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Abstract: | will describe some recent work studying proposals for computational complexity in holographic theories and in quantum field theories.
In particular, | will discuss some interesting properties of the new gravitational observables and of complexity in the boundary theory.
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Complexity:

» computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?
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Complexity:

» computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?

* quantum circuit model:

) =U |vo)
unitary operator—J Lsimple reference state

built from set of g |00000 - - - 0)
simple gates

[offoli gate Hadamard gate

Phase-shift gate Ancillary gate Erasure gate

a 1 P} " |a 0) | 0 P ' T
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Complexity:

» computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?

* quantum circuit model:

1Y) = U |vo)
unitary operator—J Ls.imple reference state

built from set of €8 (00000 - - - 0)
simple gates

tolerance: | |”l/)> — "1/)>Target ’2 <€
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Complexity:

» computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?

* quantum circuit model:

W’) =U Wo)

unitary operator —J L simple reference state

built from set of €8 |00000 - - - 0)
simple gates

tolerance: | ‘"l/)> — "1/)>Target ’2 <€

* complexity = minimum number of gates required to prepare
the desired target state (ie, need to find optimal circuit)
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Complexity:

» computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?

* quantum circuit model:

¥) = U o)

unitary operator —J L simple reference state

built from set of eg, IUUOOU . 0)
simple gates

tolerance: | ‘"@) — ’7/)>Target ’2 <€

* complexity = minimum number of gates required to prepare
the desired target state (ie, need to find optimal circuit)

* does the answer depend on the choices??
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Complexity:

* computational complexity: how difficult is it to implement a task? eg,
how difficult is it to prepare a particular state?

* quantum circuit model:

V) = U |o)
unitary operator—J - simple reference state

built from set of eg, I()()()()(] o U)
simple gates

tolerance: | |’(/)> — ”‘/)>"l‘a,rget ’2 <e¢

* complexity = minimum number of gates required to prepare
the desired target state (ie, need to find optimal circuit)

« does the answer depend on the choices?? YES!!
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Holography: AdS/CFT correspondence
Boundary: quantum field theory

ulk: gravity with negative A without intrinsic scales
iIn d+1 dimensions —> In d dimensions
“holography”
anti-de Sitter P T e conformal

space field theory

radius €——> energy

time (Maldacena ‘97)
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(Ryu & Takayanagi '06)
Holographic Entanglement Entropy:

AdS boundary -

E A
2 boundary
conformal field
theory
V

Bekenstein-
AdS bulk Hawking
spacetime / formula
. Ay -
S(A) = min ——
v~y 4G N

* holographic EE is a fruitful forum for bulk-boundary dialogue:

Spacetime Geometry = Entanglement
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(Ryu & Takayanagi '06)
Holographic Entanglement Entropy:

AdS boundary =

k A
2 boundary
conformal field
theory
V

Bekenstein-
AdS bulk Hawking
spacetime | AV/ PR
S(A) = min ——
v~y 4G N

* holographic EE is a fruitful forum for bulk-boundary dialogue:

Enfropy
Susskind: Entanglement”is not enough!
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Eﬂfr'o y
Susskind: Entanglement”is ‘'not enough!

« "to understand the rich geometric structures that exist behind
the horizon and which are predicted by general relativity.”

~N_

. re l . dr? . .
ds? = — ( +1- f ) dt* + = 1 +7r2dQ5_,
y i =+ -5

L+ rd—2
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Enfr'o y
Susskind: Entanglement”is ‘'not enough!

« "to understand the rich geometric structures that exist behind
the horizon and which are predicted by general relativity.”

(Interstellar: black holes go to Hollywood)
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Enfr'o y
Susskind: Entanglement”is 'not enough!

« "to understand the rich geometric structures that exist behind
the horizon and which are predicted by general relativity.”

singularity
\Ajn

asymptotic f‘- ’ rays asymptotic
AdS bndry  horizons AdS bndry

.(\

Sd-l
singularity
9 )
. re L . dr= .
ds® = — (q +1 - j__)) dt* + — — + r
J° f = F + 1 - ,.rf—'_’
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Enfr'o y
Susskind: Entanglement”is ‘'not enough!

« "to understand the rich geometric structures that exist behind
the horizon and which are predicted by general relativity.”

~N_

|TFD> — Z ff_E“/(QT)|En>f,-‘En>li’.

XY

* purestate: Sgp =0

pr = Trp|TFD)(TFD|

/——\ = Z e /T |Ey) r(Ealr

. A
* mixed state: Spp = ”/4(;
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Enfr'o y
Susskind: Entanglement”is ‘'not enough!

« "to understand the rich geometric structures that exist behind
the horizon and which are predicted by general relativity.”

\—/ Hawking temperature
A 'TFD) ~ Z e Ee/CDE N L|Ea) R

* purestate: S =0

pr = Trp|TFD)(TFD|

s

. A
* mixed state: Sgp = H

Bekenstein-Hawking entropy /
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A Tale of Two Dualities: Holographic Complexity

Complexity = Volume Complexity = Action
\_/
1 o - Atp L= «~lp
— BN L~ N
V(B)] I'wpw
Cv(2) = max —
\/( ) ©=08 {Gl\rf CA(Z) 7 h

* both of these gravitational “observables” probe the black hole
interior (at arbitrarily late times)
(Brown, Roberts, Swingle, Stanford, Susskind & Zhao)
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A Tale of Two Dualities: Holographic Complexity

Complexity = Volume Complexity = Action
N—
L= Atp L= «~ip
— BN L~ N
~ | V(B) Iwpw

* evaluate proper volume of extremal codimension-one surface
connecting Cauchy surfaces in boundary theory

(Brown, Roberts, Swingle, Stanford, Susskind & Zhao)
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ATale of Two Dualities: Holographic Complexity

Complexity = Volume Complexity = Action

fy— g t—

Twiw
CA(T) = MDW
Al -
* evaluate Eravitational actipn

for Wheeler-Dewir patch =
depandence of bylk time sljc

& connecting Cauchy slices in
(Brevwn, Roberys, Swingly Stanford, Sus,

domain of
CFT
skine % Zhaa)
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A Tale of Two Dualities: HolographiCComplexity

Complexity = Volume Complexity = Action
\__/
S i Atp = «tp
L N — S
V(B) I'wpw
C 4 Z — A . —

* evaluate gravitational action for Wheeler-DeWitt patch = domain of
dependence of bulk time slice connecting Cauchy slices in CFT
(Brown, Roberts, Swingle, Stanford, Susskind & Zhao)
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A Tale of Two Dualities: Holographic Complexity

Complexity = Volume Complexity = Action
t— H «lR t;— «tp
e ]
WHY COMPLEXITY??
* connection of complexity=volume to AdS/MERA
* linear growth (at late times) (d = boundary dimension)
dCvy _ 87 M (oranan) dCa ~ ﬂ

dt |t—oc d—1 dt |t— oo T

» “switchback” effect (out of time-order correlators)
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AdS/MERA:

* MERA (Multi-scale Entanglement Renormalization Ansatz) provides
efficient tensor network representation of ground-state wave-function

in d=2 critical systems (Vidal; Vidal & Evenbly)

this is a

quantum

circuit!!
""'."""':""'."':"""'
N0000D00ODoDoooooooNSinooooooooo

(Swingle)

* has been argued that MERA gives a discrete representation of
a time slice in AdS space!
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A Tale of Two Dualities: Holographic Complexity

Complexity = Volume Complexity = Action
\.—-—/
b= e LR t;—> «tp
/—-\‘ //——-\‘
WHY COMPLEXITY??
* connection of complexity=volume to AdS/MERA
* linear gl’OWth (at late times) (d = boundary dimension)
de 87 dC 2M
e = M (pl . - —
dt ltsco d—1 (planar) dt |1— oo -

 “switchback” effect (out of time-order correlators)
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A Tale of Two Dualities: Holographic Complexity

Complexity = Volume Complexity = Action
\‘_—,/
b= e LR t;—> «tp
/—-—\.‘ //-\.‘
V(B) I
Cv(2) = max () = WDW
: ( ) $=08 liGN 14 CA( ) 7 h
* new gravitational observables: what are properties/features?
* linear gl’OWth (at late times) (d = boundary dimension)
dCy 87 iIC 2M
S — M  (planar) A = —
dt ltso d—1 dt |t—oo T
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Shira Chapman, Hugo Marrochio & RCM

Complexity of Formation:
ITFD) = Z~1/2Y e~ 5~/CD|Ea) | Ea)r

x

- additional complexity involved in forming thermofield double state
compared to preparing two copies of vacuum state? (Brown etal)

AC = C(|TFD)) — C(|0) ® |0))
r=0
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1 . Shira Ch , H M hio & RCM
Complexity of Formation: ~" e TR

ITFD) = Z~'/2Y " e Fe/CD|E,) L |Es) R

* additional complexity involved in forming thermofield double state
compared to preparing two copies of vacuum state? (Brown etal)

TFD)) — C(|0) ® |0))

AC = C(

max max

— 2% 8
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: : Shira Ch , Hugo Marrochio & RCM
Complexity of Formation: ' 0 0 TR

* additional complexity involved in forming thermofield double state
compared to preparing two copies of vacuum state?

AC = C(|TFD)) — C(|0) ® |0))

d— 2
ACa = (‘:()t(f) S+ ...

d d

T \ curvature corrections

thermal/ent. entropy

(d = boundary dimension)
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1 . Shira Ch , H M hio & RCM
Complexity of Formation: " e TR

* additional complexity involved in forming thermofield double state
compared to preparing two copies of vacuum state?

AC = C(|TFD)) — C(|0) @ |0))

d— 2
ACp = (:()t(i) S+ .-

d d

\ ' | T \curvature corrections

9 thermal/ent. entro
d 2, o(/d / py

?‘l—z

(d = boundary dimension)
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: : Shira Ch , Hugo Marrochio & RCM
Complexity of Formation: ~ 0o e TEEER

* additional complexity involved in forming thermofield double state
compared to preparing two copies of vacuum state?

AC = C(|TFD)) — C(|0) @ |0))

d— 2
ACp = e (‘:()t(g) S 4+ ...

\ ' ) T \ curvature corrections

] —2 thermal/ent. entropy
=+ 0(1/d)

ACy = 4\/7

\ )

4+ O(1/d)

(d = boundary dimension)
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Compare? ACy, d-1T(1-%) d
form — oSS YT - - = =

ACy  4m32 T (5—5)  4m?

IC 4 /dt 1—1 {

Rrat(‘ — n .,AF;( — x 5 il (_)

dCy /dt 474 44

(d = boundary dimension)
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Compare? ACy, d-1T(1-%) d
form — > T 13/ /1 1\ — 1.9
ACy  4m32 T (5—5) 4n
dC4/dt d—1 d
Rrat(‘ — -,-4 J,‘ — 9 =~ 9
dCy/ /dt 474 44
log2
Rl‘ate - Rr()l‘m — 22) + C)(l/d)
n=
reinforce consistency
of C=V and C=A dualities 05
up to differences in .o
microscopic rules, o4 e
eg, gate set 03’ ¢ "'
= Rrate .
0.2 R ) Rform
0.1 e "
00- .+ .
(d = boundary dimension) 0 S 10 15
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Dean Carmi, RCM & Pratik Rath

Holographic Complexity:

Complexity = Volume Complexity = Action

t .= <« R fL—' «i R

— R N L~ T~

* UV divergences naturally associated with establishing correlations
or entanglement down to arbitrarily small length scales

* regulate volume/action with the introduction of UV regulator surface
at large radius (7,4, = L?/6), as usual
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Holographic Complexity:
* UV divergences naturally associated with establishing correlations
down to arbitrarily small length scales

* regulate volume/action with the introduction of UV regulator surface
at large radius (13,4, = L?/8), as usual

d+2

. dr=1'(d/2) , [ .1 =
(I(Z) — 1’(({-{- 2) Cr L d O'\/h Sd-1
S Ak B 7\’.2—17\’.—-(({_—2):2}(2 ..
2(d —2)(d — 3)643 2 (d —1)2

* UV divergences appear as local integrals of geometric invariants
(as with holographic entanglement entropy)
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Holographic Complexity:

* UV divergences naturally associated with establishing correlations
down to arbitrarily small length scales

* regulate volume/action with the introduction of UV regulator surface
at large radius (13,4, = L?/6), as usual

Cy(X) = .T*_F(d/z) | /d“’ tovh [dl

['(d+2) &
- ,(d — 1 RS — Lro (d—2) 2):2 K? )+
2(d —2)(d — 3)643 2 (d —1)2
= # (Cr ; [E + “curvature corrections”
((

* UV divergences appear as local integrals of geometric invariants
(as with holographic entanglement entropy)
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Holographic Complexity:

* UV divergences naturally associated with establishing correlations
down to arbitrarily small length scales

* regulate volume/action with the introduction of UV regulator surface
at large radius (13,4, = L?/6), as usual

/ d“ Yo vVh vo(R. K)
2

1 L
CA():):O([_1 /id 0\/_{ (R, K) +log (—) t'g(‘R.K)J

0

from boundary terms in action

(R.K) Z Y el (d) 8" [RUK)?

n=0 )

* UV divergences appear as local integrals of geometric invariants
(as with holographic entanglement entropy)
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Holographic Complexity:
* UV divergences naturally associated with establishing correlations
down to arbitrarily small length scales

* regulate volume/action with the introduction of UV regulator surface
at large radius (13,4, = L?/6), as usual

1 . d—1 - ye
51 Ld oVh 'i‘O(R"A) AdS scale

normalization /

CA(Z)=O~(;11 /id 0\/_{ (R, K) +100§—) (R, A)]

from boundary terms in action

(R.K) Z Z o (d) 0% [R, K2

N_

Cv(Z) =

* UV divergences appear as local integrals of geometric invariants
(as with holographic entanglement entropy)
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Holographic Complexity:

*| vith establishing correlations

(I:L/E S

* 1« eliminates AdS scale / duction of UV regulator surface

o

g il
» £ ~ VV/(@=1): complexity is ,
Cy superextensive [\ AdS scale
normalization
* { ~ §: IR contributions depend k-t=+a
Ca on UV cutoff, eg, dC/dt _|_ log S_) R [{)}

* { = {,: complexity depends on

) from boundary terms in action
new (unphysical) scale

Z Zn(d) 52" 'R, [x}zn

n=0 )

* UV divergences appear as local integrals of geometric invariants
(as with holographic entanglement entropy)
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Holographic Complexity:

tp—~ «ip

Al vith

a=L/{
e dudd +—" ce
* eliminates AdS scale A
d / .l// -
« ¢ ~ VV/(@=1): complexity is

o

U7

Cv superextensive /[\) AdS scale
normalization /
* { ~ §: IR contributions depend k-t=+a I
Ca on UV cutoff, eg, dCa/dt s 1) | 1og —d) v (R, 1{)}
8

*{ = {,: complexity depends on

) from boundary terms in action
new (unphysical) scale

S M) 8 R K]

n=0 )

* UV divergences appear as local integrals of geometric invariants
(as with holographic entanglement entropy)
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Questions?

* What is “holographic complexity”?
» QFT/path integral description of “complexity” in boundary CFT?
» what is boundary dual of these gravitational observables?

* is there a privileged role for (states on) null Cauchy surfaces?
» provide distinguished reference states?

* is there a “renormalized holographic complexity”?
» what’s it good for?; (EE vs mutual information versions of F)

* ambiguities? ambiguities? ambiguities?
» connections between ambiguities in gravity and boundary?

* more boundary terms: higher codim. intersections; “complex” joint
contributions; boundary “counterterms”

* why is complexity of formation positive?

* C 4 contribution of spacetime singularity? < subregion complexity?
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uestions?

* What is “holographic complexity”?
» QFT/path integral description of “complexity” in boundary CFT?
» what is boundary dual of these gravitational observables?

*isthere a D ?
~ provilt What does “complexity” mean in
« is there a a quantum field theory?
> whatSeg — 5 of F)

* ambiguities? ambiguities? ambiguities?
» connections between ambiguities in gravity and boundary?

* more boundary terms: higher codim. intersections; “complex” joint
contributions; boundary “counterterms”

* why is complexity of formation positive?

* C 4 contribution of spacetime singularity? < subregion complexity?
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canroama wTung
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. — ) 5
‘4, Quantum Field ‘=% ¥ i
S s
;s e Theory o
: “ 'ﬂj - )‘.‘ - - -

-

W _ -

X0, N

i k
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Quantum Field Theory:

* scalar field theory (in d spacetime dimensions)

1 [ ) = 2 -
H = 3/(]dl,r 7(x)° +Vo(x)  +U(o(x))
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Quantum Field Theory:

* free scalar field theory (in d spacetime dimensions)

1 9 = 9 9 9
H = - /ddl.r {:(.r)“ +Vol(x) + m*o(.z?)*}

2
1 p(1)? 1
cd—1 (4 (= = A \]2 2 (=12
= —E - + 0f —E on)—on—a; )" +m-o(n)
2 Od*l O_) L ( ( t /] ( )
n i
* _o(—y) { *_ () 2 e O2r+y)
e _&(0) ~ * o(T+y)
o O(=1) A e Oy) 4 * d(2x + 2y)
e O(—T+y) 4 e O(2y)
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Quantum Field Theory:
* an infinite family of coupled harmonic oscillators

1 9 = 9 9 9
H = s /ddl.r {r(r)“ +Vol(xz)* +m-o(x)°
1 P(?_{)z 9 R . . 1D Y sy D
= 02 1) — X(7— ;)] +w? :
ZZ[ 7 +M<Q Z“\(n) X(n—a;)|" +w° X()
_, —d/2, (=
P( )2) 0 . ])() ) b) .r_J(J' i) S P21
X (R) = 0Y%6(R) /
A\f — l_{r’g(j * o(=y) { *_o(x) e O2r+y)
e _&(0) * oz +y)

0% = |/(52/ e 9l=z) *.9¥) ' * o2+ 29)

/' P =2 +y) * $(%)
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* QFT — two coupled harmonic oscillators

1

2 2 2 (.2 2 2/,. . \2
H = - [1)] +ps5 +w? (27 + 23) + Q° (21 — 22) ]
my; =1 mo = 1
S~ TS~ TS
.4."[_: u."—) j “““I-,‘.,’ — SZ‘, -*':E — v"'l'l)
 EE— —
J'1 ,1'2
start with
“Mad Hatter’s
Tea Party”

Pirsa: 17040050 Page 48/111



* QFT — two coupled harmonic oscillators

N

H = [h’f+p§+w"’ (-‘f'f+-f-‘3:§)+92(-""_"'3)“}

§

[1)2+ + “‘*i’i +p* + wili] with 2, =

é

N ==

2
I ] —
*“+

m; =1 mo = 1
B e s e e s " TR Il TSI .
2 2 ) 9 2 »
wp =W vig = 2° wy; = w
 E—
1 Lo
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* QFT — two coupled harmonic oscillators

1 2 2 2 2 2 2 2
H = 5 [p‘l' + p5 + w” (.1'] + z3) + Q° (21 — 22)
1 2 2 ¢ 2 2 .
= 3 [p; + ;ujr.ri + p~ + .,:.,fr'i] with x4 =
LA.'_‘; =
 ground-state wave-function:
o w /4 |
ol x_) = Yolar) Yola_) = 2 __:) exp E; (wexl
V7
Wl _ 1/4 [ 1 ‘
Vo1, 29) = ( ,—) exp | —— (W*(11+1_))3+,~;7(11 1))2)]
| VT !
(w._wb — )l 4 [ J. 2 l 2
— \:, exp —5.&111—5.&_} l_)—))lll)
Wy +w_
with w; =wy = 5 and
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* QFT — two coupled harmonic oscillators

N

[p"]') + p5 + w” (If + z:;) + Q° (z; - .1'3)“}

[pfL + “‘*i’i +p° + wili] with x4 =

é

o= ol =

 ground-state wave-function:
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Wo T5 — B3 X129

| Qv ]

.
W1y —

b o=
(N

Target state: vr(z;,29) = exp | —

Reference state: 2?22?27
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Target state: v (z;,29) = exp

* factorized Gaussian: (wox; +ip;) VR(z;) =0
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Target state: v (z;,29) = exp
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1 1 .
Target state: v (xz;,29) = exp —5 1 Ty — 5 w2 1:7, — 32129

Gates/Unitaries:

* natural operators: =1, 72, p1, p2 [z, pj] = 10y
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Target state: v (z;,29) = exp

Gates/Unitaries:
* natural operators: 1, 22, pi1, p2 [z, pj] = 105
—> Qoo = explie o po “add a small phase”
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1 1 .
Target state: v (xz;,20) = exp —5W1T] 5 W2 1:7, — 32129

Gates/Unitaries:
* natural operators: 1, x2., p1, p2 [zi,pj] = 10;;
—> Qoo = expliexo po) “add a small phase”
infinitesimal c-numbers
parameter
e 1
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Target state: v (z;,29) = exp

Gates/Unitaries:
* natural operators: 1, 22, p1, p2 [z, p;] = 104
—> Qoo = explie o po “add a small phase”
Qoi = exp|ie xo p;] “shift x; by € x,”
Qio = expli€x; po| “shift p; by € py”

(mulitply by small plane wave component)
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Target state: v (z;,29) = exp

Gates/Unitaries:
* natural operators: 1. 2. pi1, po @i, p;] = 16
—> Qoo = exp[ie o po) “add a small phase”
Qo; = exp|ie xo pi] “shift x; by € xy”
Qio = expliex; po| “shift p; by € py”
Qz‘j = 6‘-\113;?'5*1'5%': (2# ) “shift Xj by € XL-" (entangling)

€
Dii = exp |i=(x; p; + pi x;) ”
¢ _1., graEE g “rescale x; to e“x; (scaling)

— e/ “expliex; p;|

Pirsa: 17040050 Page 59/111



_ . 1 .
Target state: vr(2i,22) = exp {.— w1 ‘z'f — 5 w2 1:; - B ‘rl‘z'-_v]

1 5, 1
Reference state: vg(z;,x2) = exp T5WoT] — 5 Wo T3

e one path/circuit:  vUr(zi,22) = Q55 Q57 Qi Vr(x1,x2)
L Ll.scalexl
2. entangle x; and x;
3. scale x,
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. s 1 :
Target state: vr(2i,22) = exp {.— W1T] — 5 w2 T3 — 3122
1 5, 1
Reference state: vgr(x;,22) =~ exp | —=wo ] — = wo &5

* one path/circuit:  Ur(z1,22) = Q5 Q57 Qr Ur(x1,22)

2. entangle x; and x,

3. scale x,
“circuitdepth”: D, = |ay| + || +|an

]. Wilo — j- j T oy —1/2
— 710}% [‘%_“ + — :"i(w'l.;u'-_) *j') 1/2

o € \ Wi

i D
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| . 1 X
Target state: vr(2i,22) = exp {.— W1T] — 5 w2 T3 — 3 Il‘l'-_?]

1 5, 1
Reference state: vgp(x;,22) = exp | —=wox] — = wWo T3

* one path/circuit:  vr(z1,22) = Qg QY Vr(z1,x2)

2. entangle x; and x,

3. scale x,

“circuit depth”: D, = |ai| + lao| + |as

€ \ Wi

Wiwo — 32 j T gy —1/2
— )—10g [ﬁ1 — _“ + — :"i (uﬁ.r‘]_..b"_) = j-) 1/2

How do we find optimal circuit??
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9 l 9
Target state: vr(zi,22) = exp l.— W1T] T 5 w2y G xi129
1, 1,
Reference state: vg(z,22) = exp |—=wo&] — = Wo T3

* one path/circuit:  vr(z1,22) = Q5 Q57 Q) Ur(x1,22)

2. entangle x; and x,

3. scale x,
“circuitdepth”: D, = |ay| + || +|an
1 Wiwo — j2 3 m ay —1/2
L e R e
ZE “n € \ W

How do we find optimal circuit??

* follow approach of Mike Neilsen (eg, Hamiltonian control theory)

Nielsen [arXiv:0502070]; Neilsen et al [arXiv:0603161]; Neilsen & Dowling [arXiv:0701004]
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“What is the minimal size quantum circuit required to exactly implement
a specified n-qubit unitary operation, U, without the use of ancilla qubits?”

Nielsen approach:

» work with a smooth function on a smooth space (rather than discrete)
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“What is the minimal size quantum circuit required to exactly implement
a specified n-qubit unitary operation, U, without the use of ancilla qubits?”

Nielsen approach:
» work with a smooth function on a smooth space (rather than discrete)

1
/ ds Y(s) (')J
0

Or(z1, xe) = Uvg(zy, x2) with U = Pexp
_ l .

where L-)ll — ;(_l‘]_p]_ +pll‘1). ()12 = 2‘1‘1p-3.
‘2 1 ¥ .

Oo9 = 5 (Tap2 +pax2), O =1x2p;
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“What is the minimal size quantum circuit required to exactly implement
a specified n-qubit unitary operation, U, without the use of ancilla qubits?”

Nielsen approach:
» work with a smooth function on a smooth space (rather than discrete)

As =€ on/off
e
Ur(xy, x0) = Uvg(2y, 22) with U ?(p / ds Y(s) (‘)J
G2

right—to—left—)
where Oy == (x1p; +p171), O =12 p2,

=3 T M

o
~
o
—
™
St
v
—

Do = = (a9 P2 +p2x

bl = po| =
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“What is the minimal size quantum circuit required to exactly implement
a specified n-qubit unitary operation, U, without the use of ancilla qubits?”

Nielsen approach:
» work with a smooth function on a smooth space (rather than discrete)

As =€ 1 /— on/off

Ur(x1,x2) = Uvr(xr, x2) with U ?(p / ds Y (s) (')J
0

right—to—left—)
_ : } _
where C-)ll :;(_J:J_pl +pll‘1). C)lf} =12 P2,
| i | .
C.)g-g = —) (_(1'2 P2 + P2 .l‘-_}) . C)-_)l =1ToM

* consider trajectories:

/ ds Y(3) J[;J where U(s=0)=1, U(s=1) = Uy,
0

U(s) = Pexp
Lvelocity: Yi(s) =T [0,U(s) U™ (s) Mq]
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“What is the minimal size quantum circuit required to exactly implement
a specified n-qubit unitary operation, U, without the use of ancilla qubits?”

Nielsen approach:

» work with a smooth function on a smooth space (rather than discrete)

* consider trajectories:

(,.-'(.s>—'fvepr ds Y'(5)M;| where U(s=0)=1, U(s=1) = Uy,
0

Lvelocity: V7(s) = Tr [8,U(s) U} (s) M;]

* analogy with motion of a particle determined by minimizing an action

1
minimizing the action: 'D—/ dsy |Y'(s)
Jo 7

—> extremal path U(s) is geodesic in a Finsler geometry
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“What is the minimal size quantum circuit required to exactly implement
a specified n-qubit unitary operation, U, without the use of ancilla qubits?”

Nielsen approach:

» work with a smooth function on a smooth space (rather than discrete)

* consider trajectories:

[v(s) _ ’PGXP {/ ds }'I(S) —\[I where (,-(S‘ — O) = 1. ((S = l) = L_'fw’n
0

ALvelocity: Y(s) =Tr [0,U(s) U™ (s) My

* analogy with motion of a particle determined by minimizing an action

minimizing the actior

|Fi - F, ]

—> extremal path U(s) is geodesic in a Riemannian geometry
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Nielsen approach: to find optimal circuit

Ur(xy,x0) = U(s = 1) Vr(2z1,22) with U(s) = Pexp {/ ds Y1(3) OI]
JO
_ ] .
Where C)ll — —) (l‘l pl + pl .1’1) . C)l:’ — l?l p-_) .
. ] ) ,
Oyp = 5 (Z2p2 +p2 T2 Oy =ixopy

* find the “geodesic” minimizing the “action”:

'l 29 9 9 V9 ~192 9 1
D= / ds[(_}'“(s)_)j +(Y**(s))* + (Y1 (5))* + (Y*(s))°
0
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Nielsen approach: to find optimal circuit

Ur(xy,x0) = U(s = 1) Vr(2z1,22) with U(s) = Pexp {/ ds Y1(3) OI]
Jo
. ] _
where (O, G (xyp1 +p1x1), O10 =12 P2,
i . .
O =5 (Z2p2 +p222), On =iz2p

* find the “geodesic” minimizing the “action”:

'l 9 29 9 9 \ 2 ~192 2 1
D= / ds[(}‘”(s)r +(Y*(s))* + (Y2(s))* + (Y'*(s))"
0

« defining Y/ (s) = Tr [9,U(s) U~ (s) M;| still seems relatively difficult?
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Alternative picture:

* at this stage thinking of Gaussian states, so consider space of states
as space of (positive) quadratic forms

o —..L«‘l 5
1 ‘ir o 3 wo
v = exp —BIE' -_L'j l'j' —_— - o
{ _..,u'[) 0 |
‘2R = 0 Wo
o Un|tary gates QU — €Xp|€ C)U_ with C)U — 1Ty p;+ ‘;OU
—>  Q;; = exple M,;] with  [M;;] , = dia ;0

1 O
eg! J[ll — [O O]

where 4" =Q; A Q]
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Alternative picture:

* at this stage thinking of Gaussian states, so consider space of states
as space of (positive) quadratic forms

» 37
1 | Ar=173
v = exp —BIE' :L'J' 1;‘ —_ L '3
) 1 _.,;,‘Q 0 |
AR = 0 Wo
- 1 . [ 7 1 : ¥ . l N
unitary gates: Qij = exple Oy with Oy =iz p; + gou
—d Qf.}' = 6.\11.)i6 J[gji with ij[f.fﬁab — O‘ga O‘jb
1 O
eg, | —
g8, M, [O 0]
/ T
where 4" =Q;; A Q;; T
generators of GL(2,R)
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Alternative picture:

* what would the optimal circuit look like?

Ar =UQ1)AgUT(1) with U(s) = Pexp {/ ds Y1(3) .\[;}
Jo

Wo 0 _ ; ) . .
A{R = [0 w'()“ "lT - where _-\jij_ﬂb = Oiq OJU

generators of GL(2,R)

1 3 1/2
* we want to minimize: D = / ds Z {(1’”(3))2}
JO

* defining Y/(s) = Tr 19:U(s) U~1(s) M;| is now straightforward

—> finding geodesics for some right invariant metric on GL(2,R)
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Alternative picture:

* what would the optimal circuit look like?

Ar =UQ)UT(1) with U(s) = Pexp {/ ds Y1(3) ‘U;}
Jo

1 0 w
An —= [0 l] Ar =

(simplify with wy; = 1)

where [M;;] , = 0ia 0

generators of GL(2,R)

1 N 1/2
* we want to minimize: 'D—/ ds E {(S’U(s))ﬂ
0 ..
i

* defining Y/ (s) = Tr [9.U(s) U~ (s) M;| is now straightforward

—> finding geodesics for some right invariant metric on GL(2,R)
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Geometry: GL(2,R)=SL(2.R) xR

e consider: U < GL(2.R)

2

ey
- To— T3 T2 — T ~ 5 o o
U= —  detU —)7‘— Ty + ] — T — I3
To+ 27 To+ 23 -
Lorentzian AdS;

* choose coordinates: U € GL(2.R) = SL(2,R) x R

7 y |cosTcoshp —sinfsinhp  —sin7coshp + cosfsinhp
)] = € . . . "
sin T cosh p + cos @ sinh p cos 7 cosh p +sin @ sinh p

* metric: consider a trajectory y(s), p(s), 7(s), 6(s) and line-element is
given by 6, Y'Y7 x ds* with Y'(s) =Tr [9,U(s) U~ (s) M;]

ds® = 2dy* +2dp*+2 cosh(2p) cosh?p dr?+2 cosh{?p)sinth df* 85111112p cosh?p dfdr

(This is not AdSs; AdS; metric requires replacing 6;; by Minkowski metric)

Page 76/111

Pirsa: 17040050



* metric:
2 2 2 2 2 . 42 0 . 19 D)
ds® = 2dy~+2dp~+2cosh(2p) cosh™pdr”+2cosh(2p)sinh”p df*—8 sinh”p cosh”™p dfdr

* circuits: trajectories in GL(2,R)

cos 7(s) coshp(s) —sinf(s)sinhp(s) —sin7(s)coshp(s) + cos f(s)sinh p(s)

S)

U(s) = &Y'

.
i
i

sinT(s) cosh p(s) + cos 8(s) sinh p(s) cosT(s)coshp(s) + sinf(s)sinhp(s)

* find geodesics connecting U(s =0) =1 with U(s=1) where

‘—IT _ { w1 ‘3] _ [*(1) ['I(l)
“wl

—|3
(-{1)[71-(1) _ Q2 cosh2py — sin(6, H Tl).Sillh 201 .COS(Bl 1 71 ) sinh 2/).1 .
cos(f, + 7 ) sinh 2p, cosh2py + sin(f; + 71 ) sinh 2p,
g1 = e*¥1(cosh(2p,) —sin(f; + ;) sinh(2p;))
—> w; = e*¥(cosh(2p;) +sin(f; + 1) sinh(2p;))
3 = e*¥icos(f; + 1) sinh(2p)

minimize in family of geodesics ——> 04 71 is not fixed!
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* metric:
ds? = 2dy*+2dp*+ 2cosh(2p) mshgp dr?+2 cosh(?p)si11112p df*—8 sinh?p (‘oshgp dfdr

* circuits: trajectories in GL(2,R)
cos 7(s) coshp(s) —sinf(s)sinhp(s)

—sin7(s)coshp(s) + cos f(s)sinh p(s)
sin7(s) cosh p(s) + cos 8(s) sinh p(s) )

cosT(s)coshp(s) +sinf(s)sinhp(s

S)

U(s) = &Y'

* find geodesics connecting U(s =0) =1 with U(s=1) where

Ap = [ “1 '3] =U((1)UT(1)
w1

—|3
U(UT(1) = 2w [cosh2p; — sin(f; + 71) sinh 2p, cos(f, + 7 )sinh 2p,
' i cos(f, + 71 ) sinh 2p, cosh2py + sin(f#; + 71 ) sinh 2p,
1 e?¥1(cosh(2p,) — sin(6, + 1) sinh(2p;))
—>| w; | = €e*¥*(cosh(2p;) +sin(f; + 1) sinh(2p;))

0>3 = e*¥ cos(6; +7) sinh(2p;) \

minimize in family of geodesics =——> 04 71 is not fixed!
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* metric:
2 2 2 2 2 . 42 ) | 2
ds” = 2dy~+2dp~+2cosh(2p) cosh™pdr”+2cosh(2p) sinh”p df*—8 sinh”p cosh”p dfdr

* circuits: trajectories in GL(2,R)

I7(s) — o¥(s) |08 7(s) coshp(s) —sinf(s)sinhp(s) —sin7(s)coshp(s)+ cosf(s)sinhp(s)]
\8) =€ sin7(s) cosh p(s) + cos 8(s) sinh p(s) cosT(s)coshp(s)+ sinf(s)sinhp(s)
* find geodesics connecting U(s =0) =1 with U(s=1) where
w1 3 - +T
Ar = =U(1)U" (1)
ne .j ]
U(UT(1) = e2v: cosh2p, — sin(#; + 7 ) sinh 2p, cos(f#, + 7 ) sinh 2p,
‘ ‘ ' cos(f, + 7 ) sinh 2p, cosh2py + sin(fy + 71 ) sinh 2p,
w; = €Y cosh(2p,)
E— 3| = €*¥*sinh(2p;)

T = 61+7

minimize in family of geodesics ——> 04 71 is not fixed!
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* solve for geodesics:
(v suppressed) T
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* solve for geodesics:
(v suppressed) T

minimal geodesic:
7(s) = 0. 6(s) = .

y(s) =vy18, p(s)=p18

r . (751 P1
U(s) = Pex S
T+0 =7 ( ) p{{ P1 yl] I

Complexity:
C = Dmin = \/2!0‘12 T 23/.12

=3\ (55) +1o¢” ()

2 2 2

. 2 3 2
with wi = w*, w = w* + 2()
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Nielsen approach: to find optimal circuit

vr(xy,22) = U(s = 1) Yr(z1,22) with U(s) = Pexp {/ ds 3'1(-‘*)(’)1‘
Jo

where (O (1 p1 +pr121), Or10 =12 po,

[
(-

[N BESENGY IS

2&2), Oo1 =iy

—
-~
~t

L
S

o
|

[
N

o
.

b

* find the “geodesic” minimizing the “action”:
i1 1/2
D= / ds
JO

(Y (s)) (5))° +(Y=2(s))* + (Y'?(s))?
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What else?

* examine normal circuit in normal mode basis

t=Rr <—> [‘”] =R [’“] with R = — [1 1]

T ro V2 |1 1
\ s w_ 0 \ 0
—> A, — RA;R — [0 WJ | Ap — (1) 1]

: R +logw 0
—> U(s)=RU(s)R' =Pexp |2 2~ S
_ 0 Elog.;#

* in normal mode basis, minimal circuit simply scales up diagonal entries
U(s) =Pexp[M__(y1+p1)s+ My (y1 — p1) s]

: 1
with My = 5 (A[H + Moo £ Mo £ j\[gl>

* minimal circuit expressed with two commuting n.m. generators

—> normal mode subspace is flat!
ds® = QdyQOdpzTQ cosh(2p) 005112;) dr*+2 Cosh(‘Zp)sinhjp df*—8 sinhjp (?05112/) dfdr
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And now for the main event. ..
« examine lattice of N¢~1 oscillators
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And now for the main event. ..

« examine lattice of N9~1 oscillators — for simplicity, @ — 0
—_—> Ap=ml, Ap = wpo 1 “lower bound”

- J '" move on to
;I.;;,;;ﬂ;:,-.; 2 X “Dumbo, the Flying Elephant”

B

X 0 37 O ka2
H r*-::u‘"‘h!i _':..,.‘?::l..mg "ii‘
LT L T T T o

L]

s -
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And now for the main event . ..
« examine lattice of N9~ 1 oscillators — for simplicity, @ — 0

— AT =ml, AR =wo 1 “lower bound”
—> (= Dmin — T)'\/ 1()g (’”/W‘U) — 10%(""‘0/”3)
blem?12(C ~ N5 vo1Ye - V
* proplem!sis( ~ /N 2 = ’ A —
P ( ! 51 compare Cholo 51

i—1 1 |
—> change the normalization: D = \__/ ds ,-"Zo‘;__; YI(s)Y7(s)
0 | 17

(Brown & Susskind)
2

: Vot
—> each gate carries cost of [F]

(problematic to compare complexities if V or 6 change??)
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What else?
* examine normal circuit in normal mode basis

” 2 1 -
=Rz <—> [’ ‘R{”‘ with R*,_V l‘
g 2. A

' W 0 I 0
—_— [
S T P
' o
- ' 5 log w_ 0
_> I'(g — [ ) T:—ﬁ) 4 2 O <
U(s) = RU(s)R P exp H 0 .—Elogd,q S

* in normal mode basis, minimal circuit simply scales up diagonal entries

U(s)=Pexp[M__(y1 +p1)s+ M,y (y1 — p1) 8]

: 1
with My = > (1\111 + Mooy = Mo = Myy)

* minimal circuit expressed with two commuting n.m. generators

—> normal mode subspace is flat!
(penalty factors!)

ds® = d(y*;))") +d(y —p)") + e
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And now for the main event . ..
« examine lattice of N9~1 oscillators — for simplicity, @ — 0

—> Ap=ml, Arp = wpo 1 “lower bound”
—> (= Dmin — 5\/ 10&% (’”/W‘U) — 10:% (“"‘()/”3)
, 1/2 ,
blem?1?(C ~ N T ‘ | ? ‘
pro emou .. (_1 ™~ ¥ - _ ()"(f_l compare (/701(-) o ()‘d—_l

i—1 1 |
—> change the normalization: D = N7= / ds\Zo‘“ Y1(s)Y(s)
0 17

(Brown & Susskind)
2

: Vot
—> each gate carries cost of [F]

(problematic to compare complexities if V or 6 change??)
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And now for the main event . .
« examine lattice of N¢~1 oscillators

—> Ap=ml, Arp = wp 1 “lower bound”
— =D . — 5 \/ E 1()0 (m/wy) = 1()0 (wo/m)
1/2 ,
blem!?!1? e VI ‘
problem?!1?C ~ N2 = Sd—1 compare Cholo ~ o

—> action is origin of sq.-root: D = / Zo;;}f ()Y 7(s)
| 1J

—> bad action/cost function; need a better choice [ discard F, & Fy ]

1 1
—/ dsz Yi(s) 'D:/ dSZp; Y(s) [F1 &E, ]
J 0
1
—/ dsx(y*’(s)ﬁ 'D—/ dqzm I(s))? [LF, & LFy,]
0
1
= ds Yi(s)]? 'D—/ dsy pr|Yi(s))? [ N3 & N3, ]
D> 3 p
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And now for the main event . ..
« examine lattice of N9~1 oscillators — for simplicity,  — 0
E— AT:mIl. ‘4}2:.4)0]1
d—1

| 5 N~z | |
—_— (= 'Dm,‘” —_— ‘_2- \/Zl()g:2 (!H/w‘{)) — > [l(-)g (""‘0/’”)]

* there be log’s here!! C ~ log (wg/m)!!
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And now for the main event . ..
* examine lattice of N oscillators — restore 21 =1/6 & w =m

And now for
“Matterhorn Bobsleds”
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And now for the main event ..
* examine lattice of N oscillators —> restore 1 =1/6 & w =m

>(C=7D min — 20 Z 100 A/WO)

where for (d — 1)-dimensional (periodic) square lattice:

. . 4 ke
) ) . 2 .
W =m" + = E Slll"Tf : k; =0,1,---N — 1

)

i
-

)

* dominated by UV modes, ie, k; ~ N/2 * need to choose w

1) wo = A (IR) with 1/5 »A >~ N1 og® (%) s i
A C

,_ V ]
echoosea =1: C ~ # - log ( )+#

§d—1 AS 69-1 " qcy/dt

. % m?
2) wo = \3/0 (UV) —> (- ()d +@ ()d (a unconstrained)

useful probe of a or 57
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And now for the main event. ..
* examine lattice of N oscillators —> restore 1 =1/ & w =m

, 1 ,
C = Dnmin = .)TZ log(“‘;,z;ff“"‘O) “

where for (d — 1)-dimensional (periodic) square lattice:

.,
@o " k;=0,1,---N -1
:
* reference state introduces scale
N/2 * need to choose w,
* wy ~ 1/g: complexity is 1
superextensive >C~N log™ (Q) +
*wg ~ /s IR contributions 100(L> 44 V .
S - T e -
depend on UV cutoff Ao ga-1 dC4/dt
*wy = wy: complexity depends — +.md - -(a unconstrained)
on new (unphysical) scale 0 0
be of a or 7
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And now for the main event. ..

* examine lattice of N oscillators —

restore 01 =1/6 & w=m

o 1 ,.
—>( = pmz’n — I_;: Z 10g(w’/\f;-"' »-UO) “

where for (d — 1)-dimensional (periodic) square lattice:

@o
» reference state introduces scale

* wo ~ /p: complexity is
superextensive

* wg ~ /s IR contributions
depend on UV cutoff

*wo = wy: complexity depends
on new (unphysical) scale

\

—

a=L/{
* eliminates AdS scale /

« £ ~ V1@ complexity is
superextensive

* £ ~ §: IR contributions depend
on UV cutoff, eg,

¢ = {,: complexity depends on
new (unphysical) scale
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Optimized circuit versus cMERA?

* optimized circuit/path was restricted to normal mode subspace

—> by design, cMERA lies within normal mode subspace ‘/

* recall Guifre’s plots of a(k):
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Optimized circuit versus cMERA?

* optimized circuit/path was restricted to normal mode subspace

—> by design, cMERA lies within normal mode subspace

* recall Guifre’s plots of a(k):

a difference of perspective: a(k)A
« optimized circuit discussion distinguishes ®01

UV cutoff 1/48 and reference scale wy A

* cMERA has single scale for “UV cutoff”
and reference scale A

(“UV cutoff”= entanglement cutoff)
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Optimized circuit versus cMERA?

* optimized circuit/path was restricted to normal mode subspace

—> by design, cMERA lies within normal mode subspace

* recall Guifre’s plots of a(k):

a difference of perspective: a'(k,)‘

« optimized circuit discussion distinguishes ®01

UV cutoff 1/48 and reference scale wy A

* cMERA has single scale for “UV cutoff”
and reference scale A

(“UV cutoff”= entanglement cutoff)
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Optimized circuit versus cMERA?

* consider scale evolution/circuit trajectory:

Ay oy Jalkw) [ 1
at(k,u) = \ 5 o(k) z\ Stk a) (k) =——> o’
A reference state ;

\ 4

cMERA

Pirsa: 17040050 Page 99/111



Optimized circuit versus cMERA?

* consider scale evolution/circuit trajectory:

a(k,u) = \ a(l;. “) o(k) + z\ 1(1‘. " (k) =—> o
At e {
a(k,u)
cMERA
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Optimized circuit versus cMERA?

* consider scale evolution/circuit trajectory:

a (k. u) = \I,-‘"'“(Z‘ “) O(A)+z\ (i ~ (k) —> a®
At S i
e
a(k,u) .
cMERA
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Optimized circuit versus cMERA?

* consider scale evolution/circuit trajectory:

a(k,u) = \ a(l;. “) o(k) + z\—zﬁ m(k) —> a®(k,u)) |V (w)) =0
A ———— 1'
S
a(k,u) ,
cMERA
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Optimized circuit versus cMERA?

* consider scale evolution/circuit trajectory:

a®(k,u) = \

v

cMERA
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Optimized circuit versus cMERA?

* consider scale evolution/circuit trajectory:

[a(k.u) N

Ap L NN (& AL Al —
at(k,u) = \ 5 o(k) z\ Stk ) (k) =——> a"(k,u)) |V*(u)) =0
A s=0 .
Wy = A l:
a(k,u) '
m z
k 1/8 — (I)O
cMERA Optimized circuit
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Optimized circuit versus cMERA?

* consider scale evolution/circuit trajectory:

a®(k,u) = \ '

m

\ 4

L.
>

k 1/5 — (I)O
cMERA Optimized circuit
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Optimized circuit versus cMERA?

» optimized circuit wins over cMERA for most cost functions

1
——> exception to therule: D =] dsZ!}"(s),
0 I

b eyt S e T L
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Optimized circuit versus cMERA?

- optimized circuit wins over cMERA for most cost functions

1
——> exception to therule: D= / ds> pr|Y'(s) (F1&F)
0 1

- — -

k L/s = wo

Optimized circuit
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Optimized circuit versus cMERA?

* optimized circuit wins over cMERA for most cost functions

—> exception to therule: D = /l (I.SZp; Yi(s) (F; & E,)
ERAC e e pmes .
AN =
AN .y Manhattan metric” or taxicab distance:
kel emernne| i
PESE ;r;, e ,‘,g’"‘ « all routes have same cost as long
§{west B ;!é ol T as we don’t retrace steps

3 Q AE e

° %‘t: __i ;_...*.:'.}\::‘: g“i ‘§ 3‘ §§—- « “no metric! in Finsler geometry,
i 43 even diagonal distance is same

L ey | i | —> with these cost functions,

4111 ;’I."’,_u_g‘*" I ' optimized circuit & cMERA offer
! : L E;  SPSEER equal complexities (as would

///T,;_:m" ,i; it = many other circuits)
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Optimized circuit versus cMERA?

* optimized circuit wins over cMERA for most cost functions

1
——> exception to the rule: D — / ds Y pr |V (s) (F, & F)
Jo T

—> with these cost functions, optimized circuit & cMERA offer
equal complexities (as would many other circuits)

* there is room to add new physical principles to discussion:

entanglement evolution?
renormalization group flow?
parade route??

>
>
>
» expanding universe model??
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Still lots to explore!
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