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Abstract: <p>| discuss a string theoretic approach to integrable lattice models. This approach provides a unified perspective on various important
notions in lattice models, and relates these notions to four-dimensional N = 1 supersymmetric field theories and their surface operators.&nbsp; |
explain how my construction connects to Costello's work and the Nekrasov-Shatashvili correspondence.</p>
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Integrable lattice models can be embedded in string theory.
What does this buy us? A lot!

Today, [ will

» construct an integrable'lattice model that unifies three
lattice models,

» relate it to 4d N = 1 SUSY QFTs and
» elucidate surface operators in these theories.

[ will also explain relations to

» Costello’s construction of 8-vertex model from gauge
theory [Costello “13, Costello-Witten-Yamazaki] and

» Nekrasov-Shatashvili correspondence.
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BELAVIN MODEL [Beavin ‘81

Belavin model is a lattice model in statistical mechanics:

Spins O live on edges, interact at vertices.
Spin variables i,j, k,I,... € {1,...,N}, N > 2
A spectral parameter u € C assigned to each line

Lattice can be drawn on any surface ¥; in this talk ¥ = T2,
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Interaction is governed by the R-matrix R®(u) € End(CN ® CN).

The local Boltzmann weight is given by its matrix elements:

nr

u S8 = RP(u12)s, wip =y —uy.

0

1
uz

1
RP depends on three parameters, uand 7,y € C, Im 7 > 0.

Partition function

Z= Z H local Boltzmann weight .

spin configs vertices
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Explicitly,

9'] (Af) G(k_l) (u + 7) llm U M)

RP(u)ff = Oitjk+ly

Here i, j, k, [ are treated mod N and

a — i(n+a)2r+42mi(n+a)(u+b)
olb](uh- Y & ,

n=-—o0o

00w =0 V2 I | i),

odu)—-—oliigl(mr).

For N = 2, we get Baxter’s 8-vertex model [Baxter '71].

mu+w9W”hwW”m)Hijm”wY
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RB satisfies the Yang-Baxter equation

R?Z(”l:Z)R?B(”lS)R[Z}S(uZB) = R]233(”23)R?3(u13)R?2(”12) .

Graphically,

Highly overconstrained: N® equations for N* unknowns.
It follows the model is integrable.
This is quantum integrability:

2d lattice model <+ 1d quantum spin chain.

Belavin model <> sly XYZ spin chain.

Page 12/37



I String Theory and Integrable Lattice Models-Perimeter.pdf (page 14 of 35)

JimBO—Mi1wa—OKADO MODEL [jMO ‘8]

JMO model has an additional parameter A € h C sly.

The dynamical variable A is specified on one face:

F S S F S
I L} I

HOr=am= Om === O =1y

O x O O

I L} I

et mp e B e T

Q@ @

Across a line A jumps: if A = (Aq,...,AN), ZIN:] Ai = 0, then

A
Doy

A — ywi

where w; = ¢; — % }:}il ej is the weight of ¢; € CN, (e); = dy.
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JimBO—Mi1wa—OKADO MODEL [jMO ‘8]

JMO model has an additional parameter A € b C sly.

The dynamical variable A is specified on one face:

FS F S S
I 1

O =aeaOemteaOmerad

O A O O

L e e

& o B

Across a line A jumps: if A = (Aq,...,AN), ZIN:] Ai = 0, then

A
Doy,

A — ywi

where w; = ¢; — % }:}il ej is the weight of ¢; € CN, (e1); = 0y.
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The Boltzmann weight is given by Felder’s R-matrix [Felder '94]:
A d) A = yw
0 --(D-4-® -
A — ywy Q:) A —y(wi + wy)
! = X = y(wk + wi)

RF(”]Z) A)'::r[ =

U
(RF)ﬁ-‘j’ = 0 unless {i,j} = {k,!} for consistency, and
j_ 01 (u)01(Aij + ) ji _ 6 ()01 (1 + Ayj)
T 0(u+ )01 (Ay)
For N = 2, we get the 8VSOS model [Baxter '73].

RDi=1, (R (RT)

This time, we have the dynamical YBE:

-~ ~

5] \:\: A : ]
S, Y Uy ~_ 4~
17 — 3¢
[P » P ~J

L) 4 Uz Sae

Uz -7 1 4
1 1
Us U3

T 01(u+ )01 (Ng)
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We assign Boltzmann weights

L Y . ;
L _ ;\ _ HF(62”'("2_"1)/N+’”_’\') /F(€2m(ug—u1)) ’
A Felq
Ui Uy Uy Us '
= )\ _ HF(\/p—qezrri(tq—142)/N+;1.f—/\f) ,
U l:z N] Uz o
where p = ™7, g = ™7 and I is the elliptic gamma function
i .
Y = pm+ lqn H/Z
PEpa) = 11 F—m—

m,n=0

Each spin A is integrated over with measure

N-1

([T, (1 - P (1 —g")) / 15 dx
N! o1 [T T (2R M)
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We can reformulate the BS model in terms of an R-matrix.

Introduce double line notation (u,0) =——= = U »

BS-Derkachov-Spiridonov R-operator RP°P® is given by

RBSDS((u]aU])a(uzavZ))i:_ = (u1,0) =
L

(u2,v2)

[BS "11, Derkachov-Spiridonov "12, Maruyoshi-Y "16].

R BSDS

Lattice made from gives the tricolor checkerboard.

RBSDS js an co-dim R-matrix; it’s an integral operator.

YBE follows from an integral identity for I" [Spiridonov ‘03 , Rains ‘10].
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SUMMARY OF THE THREE MODELS

Belavin:
RP(u12) = w ”"'%""1 RB(u12) = w ""g"’ = (R®(u12))
14"2 L:Z

Jimbo-Miwa-Okado/Felder:

Bazhanov-Sergeev:

RS ((uy,v1), (up,12)) = (u1,vm) = =

(u2,v7)

T
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String theory tells me the three models can be unified [y 17).
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INTERTWINING OPERATORS

If different kinds of lines can coexist, we have more crossings:
A ]
/
U ---}-; = S(u1z; A), ---u-)-\& = S"(u12;A) ;
uz u;

—~

U 'i\'g"* = g(“u; A)s = “--,i) - S,(“12; A)-

Uy i3

These intertwining operators are N x N matrices of functions.

They must solve many Yang-Baxter equations such as

) N 'f‘
L I o Y o 2
= and B = > .
- - A==) 2 ~J - I
P ~4

The second one is the vertex—face correspondence [Baxter ‘73, JMC
relating RB and RF.
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I . )

Solutions exist [Y "17]:

S(u; A) = e~ ™MW (u, \), §’(u-,\) ”"‘ZN/sz(u X)F
Su; \) = (-)N1S' (' 1) 12N

.t
—
=
>
~—
I
W
—_
:“!—
2
|
/“\

where ' =u + N(7 ++v)/2 — v and

7 diag(e}ni/\l’ . eZTri/\N) ’
' N -1
B(u, AY, = o0 (u — X 2) ,

W(u, \)) = @(u, )] / 1‘[ 01 (M)

Partial results in [Sergeev 92, Quano-Fujii “93).

Similar analysis for N = 2 in [Derkachov-Spiridonov].
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BRANE CONSTRUCTION [Yamazaxi ‘13, MaruyosHI=Y 16, Y “17]

Our model can be constructed from branes in string theory.

Wrap a stack of N D5-branes on $% x S§! x ¥.

Let an NS5-brane hit the D5s. They form bound states:

e
=

ND5 ~
7 (N,1) NS5

NS5 N, —1
NDs S )

I

In the lattice model, the junction is a solid /dotted line and the
bound state region is colored blue/red.

A TQFT al‘gument shows mem' system — Zimcgmblv lattide model
[Costello 13, Y /15, "16].

YBE becomes brane movements!
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CoRrRRESPONDENCE WITH 4D SUSY QFTs
The D5s support 6d SYM on S3 x S! x ¥. NS5s wrap S x S'.

Making ¥ small, we getan N = 1

It is a gauge theory described by a planar quiver:

g E
) O O
........................ LT PP T
O O O
O O o]
— L — sassssasaa]ereiiiiy,
O ®) oF

Now O is an SU(N) gauge group.
SUSY index of this theory on S° =

YBE follows from Seiberg duality.

SUSY theory on S3 x S,

/

LA
/\/\\/
\/ /O

» is a chiral multiplet.

Z s [Spiridonov 10, Yamazaki ‘13].
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SURFACE DEFECTS AS TRANSFER MATRICES [MaruyosHi-Y, Y 17]
A D3 hitting the D5s creates a dashed line:

D3A
I
It acts on the BS model by a transfer matrix, e.g.

1 i 1 i
-R--B---B--B--
i B R B

This is a difference operator shifting dynamical variables.

The D3 wraps S! x S! ¢ S% x S!, so it creates a surface operator
in the 4d N = 1 theory:.

A new way of understanding surface operators
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In terms of L-operators LF -i-; and LB = [.l ,

1
B BB = Te(LFLFLFLF) = Tr(LPLPLELP).
LF satisfies an RLL relation with Felder’s R-matrix,

s |
< RFLILY = LILIRF,
it |

giving an oco-dim rep of the elliptic quantum group E, , 2(sly).

LB satisfies two RLL relations, with RB and RBSPS:

This is the elliptic lift of the chiral Potts /six-vertex relation

[Bazhanov-Stroganov "90, Bazhanov-Kashaev-Mangazeev-Stroganov '91].
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Tr(L---L) is a surface op for class-S; theories [Gaiotto-Razamat '15].
N o i

k

For k = 1, we get surface ops in class-S theories, which play
important roles in the AGT correspondence.

They come from codim-4 defects in 6d (2, 0) theory, classified
by irreps of sly.

Correspondingly, dashed lines in any irrep R,

can be constructed by fusion.
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0/ =1 Reme i ) gL A = J=hailN

The transfer matrices match gauge theory results:

» R = CN, k=1 [Gaiotto—Rastelli-Razamat "13, Gadde-Gukov "13]

» R=CN , k > 1 [Gaiotto-Razamat, Maruyoshi-Y, Ito-Yoshida]

» R=NA\" CNn>1k=1: Ruijsenaars’ ops
[Bullimore-Fluder-Hollands-Richmond “14]

Comparison in progress [Vasko-Y]:

» R=6"CN ,n > 1,k = 1 [Gaiotto-Rastelli-Razamat, Gadde-Gukov]
» R =S"CN,n > 1,k > 1: partial results [Ito-Yoshida, Vasko-Y]

Other cases: no QFT results yet.

Pirsa: 17040073 Page 27/37



RE LATION TO COSTELLOIS THEORY [CosteLLO-Y, WORK IN PROGRESS |
Replace S? x, ., S' with R? x, T? in our brane setup:
spacetime R x, T2 x_. R* x T*%
ND5s R? x, T? x 0 x b3
NS5 R?Z x, T? x 0 x X
D3 0 x T? x 0 x EY
¥ N Y = solid/dotted line, ¥ N ¥” = dashed line.
Apply S-duality — T-duality on T? — S-duality:
spacetime R? x T2 x R?2 x T*Y
ND5s R? x T? x 0 x %
D3 RZ x pt x 0 x ¥
F1 0 x pt x 0 x Y
in a fluxtrap background (C, # 0) [Hellerman-Orland-Reffert 12].

The coordinates on T? are the spectral parameters.
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RELATION TO COSTELLOIS THEORY [CosTeLLO-Y, WORK IN PROGRESS |
Replace S? x, , S' with R? x, T? in our brane setup:
spacetime R? x, T? x_ R® x T*%
ND5s R? x, T? x 0 x p )
NS5 R?2 x, T? x 0 x X
D3 0 x T? x 0 x X
¥ N Y = solid/dotted line, ¥ N ¥” = dashed line.
Apply S-duality — T-duality on T? — S-duality:
spacetime R?2 x T2 x R? x T*%
ND5s R? x T? x 0 x z
D3 R? x pt x 0 x X
F1 0 x pt x 0 x X
in a fluxtrap background (C; # 0) [Hellerman-Orland-Reffert 12].

The coordinates on T? are the spectral parameters.
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spacetime R? x T2 x R%, x T*%
NDss RZ x T2 x 0 x %
D3 R2Z x pt x 0 x ¥
F1 0 x pt x 0 x X

D5s in the fluxtrap gives -deformed 6d SYM on R? x T2 x ¥.
D3s create codim-3 defects. Fls create Wilson lines.
Localization leads to Costello’s theory with action

i / dz ACS(A).
€ JT2xy

Wilson lines support Belavin/JMO model [Costello 13,

Costello-Witten-Yamazaki].

Codim-3 defects can be used to construct Baxter’s Q-operators
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spacetime R? x T? x R%, x T*Z
NDss RZ x T2 x 0 x %
D3 R? x pt x 0 x ¥
F1 0 x pt x 0 x X

D5s in the fluxtrap gives Q-deformed 6d SYM on R? x T2 x ¥..
D3s create codim-3 defects. Fls create Wilson lines.
Localization leads to Costello’s theory with action

1 / dz ACS(A).
€ JT2xy

Wilson lines support Belavin/JMO model [Costello '13,

Costello—-Witten-‘lfamazaki].

Codim-3 defects can be used to construct Baxter’s Q-operators
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RELATION TO NEKRASOV—SHATASHVILI [CosTELLO-Y, WORK IN PROGRESS ]

Put a 4d N = 2 gauge theory on R® x S.

At low energies on the Coulomb branch, we geta3d N = 4
sigma model with hyperkédhler target M.

In one complex structure, M is the phase space of a complex
integrable system:

complex torus —» M

|

Coulmb branch on R*

(-deformation R3 x S! — R? x R x S! quantizes M.
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RELATION TO NEKRASOV—SHATASHVILI [CosTELLO-Y, WORK IN PROGRESS ]

Put a 4d N = 2 gauge theory on R® x S.

At low energies on the Coulomb branch, we geta3d N’ = 4
sigma model with hyperkédhler target M.

In one complex structure, M is the phase space of a complex
. I
integrable system:

complex torus —» M

|

Coulmb branch on R*

(-deformation R3 x S! — R? x R x S! quantizes M.
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Consder N = 2 SQCD with G = SU(N) and Ny = 2N.

In this case, we get the quantum trigonometric Gaudin model.
This is spectral dual to sl; XXX spin chain of length N.

Indeed [Chen-Dorey-Hollowood-Lee "11],

vacua of the Q2-def. theory «» states in the spin chain,

Seiberg-Witten curve <> spectral curve det(x — T(u)) = 0.

Where is the spin chain hiding?
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In our construction, T of the XYZ spin chain is given by

e R
fiber of T*S! ; ' \

A 2 D5s
" NS5
Take ¥ = R x S! in our brane setup:
spacetime R? x, T? x_ R*> x T*R x T*S
2D5s R?2 x, T? x 0 x R x St
NNS5s R2 x. T2 x 0 x R x fiber
D3 0 x T> x 0 x fiber x &
Apply S-duality — T-duality on S' — T-duality on T?:
spacetime R?2 x T2 x R2?, x T*R x T*S!
2NS5s R? x T2 x 0 x R x Sl
ND4s R? x pt x 0 x R x T*S!
DO 0 x pt x 0 x fiber x pt
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spacetime R? x T2 x R2, x T*R x T*S!
2NS5s R?2 x T2 x 0 x R x §!
ND4s R? x pt x 0 x R x T*§

DO 0 x pt x 0 x fiber x pt

In the limit T2 — R2, this realizes the 4d N = 2 theory on
R? x R x S! + instanton:
NS5

D4

fiber of T*"R

In this limit, XYZ — XXX.
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CONCLUSION

String theory allows us to construct integrable lattice models
and relate them to 4d SUSY QFTs.

Further directions:

» Change S? x S! to M3 x S! to get new R-matrices:
M3 = SB/Z,- [Yamazaki, Kels], 52 X Sl, ¥ x Sl,

Zamolodchikov’s tetrahedron equation [y '15]

v

» Chiral Potts model and monopoles [Atiyah '91]

» Geometric Langlands and AGT correspondences
» Categorification of lattice models

» Little String Theory, AdS/CFT correspondence, ...
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