Conventional wisdom (spin-wave theory etc): magnons, carry Sz=1
Other possibility: spinons in some part of the Brillouin zone
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The S=1/2 Heisenberg antiferromagnet

fol- = Jf Z Si-S; (1, j) = nearest neighbors
(2,3) R DA et s i e

Ground state
- critical in 1D (spin correlations ~1/r)
- long-range ordered in 2D (order reduced by quantum fluctuations)
Elementary excitations
1D
“spinons”, carry spin S=1/2 (exactly from Bethe Ansatz)
2D
Conventional wisdom (spin-wave theory etc): magnons, carry Sz=1
Other possibility: spinons in some part of the Brillouin zone

This talk

QMC study of dynamic structure factor of 2D Heisenberg and J-Q models
- numerical analytic continuation of imaginary-time correlation functions

- comparisons with previous calculations and experiments

- theory of spinon-magnon mixing
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Spinons in 1D
Ising picture
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Spinons in 1D
Ising picture
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Spinons in 1D

Ising picture
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Spin-flip excitation breaks up into two
domain walls - independently movable
through quantum fluctuations
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Spinons in 1D
Ising picture
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Valence-bond picture

Spin-flip excitation breaks up into two
domain walls - independently movable
through quantum fluctuations
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Spinons in 1D

Ising picture
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Valence-bond picture
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Spin-flip excitation breaks up into two
domain walls - independently movable
through quantum fluctuations
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Spinons in 1D

Ising picture

1 l 1 l 1 l 1 l T Spin-flip excitation breaks up into two

T l T l T 1.1." T 1 T | domain walls - independently movable

through quantum fluctuations
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Valence-bond picture
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Valence-bond (singlet) breaks
(into triplet) - unpaired spins propagate
independently in singlet background
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)
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Spinons in 1D
Ising picture

1 l 1 l 1 l 1 l T Spin-flip excitation breaks up into two

T l T l T 1.1." T 1 T ‘ domain walls - independently movable

through quantum fluctuations
PItlbtli ity

(R R AR

Valence-bond picture

RN S N L N L

Valence-bond (singlet) breaks
(into triplet) - unpaired spins propagate
independently in singlet background

)

The Heisenberg chain has aspects of both pictures
- Bethe Ansatz solution contains spinon excitations (critical domain walls)
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Spinons in 1D

Ising picture

1 l 1 l 1 l 1 l T Spin-flip excitation breaks up into two

.. domain walls - independently movable
T l T l T l l \ T l T % through quantum fluctuations

PItbltidtitl
PtLltitbitl

Valence-bond picture

TR TR I TG iy IRy

Valence-bond (singlet) breaks
(into triplet) - unpaired spins propagate
independently in singlet background

R )

The Heisenberg chain has aspects of both pictures
- Bethe Ansatz solution contains spinon excitations (critical domain walls)

2D: Simple pictures suggests confinement (correct?)
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week ending

PRL 111, 137205 (2013) PHYSICAL REVIEW LETTERS 27 SEPTEMBER 2013

Multispinon Continua at Zero and Finite Temperature in a Near-Ideal Heisenberg Chain

B. Lake,"** D.A. Tennant,"? J.-S. Caux,” T. Barthel,* U. Schollwock,* S. E. 1\Iagh’-:r,5 and C.D. Frost®

Pirsa: 17050086 Page 24/129



week ending

PRL 111, 137205 (2013) PHYSICAL REVIEW LETTERS 27 SEPTEMBER 2013

Multispinon Continua at Zero and Finite Temperature in a Near-Ideal Heisenberg Chain

B. Lake,"** D.A. Tennant,"? J.-S. Caux,” T. Barthel,* U. Schollwock,* S. E. Nagler,5 and C.D. Frost®

KCul's

Pirsa: 17050086 Page 25/129



week endin
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Spin-wave theory of the 2D Heisenberg model
Hjj = J;j(STS+ 878’ + S38%) = Jij[S:8% + 3(SS7 +8787)]
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Spin-wave theory of the 2D Heisenberg model
Hij = J;j(STST+ 578) + 878%) = Jij[S385 4 5 (87787 + 87 87)]

Minimize classical (zz) energy, map deviations (spin flips) to bosons
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Spin-wave theory of the 2D Heisenberg model
H;j = Jij(STST + 878’ + S58%) = Jij[Si85 + 2(S7 85 + 87 87)]

Minimize classical (zz) energy, map deviations (spin flips) to bosons

“pmqw—é%—é%%%éé§§§é

bosons il B Toerieoey Y tas
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Spin-wave theory of the 2D Heisenberg model
Hij = Jij(STST+ 878" + 858%) = Jij[Si85 + 2(S7 87 + 87 87)]

Minimize classical (zz) energy, map deviations (spin flips) to bosons

bosons

1 € bllbldtt](.ﬁ A
Si=8—n;

ni = a; a;

St = (28 — n;) 3a;
Sl el (08 = o) V>

j € sublattice B
=

S =S +n;

n; = b;b}

S = z+(zb o)
S5 = (25— n; )1/20,,-.
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Spin-wave theory of the 2D Heisenberg model
Hij = J;j(STST 4 87S) + 838%) = Jij[Si85 + 2 (787 + 87 87)]

Minimize classical (zz) energy, map deviations (spin flips) to bosons

bosons
; . : 1 € bllbldtt](.ﬁ A
Lowest order in 1/S (linear spin-wave theory): Iy
; S
HLSW = Z Wi [ak (e + fjk Bk] S:— = (er £ n,;)l/ga.,;

St el (OF = o) ”

1 )
1 s AG T T — —|cos(ky) + cos(k
w(k) Tk Tk 2[ ( q) ( y)] 4 € sublattice B
i

S7=-=8+n;

n; = bfb;

@ — i+ i0g 1/2
j = bF (28 - l)/
Sy = (25 —n_)/°b:,-.

Pirsa: 17050086 Page 31/129



Spin-wave theory of the 2D Heisenberg model
Hij = J;j(STS5 4 87S) + 838%) = Jij[Si85 + 2(S7 87 + 87 87)]

Minimize classical (zz) energy, map deviations (spin flips) to bosons

*PI“SWW§§éé§§§é

bosons e S ey L e ST T e
; : : i € sublattice A
Lowest order in 1/S (linear spin-wave theory): & 5 —

e
n; = a; a;

i + 2+ .
Hisw = Z Wk [Ofk ak + Py Bi] St = (28 — n;)/2a,

1 S; — ('L;F(ZS — 11,?'-)1/2
w(k) = «-'LS‘JM e — E[COb(kT) + cos(ky)]

j € sublattice B

Order parameter (sublattice magnetization) b;‘ = E;Z +
= j j
508 :b (28 = n;)1/2
S J
ms =5 — N Z (\/l = ’}k l) S; = ()s —n, )1/*b

For S=1/2: ms=0.3034 (0.3069 up to order 1/S2)
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Spin-wave theory of the 2D Heisenberg model
Hij = Jij(STS5+ 878 + S38%) = Jij[Si85 + 2(S7 87 + 87 87)]

Minimize classical (zz) energy, map deviations (spin flips) to bosons

SpmH—%—H—é—H§§éé§§§é

BOSONSE SN TN o W

: . ; i € sublattice A
Lowest order in 1/S (linear spin-wave theory): T G — i

ni = a; a;

g - 2+ -
Hisw = Z Wk [Ofk Qg + /31{ Bk] Sj = (25 — n,;)l/ga.?;
St el (OF =) ”

1 1
o) =4SI\1=72 = 5lcos(ke) + cos(ly)]

7 € sublattice B

Order parameter (sublattice magnetization) 57 = z;Z +n;
?I) =
S = b ( n;)L/2
= [ J
S = N Z ( \/l o _}k l) 5] ()L, n; )l/2b‘

For S=1/2: ms=0.3034 (0.3069 up to order 1/S2)

Is this correct?
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QMC calculations of antiferromagnetic order
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QMC calculations of antiferromagnetic order

Sublattice magnetization

N
1 = :
Me = o él $:iS;, ¢ = (=1)*T¥ (2D square lattice)
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QMC calculations of antiferromagnetic order

Sublattice magnetization

N
1 = x
Ms = o él $:iS;, ¢ = (—=1)*T¥ (2D square lattice)

Long-range order: <ms2> > 0 for N— o
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QMC calculations of antiferromagnetic order

Sublattice magnetization

N
1 - :
e = w él $:iS;, ¢ = (=1)*T¥ (2D square lattice)

Long-range order: <ms2> > 0 for N—

Quantum Monte Carlo
- finite-size calculations
- No approximations
- extrapolation to infinite size
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QMC calculations of antiferromagnetic order

Sublattice magnetization

N
1 - :
T — o él $:iS;, ¢ = (=1)*T¥ (2D square lattice)

Long-range order: <ms2> > 0 for N—

Quantum Monte Carlo
- finite-size calculations
- ho approximations
- extrapolation to infinite size

Reger & Young 1988
g — O.E10(2)
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QMC calculations of antiferromagnetic order

Sublattice magnetization

N
1 - ,
M = v El $:S;, ¢ = (—=1)*T¥ (2D square lattice)

Long-range order: <ms2> > 0 for N— o

Quantum Monte Carlo
- finite-size calculations

LxL lattices up to 256x256, T=0

s A i T T T T T
= No approximations f —0.00002 n
- extrapolation to infinite size 0.13F ] s
I Hv}i}i $oe o tgf000000 )
R L Y ng 1 3-1‘- 0.12 L — -0.00002 V il
77?’3 = 030(2) § T .(}:]. H 'n,clm' T '(;_:;(,T " u‘
QX 0.11F e | .
AWS & HG Evertz 2010 o gt Lot _
: E :._,--"' _ e v lE ]
po o, ’ A°¢ 0.10} o) o Gt A
ms = 0.30743(1) § ey o clin)
0001 002 005 004 005 006

1/L
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QMC calculations of antiferromagnetic order

Sublattice magnetization

N
1 = :
My = o él $:S;, ¢ = (—=1)%T¥ (2D square lattice)

Long-range order: <ms2> > 0 for N— o

Quantum Monte Carlo

- finite-size calculations LXJ‘ IattiTces up to 2? 6X2§6’ T=TO

i i = T T T T T
- N0 approximations : 18 = e
- extrapolation to infinite size 0.13F ] P
S L ?’}i*i ¥ ooty 0.00000 s ]
R L Y 5 1 3;‘_ 0.12 L —~ -0.00002 ' | q
772‘8 = 030(2) ST nl 5 'tl:]. S 'n,clml s '(,_:,(,T ' u:
Q011 o R ]
AWS & HG Evertz 2010 S |
K 2 i .-""-;. ..-B""B—-, * M ¢ i
ms = 0.30743(1) 0.10f __ﬁﬁ;:';u'”"aﬁ s
il . 1 . I ' 1 ' 1 . I . I /]

Spin-wave theory describes 0 001 002 003 004 005 006

the ground state very well %
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Dispersion relation beyond linear spin-wave theory

High-order spin-wave theory appears to fail close to q = (z,0)

2|0 —_ : o
L I 1
? : SN
15[ : : \ -
s ] | -
_;‘ 1 1 o
w 1 [ § J
L ! K !
10F [/ (O.n) (mm)! (3) ! -
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: series |
L I . [
| expansion,
0,5 |
L ' ¢ QMC :
[} |
(0,0) (7,0 l
0,0 1 L
(0,0) (n,0) (n/2,7/2) (m,m)

Graph: A. Syromyatnikov, J. Phys. Cond. Mat (2010)
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Dispersion relation beyond linear spin-wave theory

High-order spin-wave theory appears to fail close to q = (#,0)

2|0 —_ : -
L | 1
15 : I -
1,0 “ J (O,H) (H,.Tr): X A (3) : )l
I I k [
: series |
' : expansion!
i Lo ONe !
[} |
(0,0) (7,0 :
0,0 1 L
(0,0) (r,0) (n/2,7/2) (m.m)

Graph: A. Syromyatnikov, J. Phys. Cond. Mat (2010)

Series expansion
(around Ising limit):
Gelfand, Singh (2000)
Zheng et al. (2005)
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Dispersion relation beyond linear spin-wave theory

High-order spin-wave theory appears to fail close to q = (z,0)

20 | : 1 Series expansion
[ : : (around Ising limit):
j | l 1 Gelfand, Singh (2000)
15 | i 1 Zheng et al. (2005)
: 2l (0.7) o H)E i QMC + analytic cont.
Sl /i A : Sandvik, Singh, 2001
: series |
L : expansion! 1
1 o QMC |
(0,0) (7,0); l
0,0 ] )
(0,0) (n,0) (n/2,7/2) (m,m)

Graph: A. Syromyatnikov, J. Phys. Cond. Mat (2010)
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Dispersion relation beyond linear spin-wave theory

High-order spin-wave theory appears to fail close to q = (z,0)

SO on OF.OOGOOUOOWU : g X
ol ; ' 1 Series expansion
- ! ! (around Ising limit):
i 0 l 1 Gelfand, Singh (2000)
Wit S A i 1 Zheng et al. (2005)
} k | e
2 = o ‘ n)i < i \ 1 QMC + analytic cont.
W P ol eifes ) : 1 Sandvik, Singh, 2001
: series |
L : expansion! 1
2 el aMe L
0,0) (r.0); !
0,0 1 L
(0,0) (n,0) (n/2,7/2) (m,m)

Graph: A. Syromyatnikov, J. Phys. Cond. Mat (2010)

Series expansion and QMC agree
Is the failure of spin-wave theory a hint of other excitations?
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Dispersion relation beyond linear spin-wave theory

High-order spin-wave theory appears to fail close to q = (z,0)

20 L ! : 1 Series expansion
[ : : (around Ising limit):
j | l 1 Gelfand, Singh (2000)
151 | i 1 Zheng et al. (2005)
el E i QMC + analytic cont.
el S | Sandvik, Singh, 2001
: series |
[ : expansion! §
Sxf o QMC :
(0,0) (7,0); l
0,0 ] i
(0,0) (r,0) (n/2,7/2) (m.m)

Graph: A. Syromyatnikov, J. Phys. Cond. Mat (2010)

Series expansion and QMC agree
Is the failure of spin-wave theory a hint of other excitations?
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2 2 J a7 Polarized neutrons:
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Polarized neutrons:
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and longitudinal (amplitude)
modes separated

Claim:
Spinons at g=(r,0)
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Energy (meV) Energy (meV)

Polarized neutrons:
transversal (spin-wave)
and longitudinal (amplitude)
modes separated

Claim:
Spinons at g=(r,0)

Variational wave function
(projected RVB-type) can
produce deconfined spinons
in this part of the BZ
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[0y} e /)
1.5 ?O 25 30 35 40 45 TS 20 25 30 35 40 45
L Total (m, O) L Total (Jr/2 n/2)
e %Dﬂ%ﬂl@— 0 Dt‘]:h_
i TranJvuJL (r, O) f L Transverse ‘ (n/2, n/2)
; ; sty
T T l : T T S T g T T . '7 7 T T o T T
. Longitudinal (m, 0) L Longitudinal (n/2, n/2)
k. doney 3 “‘fﬁ#‘“ wﬁ d‘ -O‘v """
BConin s 7 0) b e Rtin (,;/) ,;/p)
) Su tinua I.“ "\‘l
. G e 2
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Energy (meV)

Energy (meV)

Polarized neutrons:
transversal (spin-wave)
and longitudinal (amplitude)

modes separated

Claim:
Spinons at g=(r,0)

Variational wave function
(projected RVB-type) can

produce deconfined spinons

in this part of the BZ
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+ ':CD § * @
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Energy (meV)

Energy (meV)

Polarized neutrons:
transversal (spin-wave)
and longitudinal (amplitude)

modes separated

Claim:
Spinons at g=(r,0)

Variational wave function
(projected RVB-type) can

produce deconfined spinons

in this part of the BZ

G [+

DX B
©f6) 0\

@ @ o\ O @ o\
= o/ 0 @ ® . |e JE\@ ® ;

DIQ oﬁ\*f

D) [o\ [0\ &

Dispersion and excitation

continuum match (approximately)

the experiments

- but wavefunction is that of

a spin liquid....
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QMC: Imaginary-time correlations
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QMC: Imaginary-time correlations

Spectral functions and real-time correlations are hard to compute
- imaginary-time correlations can be computed with QMC
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QMC: Imaginary-time correlations

Spectral functions and real-time correlations are hard to compute
- imaginary-time correlations can be computed with QMC

C@)= (Ol(m o) = (cilole 1O)
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QMC: Imaginary-time correlations

Spectral functions and real-time correlations are hard to compute
- imaginary-time correlations can be computed with QMC

G@) = (Olm o) = (eilole 10)

Example: N

N AR T AT G Q2

O =5, ORS
1

1
_\/—NJZ
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QMC: Imaginary-time correlations

Spectral functions and real-time correlations are hard to compute
- imaginary-time correlations can be computed with QMC

G(@)i= (Ol(m o) = (eilolenO)

Relationship between G(r) and S(w) Example: N
1 -
: 3 ; O=5=— SLRL G4
Gl — / e~ S(w) AV le( J
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QMC: Imaginary-time correlations

Spectral functions and real-time correlations are hard to compute
- imaginary-time correlations can be computed with QMC

G(@) = (Ol(m) o) = (el0le= @)

Relationship between G(r) and S(w) Example: N
1 :
: o3 _ O0=5=— 013 9 G%
6= [ _est) R

Knowing S(w) it is easy to compute G(z)
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QMC: Imaginary-time correlations

Spectral functions and real-time correlations are hard to compute
- imaginary-time correlations can be computed with QMC

G(@) = (Ol(m) o) = (eilole “1@)

Relationship between G(r) and S(w) Example: N

1 :
_ & _ O=5=—3 éig:
G(r) = / e~ S(w) W ;( J

Knowing S(w) it is easy to compute G(z)
But we are faced with the difficult inverse problem:

- know G(z) from QMC for some points z, i=1,2,...,N7
- statistical errors are always present
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QMC: Imaginary-time correlations

Spectral functions and real-time correlations are hard to compute
- imaginary-time correlations can be computed with QMC

G@)i= (Ol 00) = (e 0le %2 @)

Relationship between G(r) and S(w) Example: N
1 o ,
G(1) :/ e "“S(w) 4 N ;( 4

Knowing S(w) it is easy to compute G(z)

But we are faced with the difficult inverse problem:
- know G(z) from QMC for some points z, i=1,2,...,N7
- statistical errors are always present

Solution S(w) is not unique given incomplete (noisy) QMC data
- the numerical analytic continuation problem
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QMC: Imaginary-time correlations

Spectral functions and real-time correlations are hard to compute
- imaginary-time correlations can be computed with QMC

G(7) = (Ol(7)0(0)) = (e71Ole "7 O)

Relationship between G(r) and S(w) Example: N
1 :
; oy : O=5=— E 013 '9G%
G(1) :/ e " S(w) N J.l( !

Knowing S(w) it is easy to compute G(z)

But we are faced with the difficult inverse problem:
- know G(z) from QMC for some points z, i=1,2,...,N7
- statistical errors are always present

Solution S(w) is not unique given incomplete (noisy) QMC data
- the numerical analytic continuation problem
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QMC Data may look like this:

WWNNRrRRrReOOOOE S

T

.100000000
.200000000
.300000000
.400000000
.600000000
. 900000000
. 200000000
. 600000000
. 000000000
.500000000
.000000000
. 600000000

LB B o T o B i T v i o B s )

G(7)

. 785372902099492
.617745252224320
.486570613927804
. 383735739475007
.239426314549321
.118831597893045
.059351045039398
.023755763120921
.009567293481952
.003071962229791
.001017989765629
.000255665406091

SO0 ®

o(7) (error)

.000025785921025
.000024110978744
.000022858341732
.000022201962003
.000021230286782
.000021304530787
.000020983919497
.000020963449347
.000021147137686
.000020315351879
.000020635751833
.000020493781188
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QMC Data may look like this:

WWNNRrRRrReOOOE S

From a given “guess” of the spectrum S(w) we can compute

Gs(r) = /Z

T

.100000000
. 200000000
.300000000
.400000000
.600000000
. 900000000
. 200000000
.600000000
. 000000000
.500000000
.000000000
.600000000

OO ®

G(7)

. 785372902099492
.617745252224320
.486570613927804
.383735739475007
.239426314549321
.118831597893045
.059351045039398
.023755763120921
.009567293481952
.003071962229791
.001017989765629
.000255665406091

OO0 ®

o(7) (error)

.000025785921025
.000024110978744
.000022858341732
.000022201962003
.000021230286782
.000021304530787
.000020983919497
.000020963449347
.000021147137686
.000020315351879
.000020635751833
.000020493781188

e” "“S(w)dr
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QMC Data may look like this:

T

.100000000
. 200000000
.300000000
.400000000
. 600000000
. 900000000
.200000000
.600000000
. 000000000
.500000000
.000000000
. 600000000

WWNNRrRRrReeOOOSE S
LB B R T o B o B B B s )

From a given “guess” of the spectrum S(w) we can compute

Gs(r) = /Z

We want to minimize the “distance” to the QMC data points; mimimize

G(7)

. 785372902099492
.617745252224320
.486570613927804
.383735739475007
.239426314549321
.118831597893045
.059351045039398
.023755763120921
.009567293481952
.003071962229791
.001017989765629
.000255665406091

OO0 ®

o(7) (error)

.000025785921025
.000024110978744
.000022858341732
.000022201962003
.000021230286782
.000021304530787
.000020983919497
.000020963449347
.000021147137686
.000020315351879
.000020635751833
.000020493781188

e ' S(w)dr

: 1 o
W= —Gs(7j) = G(7))°

)
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QMC Data may look like this:

WWNNRrRrReeOOOE S

From a given “guess” of the spectrum S(w) we can compute

Gs(r) = /Z

We want to minimize the “distance” to the QMC data points; mimimize

QMC statistical errors are correlated; actually has to use covariance matrix

= Z_ Z[Gs(ﬂ:) — G(1)]C; ' [Gs (1)) — G(1;)]

T

.100000000
.200000000
.300000000
.400000000
.600000000
. 900000000
.200000000
.600000000
. 000000000
.500000000
.000000000
. 600000000

X:

LB I R T o B R o B B B s )

G(7)

. 785372902099492
.617745252224320
.486570613927804
. 383735739475007
.239426314549321
.118831597893045
.059351045039398
.023755763120921
.009567293481952
.003071962229791
.001017989765629
.000255665406091

OO0 ®

o(7) (error)

.000025785921025
.000024110978744
.000022858341732
.000022201962003
.000021230286782
.000021304530787
.000020983919497
.000020963449347
.000021147137686
.000020315351879
.000020635751833
.000020493781188

e” "“S(w)dr

Z %[Gs(tj) — G(Tj)]z

J

J
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QMC Data may look like this:

WWNNRrRrReOOOE S

From a given “guess” of the spectrum S(w) we can compute

75(7) = /Z

We want to minimize the “distance” to the QMC data points; mimimize

QMC statistical errors are correlated; actually has to use covariance matrix

D= Z Z[Gs(m — G(1)]C;; ' [Gs () — G(1)]

T

.100000000
.200000000
.300000000
.400000000
.600000000
. 900000000
. 200000000
.600000000
. 000000000
.500000000
.000000000
. 600000000

X:

LB B R T o B R o o B B s )

G(7)

. 785372902099492
.617745252224320
.486570613927804
. 383735739475007
.239426314549321
.118831597893045
.059351045039398
.023755763120921
.009567293481952
.003071962229791
.001017989765629
.000255665406091

OO0 ®

o(7) (error)

.000025785921025
.000024110978744
.000022858341732
.000022201962003
.000021230286782
.000021304530787
.000020983919497
.000020963449347
.000021147137686
.000020315351879
.000020635751833
.000020493781188

e” " S(w)dr

Z %[Gs(’rj) — G(Tj)]z

J

9
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Simplest analytic continuation: function fitting
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Simplest analytic continuation: function fitting

Use a functional form with a small number of adjustable parameters
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Simplest analytic continuation: function fitting

Use a functional form with a small number of adjustable parameters

Example (Sandvik, Singh, PRL 2001):Transverse and longitudinal
dynamic structure factor of 2D Heisenberg
- QMC with weak staggered field to break symmetry

0.6 M.

\
n 0.6
0.5 F

S(T/2.1/2;0)
o
oy

S

o CEC,
N W
T

S, (W2 m2;w)

05+
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Simplest analytic continuation: function fitting
Use a functional form with a small number of adjustable parameters

Example (Sandvik, Singh, PRL 2001):Transverse and longitudinal
dynamic structure factor of 2D Heisenberg
- QMC with weak staggered field to break symmetry

RS It || Resultsat
BN 11 q=(r,0) and (7/2,7/2)

QMC with weak
staggered field to break
spin-rotation symmetry
- can be compared with

0.2+

S (m0:w)
o
n
“ (.0
: o
M
L
- /
L

0.0
el 06 | polarized neutron experiments
: Et. _ et
E‘u S 04
3 Py 'E 04 [
%_1'0' :_\ % 02 |
'é' 0.1
“ 05 |
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Simplest analytic continuation: function fitting

Use a functional form with a small number of adjustable parameters

Example (Sandvik, Singh, PRL 2001):Transverse and longitudinal
dynamic structure factor of 2D Heisenberg
- QMC with weak staggered field to break symmetry

T Results at
q=(r,0) and (z/2,7/2)
- 0.4
g
€ QMC with weak
“ o2t staggered field to break
spin-rotation symmetry
80 - can be compared with
e os | polarized neutron experiments
i ol
3 E .. S oal
%! 1.0 | : |I‘ 50_2_
E ) =
“ g5 L AR G
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General analytic continuation procedure
Represent the spectrum using

some suitable generic parametrization

- e.g., sum of many delta functions

N.,
(@) — Z;%(S(Lu — wj;)
i=1
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General analytic continuation procedure

Represent the spectrum using S(w)
some suitable generic parametrization
- e.g., sum of many delta functions

NG
Sw)=)>» Ad(w—w)
B .\| ‘||H|n. w
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General analytic continuation procedure
Represent the spectrum using S(w)
some suitable generic parametrization
- e.g., sum of many delta functions

N,
(@) — ZA.._,;(S(w — w;)
i=1

N MHMHHIHHIIH... w

Manifestation of ill-posed analytic continuation problem:
- many spectra have almost same goodness-of-fit (close to best ?)
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General analytic continuation procedure
Represent the spectrum using S(w)
some suitable generic parametrization
- e.g., sum of many delta functions

N.,
S(w) = ZA.._,;(S(w — w;)
i=1

N MHHmHIHHIIm,. w

Manifestation of ill-posed analytic continuation problem:
- many spectra have almost same goodness-of-fit (close to best ?)

||||1 s A

i

L
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General analytic continuation procedure
Represent the spectrum using S(w)
some suitable generic parametrization
- e.g., sum of many delta functions

N,
S(@)E= ZA.._,;(S(w — w;)
i=1

N \!HHHHHHIHH.,.. w

Manifestation of ill-posed analytic continuation problem:
- many spectra have almost same goodness-of-fit (close to best ?)

1 ‘ ikl A HHI

Need some way to regularize (smoothen) the spectrum
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General analytic continuation procedure
Represent the spectrum using S(w)
some suitable generic parametrization
- e.g., sum of many delta functions

N,
S(w) = ZA..,;(S(w — w;)
i=1

A,

Manifestation of ill-posed analytic continuation problem:
- many spectra have almost same goodness-of-fit (close to best ?)

1 ‘ ||.\||\||1|!....||.., A HHI

Need some way to regularize (smoothen) the spectrum

Standard way: Maximum-Entropy method
- balance between high entropy (smooth spectrum) and good ? fit
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Stochastic analytic continuation Hui Shao & A. Sandvik (in progress)

Sandvik, PRB 1998; Beach, arXiv 2004; Syljuasen, PRE 2008; Sandvik, PRE 2016
[slightly different approach: Mishchenko, Prokofev, Svistunov,... papers 2000-]
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Stochastic analytic continuation Hui Shao & A. Sandvik (in progress)

Sandvik, PRB 1998; Beach, arXiv 2004; Syljudsen, PRE 2008; Sandvik, PRE 2016
[slightly different approach: Mishchenko, Prokofev, Svistunov,... papers 2000-]

Sample the spectrum, using

2
~ g
(;)ocexp( 2@)

P(LY

Pirsa: 17050086
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General analytic continuation procedure
Represent the spectrum using S(w)
some suitable generic parametrization
- e.g., sum of many delta functions

N,
(@) — ZA.._,;(S(w — w;)
i=1

N MHMHHIHHIIH... w

Manifestation of ill-posed analytic continuation problem:
- many spectra have almost same goodness-of-fit (close to best #?)

||||1 m A

i

L
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Stochastic analytic continuation Hui Shao & A. Sandvik (in progress)

Sandvik, PRB 1998; Beach, arXiv 2004; Syljuasen, PRE 2008; Sandvik, PRE 2016
[slightly different approach: Mishchenko, Prokofev, Svistunov,... papers 2000-]

Sample the spectrum, using

2
~ Lol
G)ocexp( 2@)

P(LY

Pirsa: 17050086
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Stochastic analytic continuation Hui Shao & A. Sandvik (in progress)

Sandvik, PRB 1998; Beach, arXiv 2004; Syljudsen, PRE 2008; Sandvik, PRE 2016
[slightly different approach: Mishchenko, Prokofev, Svistunov,... papers 2000-]

Sample the spectrum, using

f = sampling temperature
X2 how to choose 67?
G) oc exp (‘E) - several proposals

- balance between good fit and
overfitting (fitting to noise)

P(L‘

Pirsa: 17050086
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Stochastic analytic continuation Hui Shao & A. Sandvik (in progress)

Sandvik, PRB 1998; Beach, arXiv 2004; Syljudsen, PRE 2008; Sandvik, PRE 2016
[slightly different approach: Mishchenko, Prokofev, Svistunov,... papers 2000-]

Sample the spectrum, using

f = sampling temperature

2 how to choose 67?
P(S|G) x exp | —2=
: 20 - several proposals
- balance between good fit and
Average <S(w)> is smooth 9

overfitting (fitting to noise)

Pirsa: 17050086
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Stochastic analytic continuation Hui Shao & A. Sandvik (in progress)

Sandvik, PRB 1998; Beach, arXiv 2004; Syljudsen, PRE 2008; Sandvik, PRE 2016
[slightly different approach: Mishchenko, Prokofev, Svistunov,... papers 2000-]

Sample the spectrum, using 6 = sampling temperature

2 how to choose 67?
P(S|G) x exp | — 2=
y 20 - several proposals
- balance between good fit and
Average <S(w)> is smooth 9

overfitting (fitting to noise)

New parametrization: Delta-functions of equal amplitude in continuum
- use histogram to collect “hits”

Pirsa: 17050086
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Stochastic analytic continuation Hui Shao & A. Sandvik (in progress)

Sandvik, PRB 1998; Beach, arXiv 2004; Syljuasen, PRE 2008; Sandvik, PRE 2016
[slightly different approach: Mishchenko, Prokofev, Svistunov,... papers 2000-]

Sample the spectrum, using 6 = sampling temperature

2 how to choose 67
P(S|G) x exp | — 2=
SRS - several proposals
- balance between good fit and
Average <S(w)> is smooth 9

overfitting (fitting to noise)

New parametrization: Delta-functions of equal amplitude in continuum
- use histogram to collect “hits”

Can also build in “prominent feature”, e.g., dominant delta-fktn

HIHTH bl b 2 BICIH LA AL L

Pirsa: 17050086
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Delta-function and continuum, test with synthetic data
- noise level 2*10-° (20 7 points, 47=0.1)

HEN e

function

T

S(w)

1/3 of weight in delta

0.8

=06

04}

w)

S(
R
F,.
o
1

Page 85/129

Pirsa: 17050086



Delta-function and continuum, test with synthetic data
- noise level 2*10-° (20 7 points, 47=0.1)

S(w)
l [ -
0.8
=0.6F -
=
) #
04 M
|II I‘II"\ J,." /
021 | \ I/ =
| \ ; /';/
| ikl ! [t |
UU | 2 3 4 5 6
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Delta-function and continuum, test with synthetic data
- noise level 2*10-° (20 7 points, 47=0.1)

HIEE e

S(w)

Unrestricted sampling cannot resolve the delta function very well
- high-energy peak is also distorted
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Special treatment of delta-fktn at the edge
- optimize amplitude, but sample location

S(w)

‘IIIIIII B B A B HEEA 111 W
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Special treatment of delta-fktn at the edge
- optimize amplitude, but sample location

W

S(w)
LIS S [ now i
T T T et
1~ =]
0.8
§0.6
A :
0.4+ B P
0.2
,,/ﬁ 1
TR B RZh) N L5 S
w
The entire spectrum is very well reproduced!
Page 89/129
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More challenging case: continuum touches delta-fktn

Synthetic spectrum with
- wo=04
- a=1.0
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More challenging case: continuum touches delta-fktn

Synthetic spectrum with - e
- W0 = 04 O-rel — 10”5 (a) 1
- a=1.0 -

<
)
T
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Dynamic structure factor of
2D S=1/2 Heisenberg model
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Dvnamic structure factor of

2D S=1/2 Heisenberg model D W SRR
~ A, (k.0)=0.91
S:
&
w
1 1 1 i — |

0 : I L I : I
= A, (m,0)=0.405 1
S 0.5F £
I
A

0 L iL 1 | — | il

¥ |
Ei 0.4 A, (1/2,m/2)=0.71
‘E:: - 4
fs\%g 0.2} 4
S
~——

0 T T T T T
SR A, (m,-k)=0.895
.if" Z
8
! \

c,) S —
1 - -‘_"_1— —— |

% 2 4 0

w/ T
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Dynamic structure factor of
2D S=1/2 Heisenberg model

Presence of magnon pole detected
for all momenta q

Stk,0:w) o

Stm,0;w)

S(/2,7/2:w)

S(m.n-k;w)

003

e
in

0
0.4

T r T ¥ I

AO (k,0)=0.91

1 i i — ]

I y I : I

J. 1 I r—— J

A,(m,0)=0.405 1

I
Ay(m/2,7/2)=0.71
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Dvnamic structure factor of

2D S=1/2 Heisenberg model T s st
- A (k.0)=0.91
Presence of magnon pole detected & ’ |
for all momenta q s
Compare with previous results ] S
(Sandvik, Sing, 2001): 2 A, (1,0)=0.405 -
R e S 051 |
04 | i =
§ 03 7 0 L 1 1 | —— | -
= 1 f |
% 02 [ :\]5 0.4} A(/2,5/2)=0.71
0.1 . ‘.; g )
o~ 1. 2|
0 1l i 1 iz :%‘l 0.2
TEEs F R ST &
= 0 —
06 4 - : 1 s
S) A, (t,-k)=0.895
S | __ Qf ’ /\
rﬁ' 0.4 1 E
g9 ] A 5
A 02 1 0 . s e A L
01 F ~ 0 2 ) 6
0 FE A e Sy w/J
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QMC + SAC, L=48

upper bound
(95%)

lower bound
(magnon pole)

(0/2,7/2)  (70,0) (mm)  (w/2,m/2)  (0,0) (,0)
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Finite-size effects
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Finite-size effects

Lanczos diagonalization
for small system sizes;
N up to 40
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Finite-size effects

Lanczos diagonalization
for small system sizes;
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QMC up to L=48
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Finite-size effects

Lanczos diagonalization
for small system sizes;
N up to 40

QMC up to L=48

Follow dispersion and
delta-function amplitude
versus N-172
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Finite-size effects

Lanczos diagonalization
for small system sizes;
N up to 40

QMC up to L=48

Follow dispersion and
delta-function amplitude
versus N-172

T T T T

'l T T T T

0.9

0.6

0.5 =

SAC ED T

(7,0)
(m/2,m/2)

(S oo (mm) |

1)
1.8
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Comparison with
neutron scattering
experiments

CU(DCOO)2-4DQO,

(Dalla Piazza et al. 2015)
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Comparison with | _ I
neutron scattering < I . :
experiments k
s
Cu(DCOO)2-4D20 y
-« SAC (L=48)
(Da“a PlaZZEi et al 2015) 0 Experilnent
0' — Linear SWT
200 @) ‘?ffiz%j % g
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Comparison with |
neutron scattering T
7 2t T
experiments k
Qf::;
Cu(DCOO0)3-4D>0 s i
-« SAC (L=48)
(Dalla Piazza et al. 2015) o Experiment
0' — Linear SWT
s (0
%%?@
| & (}c/zf,n/‘:Z) :

o Experiment
SAC(L=48)

ﬂg@ @,2

]
-’t@@

@y,
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Comparison with ] [ I
neutron scattering < I . :
experiments
Qf::;

Cu(DCOO)2-4D20. : b 1 Y

-« SAC (L=48)
(Da”a PlaZZH et al 2015) 0 Experin]ent

0 [ — Linear SWT

6= S tan o |

200f
(7,0) || (n/2,7/2) | SAC result broadened

- same for both q

o Experiment | - common amplitude
SAC(L=48)
Conclusion: Excitations

are magnons for all g
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Comparison with

neutron scattering < I 1
experiments
Qf::;
Cu(DCOO)2-4D20. S AT Tl
-« SAC (L=48)
(Da”a PlaZZB et al 201 5) o Experin]ent
0 - — Linear SWT
"1‘9@5”@ %a %%% g
200f
(m,0) || (n/2,7/2) | SAC result broadened
150¢ - - same for both q

o Experiment | - common amplitude
SAC(L=48)

Conclusion: Excitations
are magnons for all g

I : Could spinons still be
w/J : of some relevance?
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The J-Q model and deconfined quantum-criticality
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The J-Q model and deconfined quantum-criticality

Proposed generic continuous quantum phase
transition between the Néel state and VB solid
(Senthil et al., Science 2004)

- spinons deconfined at the critical point

A

order parameter

N
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The J-Q model and deconfined quantum-criticality

Proposed generic continuous quantum phase 1}
transition between the Néel state and VB solid

(Senthil et al., Science 2004) g
- spinons deconfined at the critical point §
g
J-Q Hamiltonian based on singlet-projector
N &l @ o
Oy = o
() ( —1) :
Cij . CyiCui CiCrComniiiit all translations
() (D—® and rotations
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The J-Q model and deconfined quantum-criticality

Proposed generic continuous quantum phase q)
transition between the Néel state and VB solid
(Senthil et al., Science 2004)

- spinons deconfined at the critical point

J-Q Hamiltonian based on singlet-projector

.l —3 —
@ -1l 5.5

@0 .. C;CuCy + all translations
and rotations

The “J-Q” model with two projectors is (Sandvik 2007)

H=-JY C;-Q ) Ci;Chu

(i7) (igkl)

order parameter
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The J-Q model and deconfined quantum-criticality

Proposed generic continuous quantum phase 1)
transition between the Néel state and VB solid

(Senthil et al., Science 2004) g
- spinons deconfined at the critical point §
g
J-Q Hamiltonian based on singlet-projector
Ned] 3@ 2
Cij = 3 — 9i -9
€ ( —1) :
Cjj . CiiCui CiCuCmn T all translations
() (D—® and rotations

The “J-Q” model with two projectors is (Sandvik 2007)

H=-J0Y 0;-Q ) Ci;0u
(i3) (igkl)
- Correlated singlets reduce Néel order
- Néel-VBS transition appears to be continuous
* Not a realistic microscopic model for materials
- “Designer Hamiltonian” for VBS physics and Néel-VBS transition
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How do the spectra at (7,0) and (z/2,7/2) evolve vs Q/J?
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How do the spectra at (7,0) and (z/2,7/2) evolve vs Q/J?

We expect no low-energy

magnons at the deconfined point
(Q/J)c ~ 22
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How do the spectra at (7,0) and (#/2,7/2) evolve vs Q/J?

We expect no low-energy
magnons at the deconfined point
(Q/J)c ! 22

Previous works show critical
gapless (x,0) mode
[Suwa, Sen, Sandvik, PRB 2016]

Pirsa: 17050086

Page 114/129



How do the spectra at (z,0) and (z/2,7/2) evolve vs Q/J?
We expect no low-energy

magnons at the deconfined point T O_ﬂ 0 T W
(QU)e ~ 22 b |
Previous works show critical ~ Z 1
gapless (z,0) mode X 2 g
[Suwa, Sen, Sandvik, PRB 2016] ° | f
- |
L 1 1 i—l;_‘—?i | _.l_ B 1 ? g
03 SlEe e riele R 5
w:QL Tt ——o |
0 —
oo (m0)

o-0(n/2,m/2) |
) ®e e o I o 0 o @

0 10 20

Pirsa: 17050086

Page 115/129



How do the spectra at (z,0) and (z/2,7/2) evolve vs Q/J?
We expect no low-energy

magnons at the deconfined point I L (R TY AT W
(QN)c ~ 22 3 _9--‘1-"’"‘ ]
Previous works show critical S Z
gapless (r,0) mode X 2 -
[Suwa, Sen, Sandvik, PRB 2016]  °
l L= sl
New surprising result: BN ey comee s g« °—o
magnon weight at (z,0) is 08 [ A N T
sharply reduced even for small lon TR et s e
QM - vanishes around Q/J=2
< 0. .
oo (m0)
o0 (m/2,m/2) |
) ®e e o o o e @

0 10 20
QI
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How do the spectra at (z,0) and (z/2,7/2) evolve vs Q/J?
We expect no low-energy

magnons at the deconfined point AR (i N T ST W
(QlJ)e ~ 22 e K
Previous works show critical ~ Z
gapless (r,0) mode X 2 -
[Suwa, Sen, Sandvik, PRB 2016]  °
I L& ]
New surprising result: Nl e e . °—o
magnon weight at (z,0) is 03[ e e —
sharply reduced even for small & oT—0— o —0—
QM - vanishes around Q/J=2
Magnon remains robust at = o d
=7 ; oo (m0) i
q=(n/2,7/2) oo (n2.n/2) |
oL ®e—e S —— |
0 10 20
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How do the spectra at (z,0) and (z/2,7/2) evolve vs Q/J?
We expect no low-energy

magnons at the deconfined point DO+ el B T AT« W
Qi) ~ 22 bz j
Previous works show critical ~ Z
gapless (r,0) mode X 2 -
[Suwa, Sen, Sandvik, PRB 2016]  °
l L -

New surprising result: e owen e °—o
magnon weight at (z,0) is 0.5 % e ]
sharply reduced even for small & S o—C0—¢
Q/ - vanishes around Q/J=2
Magnon remains robust at =0k J

L7 : oo (m0) 4
q=(n/2,7/2) o-o(n2.n/2) |
Suggests picture of nearly I e L

deconfined spinons around % T o 20
(#,0) in the Heisenberg model QT
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Effective spinon-magnon mixing model
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Effective spinon-magnon mixing model

s L
W™ (q) i \@(:m \/1 — 1 [cos(qm) ot (_'.()S(qy)]z
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Effective spinon-magnon mixing model

Tl L
W™ (q) i \fgcm \/1 — 1 [cos(qm) & (‘_'.()S(qy)]z

w(q) = \/ 1 — cos? g, cos? gy
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Effective spinon-magnon mixing model

o 1 i ( :
wm(q) s \@Cm \/1 — 1 [COS(Q;;:) o (‘_'.()S(qy)]z

Q) =@ \/1 — cos? g, cos? gy

WA Ll
Wa,ﬂ) Wm)

(0,0) (m, 0)
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Effective spinon-magnon mixing model

1 , ‘ :
wm(q) P ﬁcm \/1 — 1 [COS(q;n) g (‘_'.()S(qy)]z

wi(q) = \/ 1 — cos? g, cos? gy

Wl A
Wa,ﬂ) WM)

(0,0) (m,0)

Magnon can break up into two virtual
spinons - add binding energy to H
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Effective spinon-magnon mixing model

o 1 ( [
wm(q) ke \/icm \/1 — 1 [COS(Q;;:) U (305(‘7!})]2

w?(q) = \/1 — cos? g cos? g,

WAl A
Wa,ﬂ) Wm)

(0,0) (m, 0)

Magnon can break up into two virtual
spinons - add binding energy to H

H! = Z I(p)(:L(?Lﬁpdq + h.c.

q,P

2
I(p) = g\/;(cosp;n + cos py)

4 1 : | X I 8
L ,\ : o
i) e 5
1 d -
— spinon
 — Magnon
0 |

@

— Effective H
o SAC (L=48)

(n};},n/'z)(n].n) (0,0) (m,7) (7,0)
q
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Qualitatively reproduces also the magnon amplitude

1

0.4r

| — Effective H f’\,

T

:
— SAC (L=48)

S

(m/2,7/2Y7.0) 0.0)
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Qualitatively reproduces also the magnon amplitude

1 ;

| —SAC (L=43) | Compare with sharp drop in
— Effective H R coherent weight in the

experiments close to q = (z,0)

Energy (meV)

(n/2,772Y7,0) 0,0) @) (7,0)
q

0
(n/2, n/2) (m, 0) (m, m
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Qualitatively reproduces also the magnon amplitude

1

| —SAC (L=43) " | Compare with sharp drop in
— Effective H R coherent weight in the
experiments close to q = (z,0)

Energy (meV)

(n/2,772)7,0) 0,0) @) (,0)
q

0
(n/2, n/2) (7, 0) (7, m

By adjusting the binding energy, the magnons close to (z,0) can deconfine

- natural explanation of the behavior seen in the J-Q model
- may be possible also with other interactions (Jz, ring exchange,...)
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Effective spinon-magnon mixing model

(,um(Q) = \/§(Jm \/1 7 1 [C()s(ql,) i (:os(q;,,)]z

3_ i
wi(qii=ic: \/1 — cos? g, cos? gy \/ \/ \/ ,,\H_

Wﬂiﬂ) Wﬂ':ﬂ') il — spinon 1
 — Magnon ]

[Uf ]
b2

(0,0) (7,0) gL |
Magnon can break up into two virtual -.%
spinons - add binding energy to H of

? = %l H’ li +‘ g 1}_ i

+ « SAC (L=48)
Hi= 5 I(p)(?;;c('lﬁpdq + h.c. , ? T
(n/g.,n/’l)(n,{}) (0,0) (m,n) (m,0)

q,P q

I(p) =g | 2 (cosp, + cospy) Magnon-spinon mixing strongest at
A q= (7,0); leads to observed anomaly
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Qualitatively reproduces also the magnon amplitude

1

| SAC (L=48) . | Compare with sharp drop in
— Effective H | A coherent weight in the
' experiments close to q = (z,0)

Energy (meV)

(n/2,772),0) 0,0) @) (,0)
q

0
(n/2, n/2) (7, 0) (7, m

By adjusting the binding energy, the magnons close to (z,0) can deconfine

- natural explanation of the behavior seen in the J-Q model
- may be possible also with other interactions (Jz, ring exchange,...)

Simple phenomenological model for nearly deconfined spinons
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