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Abstract: Most practical studiesin Shape Dynamics involve an N-body Newtonian interaction which is described by a homogeneous potential. This
property allows one to proof several interesting features like the emergence of an arrow of time. However, more generic interactions are not
described by these kind of potentials and introduce additional dimensionful coupling constants. Thus, it is an open question whether more generic
interactions can be written in afully relational manner. By studying the concrete example of the gravitational Weber interaction which is, in a sense,
a more redlistic theory of gravity, we show that it is possible translate non-Newtonian interactions, which have inhomogeneous potentials and
additional coupling constants, into arelational language. This opens the door to study other interactions and may shed light into the relationalization
of gravity as described by genera relativity.
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Questions:
e 'Relationalise’ an interaction with an extra coupling constant?

e Does it add a shape space dimension?

Pirsa: 17050046 Page 3/23



Pirsa: 17050046

Weber electrodynamics

Example: Weber electrodynamics (1846).

No fields, forces and (charged) particles.

Describes Coulomb, Ampere, Faraday,
radiation.

First link of light (¢) and electrodynamics
Initially Maxwell thought it was correct.
It has been falsified.

Wilhelm Eduard Weber
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Weber gravity

The force on particle 1 by particle 2 is

" _ —Gmm 32,  6rioF
F12: 1 2( 12_|_ 1212).
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Completely relational (only relative dist/vel /accel).

e On a Newtonian spacetime.

Additional dimensional object: ¢ = speed of light.

Homogeneous (invariant under rescalings of 7 and t)?
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Weber gravity

The force on particle 1 by particle 2 is

=+ 5 —Gmlmg 3f’122 6r12'r'12
Fia=f—s— |\l +—S—= |,
ris = C
5 im w " : driz , |dno . d*r
Ae=n—rR, n2=|M (= dt 7 dr |’ e = J2

Invariant under global rotations and translations =
N particles in 3 spatial dimensions, 3N — 6 indep. r;;.

e 1o = —Fyq, central, and conservative = P, L, E conserved.

GR phenomena: perihelion precession, “radiation,” UFF,

Newtonian limit: ¢ — oc.

Falsifiable: it does not affect light = toy model.
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Getting relational: the algorithm

Basic steps (that minimize the calculations):

1. Lagrangian/Hamiltonian
(First order) EOM and configuration space metric
Length scale and intrinsic parametrization
EOM for intrinsic parameter
Normalization (dimensionless coordinates)
Choose an extra dimensionless variable

Find EOM for this quantity, check if system closes

©® N O v AW N

If not, promote its derivative as a new DOF and return to 7
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Weber Lagrangian and metric

e Weber Lagrangian

1 5 -G m;m; 31;5
L—EZHT;I}—U, U—T . r{j (1—|—C2 .
j ijli#]

e In term of the Newtonian potential Ux (and o, 3 = 1,2, 3):

L = E Z gﬁ(._]_ﬁ-j(x)x’.--xf = UN(X),

iJ,o,3
6 Gm;my 3
_ . Y o / /[
giaip = Mi0ap + E — (X7 — xg ) (x7 — x¢),
ey
k|k#i ik
o6Gm;m; .- ;
: - J Y 3 i . ;
Biojf = — =3 (X" = X" )X = X; §, F==

® giajs 15 not homogeneous!
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Weber Lagrangian and metric

e For simplicity, all particles have mass m.
e More general: m average mass; relative weights in g,p.

e The Lagrangian can be written as (a, b config. space indices)

b=T—lk, = ggab(x)k"“kba

and Uy is the total Newtonian potential.
e g.p is dimensionless.

e Formally, trivial to get the Hamiltonian (no constraints)

1

oL
H=_—"—g® =,
58 (X)Papp + Un,  Pa= o

e The energy E = H|x, p(x,x)] = T 4+ Un is conserved.
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Equations of motion

e As expected, the EOM are

»a 2 «b-.Cc __ = a 71 ad (‘)gbd (‘)gdc . (')gbc
X+bcxx_ ’ bc — Oy I b o !
m 2 Ox X Ox
Fa — adeN
- _g Nub?
0Xx
e Let v? = x?, then
Fa
- LI a b c
v:h = —lpvVv +;,
x? = v
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Length scale and intrinsic parametrization

e Length scale: R? = g,px?x?.

e Dimensionless parameter:
R?ds® = g.pdx?dx® = g,pv2vPdt?.

then

dt R
—_— = — |V| s | % /gabvavb_

dv |v

where sign is chosen s.t. s grows in the direction t does.

e In terms of s

dv? R TR
@~ (e D).
dx? _ Rv_a

b

ds

|v
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Normalization

e Let v? = v?/|v| and ¢? = x?/R, then

du? RF? u? d|v|
— = e B[ b6 _ — 17
ds m|v|2 bet & lv| ds ’
@ _ g TR
ds R ds

e Is the g? equation purely kinematical?

e Need another dimensionless quantity.
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Additional dimensionless variable

e The new dimensionless quantity must be a quotient of

G, m, ¢, E, R, |v|.

Convenient not to use R and |v| at the same time (we have
dR/ds and d|v|/ds). We use R.

e We do not use E to single out the E = 0 case.

Use the ratio of gravitational and rest energies.

Let Kk = Gm/Rc?, then

dv Gm dR  kdR
ds  R2c2ds  Rds’
e Explicitly
1 dR
B = 84aRT 8. 0°q°u° + gapq®u®
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Still need to deal with d|v|/ds and RI'¢

ab’

Since gap = dab + K0gap(q), then

RISe = 573(9)-

V = V/(q) dimensionless and s.t.

B —Gm?V

Un = = —kmc?V = RF? = kmc*f3(q).

Using T = m|v|?/2:

2T  2(E + kmc?V)

V2 = :
m m
iM o -1 dUN o gabf""ub
lv| ds  m|v|2 ds  2[(E/kmc2)+ V]

V(q), f?(q) and v<,(q) are known and dimensionless.
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EOM: Does the system close?

du? _ fb(df, — gbcuauc) B H,ya L

ds 2[(E/kmc?) + V] 'P¢ 5

dq? b(sa a,.c & @ b e.d
ds u”(0p — 8bcq°q°) — K8beVeaqd q q UT,
dk

ds - 7""gabqa Ub - "'72gd97'gcqaqbuc'

The system closes!!!

No need additional variables.

Same number of DOFs than the Newtonian case.

DOFs: {q, p,x} minus 2 constraints |g| = 1 = |u].
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EOM: Further comments

du? _ Fo(862 — gpeu?u®) e Pl

ds 2[(E/kmc?) + V] " 'be ’

dqa b sa a g b e d
7o = (05— 8beq’q ) — K8beVeaq°q"q U
dk

= = —kgapq°u° — K*gua5.q7q° U .

Nothing special when E = 0.

The first terms in the u? and g? equations have projectors.

The last terms in these equations keep the normalization.

After all, the g? equation is purely kinematical.
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essons

e There is an algorithm to put (pre-relational) theories in a
relational language.

e The effects of ¢ can be described in a fully relational way.

e New dimensional coupling constant do not change the
relational equations structure.

e In fact, having ¢ was useful (x definition).

e Other interactions may be studied, e.g., a relational MOND.
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