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Abstract: <p>Any quantum field theory can be thought of as arising from a perturbed UV conformal field theory, suggesting that information
the full RG flow is encoded in the original CFT. | will discuss ongoing work developing new methods for extracting this information to st
strongly-coupled IR dynamics. This method uses a UV basis of conformal Casimir eigenstates to construct the Hamiltonian, which is then trt
at some maximum Casimir eigenvalue and diagonalized to approximate the low energy spectrum of the IR theory. After presenting a ¢
framework which can be applied to CFTs in any number of dimensions, | will then focus on the specific example of scalar field theory, which ¢
used to study strongly-coupled systems like the 2D and 3D Ising models. Finally, | will discuss the possible application of this framework to
theories, including QCD.</p>
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Setup

UV CFT
+AOr

Can we use UV tools
to study IR dynamics?

IR QFT

Very general problem:

+ Standard Model + Metals, Non-Fermi Liquid

+ BSM (SUSY, Composite Higgs, GUT) *+ Spin Systems (Ising, XY, Potts)

+ Asymptotic Freedom (QCD, Gross- + Superconductors (BCS, High T.)
Neveu) L
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Goal

Compute low-energy spectrum, correlation
functions in strongly-coupled QFT
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Bootstrap Program

+ CFT characterized by operator spectrum and OPE

coefficients
Oi(2)0;(0) = Y Aiji Cz,0)0k(0)
A
+ Use symmetry and unitarity to constrain / discover

* Nonperturbative method
* No Lagrangian needed

+ General dimension d

4

aBiRIsL L4126
arXxiv:1603.04436
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Big Picture

Mapping out space of CFTs:

| .(1}‘1r11'{
C’b‘\l’]j I
-
CET.®
OCET,
-
(FT:
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Big Picture

Mapping out space of QFTs:

C."]fv 13

("j b1 l’]j I

-
CFTs

Can we use CFTs as launching points to study QFT?
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Big Picture

Mapping out space of QFTs:

C."]fv 13

("j b1 I’Jj I

-
CFTs

Is conformal structure useful in general QFT?
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Punchline: Conformal 1 runcation

+ Start with UV CFT + \Og

+ Use UV basis of conformal Casimir eigenstates up to
maximum eigenvalue C,,.

+ Diagonalize truncated Hamiltonian to obtain
approximate IR spectrum, study correlators

[Use CFT data to study QFT dynamics]
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Outhine

+ Conceptual Example: Rayleigh-Ritz Method
+ Conformal Truncation Framework

+ Testing the Method

* RG Flow to 2D Ising Model

» 3D Large N, Ising Model (in progress)

* Future Directions/ Applications
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Rayleigh-Ritz Method
Simple method for approximating energy eigenstates

+ Lord Rayleigh (1877), Walter Ritz (1908)
n)

1) Start with complete basis of states
2) Truncate basis at some level |nyax)

3) Construct truncated matrix:
[I[tl'l_ll'l(f = <”|I[’”,> (TL? n' < '”'nm.x_)]

4) Diagonalize H¢ yne H trunc
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Rayleigh-Ritz Method

QM Example: Anharmonic Oscillator
1o, 1. ._
5P T 57 + \a

Perturbation series in A asymptotic, doesn’t converge

n) to build:

Use original harmonic oscillator states

[H ol :,(’n, L %)5.,,,.,,/ + A(?"z.,l(a: + (L)ﬂn') (n,n’ é A )}

. / ™

Unperturbed “Tree Level” Finite Matrix
Hamiltonian Matrix Elements

10
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Rayleigh-Ritz Method

Easy to diagonalize truncated matrix to obtain: (A =1)
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What’s a Good Basis?

Need truncated basis with large overlap with IR states

“Conformal Truncation”: Use natural basis for UV CFT

S = ScrpT — A / dlx Og(x)
f .

Use CFT Basis

Alternative truncation frameworks (mostly in 2D)

Yurov et al. "89; Hogervorst et al. "14; Rychkov et al. "14; Chabysheva et al. "15; etc
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Conformal Casimir Basis

UV basis of Casimir eigenstates in momentum space:

C, P, ) = / d'z f-”“@(r>o>]
e

s
CFT invariant mass

/13 —

Bulk mass

: 1 | e
,szzf—g(P-KqLK-P)JrELZ

(A —d) + £t +d - 2) ~ A7)
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Discretizing the Basis

Each operator defines continuum of states

Discretize 1 with “weight functions”:
g

A2
[Ca P,k) = / du*gi(w)IC, P, ,,,)]
( N

)

B
Weight functions
Regulate with hard cutoff A

Discrete basis of Casimir eigenstates

C, P, p) = /r].'}.r e~ 2O(x)|0) s
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Conformal Truncation

Two parameters to truncate basis:

[9111 ax) k max

Number of bulk Bulk resolution of

fields / Casimir multiplets S L

Expect good convergence in Cy,ax,

poorer convergence in Ky, ,x

. S > ) . )
IC, P,u) = / d%z e~ *O(x)|0) IC, P, k) = / dp=gr()|C, Pop) s
: Jo
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Conformal Truncation
Heuristic AdS Picture:

y |

y [c~ M) 4

Sets IR Cutoff

SN <IR. "™~
A

f//r agr(p)|C, P TV

IC, P, u) = /w’.;.-f’—”"-"c.)(.r-)|n> C, P k)
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Conformal Truncation
For any deformed CFT
S = 5’(1]9'1* — A / (lri;l.‘ (9];_(.’!7)

Construct truncated Hamiltonian

H = Hgcpr + A0H

[ 6H ~ (C,P,k|Og|C', P/, k') ]
.4

CFT 3-pt function

Calculate IR spectrum from CFT data

. ' 8 o — I‘;\I-j ) g
C, P, u) = /rr’.w P ()]0) C, P k) / dplgr()|C, Py 1,
. JA)
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Lightcone (Quantization

Calculate Hamiltonian on slice of constant Err"'" = %(l + ;1:)]
of —
A Y, 2
ds® = 2dztdx~ — dzt?
» / . o
< > U
v
] i Pz 1y 3 = ]
C, P, ) = /rl' re ' O(x)[0) IC, P, k) / dp® g (1)|C, Py g
. J )
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, 'R L 1 » — 2 Y »
Overall Framework
Start with UV CFT states |C, P, k)
» Truncate to finite Hilbert space with Cpax, Kmax

Use OPE coefficients to construct lightcone
Hamiltonian P,

Diagonalize to obtain approximate mass eigenstates

for IR QFT
Use cigon%tath to qtudy dynamical quantities
(O - Z O()|pi) (il O(0))
3 ' . - "’I\I‘j +
IC,P,u) = / dix e T O(x)]0) IC, P, k) = / dp® g (10)|C, Py
. 1)
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But Does It Work?

* Overall framework for general UV CFT
* Need to test method in theories with known results
- Today: Demonstrate method in scalar field theory
- RG flow to 2D Ising Model
First Truncation

» 3D at Large N« Example in 3D

Future: 3D Ising Model, Gauge Theories, ...
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Scalar Field Theoryind =1 + 1

UV CFT: Free field theory
]
LopT = 50,,{(/)(')“(/)

Relevant perturbations:

- Jabrottaniaflene
oL = é'm,‘)(/)‘) - l_' A(/)*]

Advantage: Can calculate all OPE coetficients
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Scalar Field Theoryind =1+ 1

. " A2 s g ‘
Equation of motion: 0“¢ = 20,0_¢ = 0
[n lightcone quantization, “left-mover” 0, ¢
non-dynamical

Casimir eigenstates built with “right-mover” d_ ¢

(5 P20 =)

One basis state per operatorz

UC.,P,,;,%(» = /d;rr('”) O(.::)\(])]

One Truncation
Parameter
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Constructing UV Basis

Need to find all primary operators in free field theory

Olx) = Z Cim, 0 ¢(x)0 2 P(x) - - - 07" P()
{rmn }

Moy

Use Fock space to calculate matrix elements
“Tree Level”

(C,P_|P.|C", P} = { * l"*/' P,
35 e Pl e O | | D Do)

IC, P_) = /(l.r' e - O(z)|0)
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RG Flow to Ising Model

Free Scalar Field
Compute Entire 4 7”‘2(/)2 ' )\*(/)Jl
RG ﬂow\‘

Ising Model

[(/) =0, o¢°= EJ

+ 2D Ising: Minimal Model

+ 3D Ising: Numerical Bootstrap
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Deformed Ising Model

Free Scalar Field
+m2¢® + (A + 61"

® [sing Model

(Ising + (T — ’/";.)e]

[- 2D: IR theory inl:egrable‘-J

+ 3D: Currenlly unknown \Tesl Method Near
Critical Point
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I ) )
2,2 4
g A
2 ‘ 4!

Lowest Eigenvalues™

Amax — 00

B 2nd Odd Eigenvalue |
B [st Even Eigenvalue |

B ]st Odd Eigenvalue -

Iax 26
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Dynamical Observables

Also have approximate mass eigenstates |/t;)

Compute real-time, infinite-volume correlation functions

Example: Kallén-L ehmann spcntral densities:

[rf
(T{O(2) /(/,u po (i) / 2 e Rl
p? — u2 + de

In practice, simpler to consider integrated density:

'l"
Io(p) = / dupo (i) Z [(O(0)|44)]
Jo
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Foxample: Ty _

Universal operator: Stress-energy tensor 7,

Near critical point, compare trace to Ising prediction:

e, L T iy oL o~
[[ I!" 1 _I._ == " I))}pﬁ;;})k.]

Extracted from Spectrum

At critical point, trace vanishes

[7"'| —0 as A >,\*]

/
Signature of CFT
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T, _ Spectral Density
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I l
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I l
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T, _ Spectral Density™
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Universality in IR

Near critical point, all operators flow to lowest-dimension
[sing operators in the IR

(n

[{/)1 PR s sl (/)“, vhe > E

Expect universal behavior at low energies

[[)(/);3-“ () = pe(pt) as p — ()]

32
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(’-Function

| 127 W .
—Jo

C-theorem: Monotonically decreasing function along

Zamolodchikov '86

entire RG flow

Interpolates between central charge of UV and IR fixed

points
In CRTE =S S0 F\Central Charge

> CUV >~ CIR
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P S 1
EXtracting Cising = 5

Expect plateau in C-function at Ising central charge

2
gap

Plateau very sensitive to UV corrections, requires mj, , < A

Truncation limits IR resolution:

2 A°
IR e =

AIIIH.X

Lack of plateau at large mga, not due to truncation error

37
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P S 1
EXtracting Cising = 5

Expect plateau in C-function at Ising central charge

2
gap

Plateau very sensitive to UV corrections, requires mj, , < A

Truncation limits IR resolution:

2 A°
IR e =

AIIIH.X

Lack of plateau at large mga, not due to truncation error
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P S 1
EXtracting Cising = 5
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Scalar Field Theoryind =2 + 1

Additional transverse direction: P* = 2P, P_ — P%

[’rimary operators built from two kinds of derivatives

Uigl= Z (@ rap (")?l”!' 3] e (SR 4 s (')'T';* o(x)
{m}

P?O # 0 — Two truncation parameters

1 ]
[(/HHLXS A’lll}l,)(]

A
C, P, k) / dpgr()|C, Pop) g
JA)

‘(,’,/;,/!) = /r['!.rr' H""'(’)(,ir)l(l>
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Large-/V Example

Can extend basis to N free fields ¢;

N
l
LopT = Z 5(‘);,,(/)-,:(‘)“(/)/-
- O(N)Symmetry

Basis of two-particle singlets identical to single-field case

Perturb CFT with relevant interaction:
: Ve Lk 59
E)E — Z Q’NL (ﬂ)i —- Z 1 N(/)i (/)_'f
i 1.1

N — oo limit with # fixed: Particle number mixing
suppressed by 1/N

39
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[ | w

g .« [0L =" )'m?' b7
Large-/V Limit -~

Can resum leading contributions to spectral density for
™
2= ——

= \WZ(/Jf

($%(2)¢%(0)) = O 4 % pe ek

Free Field Theory in UV
<

foa
= (‘”I (F.‘)

i f\" J
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Mass Gap in Far IR

f ] / by,
2 4711
f)(/“,'z(ﬂ’ ) & s 2 2
R et . y' ety g i s
] (1 1 SW/rﬁ;", (;112111.)) ! (?:;1) d

\

New Scaling in IR
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4 6L = =m*¢? |
Varying A ax
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Towards 3D Ising

Tested framework near critical point and in 3D

Have general method for constructing basis of
primary operators in scalar field theory

Ready to study RG flow to/from 3D Ising model

Currently Unexplored
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What About Gauge Theories?

Two possible approaches:




What About Gauge 'T'heories?

Two possible approaches:
Free Quarks, Gluons

+gA*J, + gA® + g*A*

ot Gauge-Invariant

QCD

Hard cutoff on Hamiltonian integral breaks gauge
Invariance

Need to find alternative regulator
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What About Gauge 'T'heories?

Two possible approaches:
Banks-Zaks (e.g. SU(3), Ny = 16)
+mqq (N; — 3)

Gauge-Invariant!

QCD

Hard cutoff preserves gauge invariance

* No need for alternative regulator
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Banks-Zaks Fixed Point

Need operator spectrum and OPE coefficients

* Numerical bootstrap

» Perturbation theory (SU(3), Ny = 16 — a, ~ 0.04)

General recipe for any gauge theory

» Favorite theory + Extra matter — Fixed point
(Banks-Zaks, N' = 4SYM, etc)

» Remove extra matter with mass terms

Works for chiral gauge theories

I-—p
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