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Abstract: | will propose a new class of tensor network state as a model for the AAS/CFT correspondence and holography. This class
demonstrated to retain key features of the multi-scale entanglement renormalization ansatz (MERA), in that they describe quantum stat
algebraic correlation functions, have free variational parameters, and are efficiently contractible. Yet, unlike MERA, they are built accordin
uniform tiling of hyperbolic space, without inherent directionality or preferred locations in the holographic bulk, and thus circumvent key argur
made against the MERA as a model for AdS/CFT. Novel holographic features of this tensor network class will be examined, such as an equi
between the causal cone C[R] and the entanglement wedge E[R] of connected boundary regions R.
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Overview:

Motivation:

Construction:

Implications:

MERA as models for holography

Holographic codes as models for holography

How to build networks that are invariant
on the hyperbolic disk?

Want: efficient contractibility and non-
trivial entanglement / correlations

Causal properties?
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Intro to MERA

length/energy scale

A

<€

log, N _

layers

* lower layers encode short-ranged properties of the state

* higher layers encode long-ranged properties of the state

[0)]0)

Multi-scale entanglement
renormalization ansatz:

Unitary circuit for preparing
quantum states on the lattice

9 0 0 0 0 0 0 0 0 0 0 0 0000 1D lattice
( ’ ) L
N sites

Unitary gates:
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Intro to MERA

10)]0)

A
Q
[1+]
s
2 Multi-scale entanglement
= | log, N _ renormalization ansatz:
=
"_E‘ layers Unitary circuit for preparing
=y quantum states on the lattice
[+7]
v o .
0 0 0 0 0 0 0 0 0 0 0 000 @ 1D lattice
L : J b
N sites
Unitary with Unitary gates:
fixedinput = |sometry
|0)

® =0
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Intro to MERA

A
)
o
v
= Scale-invariant MERA
% Choose each layer to be the
%‘ same (for RG fixed points!)
e
i)
v

o 0 0 0 0 0 0 0 0 0 0 0 0 0 -0 -0 1D lattice

i

Entanglement Renormalization (ER)

""" .""'------.-------...-..................................... £’ coarser . .
| lattice Isometries: Disentanglers:

original
....... Q@ @@ @ @ @ @@ @@ £ e
o ol e

blocks of two sites

Constraints:
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Numerical example: Scale-invariant MERA

1D critical Ising model: H = Z _('X(I”)X(}’ +1)+ Z(]"))
» optimize a scale-invariant MERA for its ground state (bond dim: x = 36)

« extract the conformal data that characterizes the critical theory

Scaling Dimensions A

2+1/2 e oI

BB | oiiribiisiblongensmamme 25178 Litsist primary  : .
2 [" B fields: : ] : :
141/2 SR spin: i 0=0.125 i 0.1250003 ;
RT3 I SR G| 14178 [ energy: i =1 ¢ 1.0000200 :
[ P ; PSSR EE . . . :
£ W U disorder: é,u=0.1?.5 1 0.1250002 :
i 5 VAT T fermion: {yw=0.5 i 0.5000004 :
1/2 o @ 1/3 e : : :
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Numerical example: Scale-invariant MERA

H = Z!,('X(:»)X(r +1)+ Z(r))

» optimize a scale-invariant MERA for its ground state (bond dim: x = 36)

1D critical Ising model:

« extract the conformal data that characterizes the critical theory

Scaling Dimensions A OPE Coefficients
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2+1/2 TR W (rexact ('i\li_:_'.f;:‘: OTTOr
2+1/8 B TR Lo DO 4 3 G- B '] ] = 3 br
s i v B Covg =112 0.50008 0.016%
¥ — 15 ( - » (01
St | ) Cepin = -1:) -0. 1&».)?‘,?.J 0.006%
e — £ ! l.Ul)ch‘r:_ ol 0. N‘H'Q"’.
1+1/8 e B 1+1/8 - V5,0 V2 V2 _ 0687
1 = - b £ _ e'™/4 | 1.00068ei7/d 0.068%
S 'l W v u,o = \;’/2 V!:,‘ ' /70
I & el Y ® ® Cood=4 1.00014 0.010%
i i SO EE—— VB lc@iiad cnnnadeanan ' . v
Ve B ® s 2 C.gp=—i —~1.00014 0.010%

» Scale-invariant MERA accurately encodes ground states of lattice CFT's
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MERA as a model for holography

D-dim CFT (D+1)-dim AdS
AdS / CFT *T t T
correspondence: >
\)_/ X \)_// X
CFT144 AdS,.;

Entanglement renormalization and holography:
B. Swingle, Phys. Rev. D 86, 065007 (2012)

MERA as a concrete
realization of AdS / CFT?
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MERA as a model for holography

MERA as a realization of holography or AdS / CFT? Many different opinions...

However, this proposal has certainly been useful to tensor networks:
many new developments in TN methods and algorithms

we should think about properties of tensor networks geometrically

Scaling of entanglement
entropy from minimal
surfaces

Correlation
functions from
geodesic paths

(like Ryu-Takayanagi {
holographic E.E)

E(R)
Log correction to the area law Polynomial decay of correlators
S = kqlogy(L) + k (p(x)p(x + L)) o L724
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MERA as a model for holography

Scale-invariant MERA

Efficiently contractible

Entanglement and correlation functions
compatible with critical ground states

Scale-invariance....
...but preferred directions and
locations in the holographic bulk

Constraints:

Isometries: Disentanglers:

(w)
O =| (-
Wl
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MERA as a model for holography

Constraints:
Disentanglers:

Isometries:

=

Scale-invariant MERA

« Efficiently contractible

Entanglement and correlation functions
compatible with critical ground states

* Scale-invariance....
...but preferred directions and
locations in the holographic bulk

Preferred directions result from
isometric / unitary constraints

Basis for many arguments against MERA
as a direct realization of AdS/CFT

Can we construct a tensor network
that is uniform in the bulk?
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Holographic quantum error correcting codes

(Pastawski, Yoshida, Harlow, Preskill, arXiv:1503.06237)

Code based on {4,5} tessellation
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Holographic quantum error correcting codes

(Pastawski, Yoshida, Harlow, Preskill, arXiv:1503.06237)

Code based on {4,5} tessellation

Can have free bulk indices (red circles)

Here shall consider the case with
fixed bulk indices
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Holographic quantum error correcting codes

(Pastawski, Yoshida, Harlow, Preskill, arXiv:1503.06237)

Code based on {4,5} tessellation

Built from perfect tensors:
isometric across all partitions

|
M

* Achieve bulk uniformity (no
preferred locations or directions

Can have free bulk indices (red circles) in holographic bulk)
Here shall consider the case with * Properties are not compatible
fixed bulk indices with CFTs (trivial correlation
functions)
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Holographic quantum error correcting codes

(Pastawski, Yoshida, Harlow, Preskill, arXiv:1503.06237)
Code based on {4,5] tessellation

Network based on {c0,3} tessellation

.r.....

Q Y . oo W
s &
5 |
L B .
G— ..

* Holographic codes talked about by Tobias
Osborne correspond to tree tensor networks

* Not suitable for representing ground states of
CFT's (e.g. entanglement entropy not correct)
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Tensor networks as models for holography

Scale-invariant MERA Holographic codes

« Efficiently contractible \*/ « Efficiently contractible Y//

* Properties compatible with CFT's y/ * Properties not compatible with CFT’s x

* Not uniformin the bulk x *  Bulk uniformity V/
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Tensor networks as models for holography

Scale-invariant MERA Holographic codes

@iently contractible
<Z__Properties compatible with CFT’s

* Not uniform in the bulk

Properties not compatible with CFT’s x

o

Tensor network with all three properties?

Goal:

Yes! Hyper-invariant tensor networks
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Overview:

Motivation:

Construction:

Implications:

MERA as models for holography

Holographic codes as models for holography

How to build networks that are invariant
on the hyperbolic disk?

Want: efficient contractibility and non-
trivial entanglement / correlations

Causal properties?
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Hyper-invariant networks

Network from {7,3} hyperbolic tessellation

» plaquettes have 7 vertices, vertices have 3 edges
* 3-index tensor A placed on each vertex

* matrix B is placed on each edge between two vertices

Rotation
invariance:

A:

e
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Hyper-invariant networks

Network from {7,3} hyperbolic tessellation

Note: we focus on networks
without free bulk indices
(though these could be added)

Q-2

Rotation

invariance: b\

B: —o— = ~@&—
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Hyper-invariant networks

Network from {7,3} hyperbolic tessellation

Note: we focus on networks
without free bulk indices
(though these could be added)

\ Copies of same Aand B

tensors at each location

+
N Rotation invariance

Rotation
invariance:

A:

Bulk uniformity: no
preferred locations or
directions in the bulk (in the
limit of an infinite tiling)

e
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Hyper-—inva riant networks Many forms are possible!

Network from {7,3} hyperbolic tessellation Network from {5,4} hyperbolic tessellation

o

7

B:

B
¥
Rotation Rotation
invariance: invariance:
Q- : {?
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Hyper-invariant networks

Network from {7,3} hyperbolic tessellation

Unwrap into layers about chosen bulk point T:
—— p y p
4 5 & AR 3 ‘ (each layer is a string of alternating A and B tensors)
’ N
P4 — N\
/! 4 X~ 4
/ s ~
/ ’ sé
, / e "
7 / v 4
\
A\ 9 W |
| b 'y
\ \ / !
\ 7 /
A
\ /
AN N ¥ /
N ~ - 7/
\ — -— -— /
> s

Each layer composed of 2 types of unit cell:
Rotation

invariance:

2-site cell 3-site cell

f+f
@
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Hyper-invariant networks

Unwrap into layers about chosen bulk point T:

(each layer is a string of alternating A and B tensors)

Notice: the pattern of cells is fractal

. ) _ Each layer composed of 2 types of unit cell:
(no finite repeating pattern even in

thermodynamic limit)

Scale factor is irrational:
3445 .{ H '?. .‘ h—f }-
§=———= 2.618

2
2-site cell 3-site cell
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Hyper-invariant networks

Unwrap into layers about chosen bulk point T:

What additional constraints (each layer is a string of alternating A and B tensors)
are needed for preservation - P _
of locality?

First: revisit MERA and
holographic codes

Notice: the pattern of cells is fractal

. ) _ Each layer composed of 2 types of unit cell:
(no finite repeating pattern even in

thermodynamic limit)

Scale factor is irrational:
3++/5 .{ H '?. .{ M }-
§=———=x 2.618

2
2-site cell 3-site cell
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CO n Stra i ntS in M ERA Layer of MERA as a coarse-graining transformation

(Entanglement Renormalization):

--------------- CYTNTIRPRY SESRISIRIY TRISERY i il Isometric constraints:

Z+1 |attice

................____.' .... [.&.8.4.  nial

Z |attice
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CO n Stra i ntS in M ERA Layer of MERA as a coarse-graining transformation

(Entanglement Renormalization):

--------------- (LRI SYSTINSRTRIY RIS i KR RISET Isometric constraints:

Z+1 |attice

.....................' .... Lokt f initial

Z |attice

Local operators map to local operators: O’Ir = VO'V-I-
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CO n Stra i ntS in M ERA Layer of MERA as a coarse-graining transformation

(Entanglement Renormalization):

--------------- CYRITINSITII STRTINTRTRIY RIS i kR Isometric constraints:

Z+1 |attice

.....Q .... I .... @ @@ £ initial

Z |attice

v g

N

Pirsa: 17040049 Page 30/101



CO n Stra i ntS in M ERA Layer of MERA as a coarse-graining transformation

(Entanglement Renormalization):

coarser
Z+1 |attice

V

....'I... [ initial

Z |attice

............... [ TCEECTTETETETTETEY CEVETTRURTERTCITEY ETCERTTITE L Isometric Constralnts‘

f""‘—“\ "—--.r-"

Local operators map to local operators: O’Ir = VO'V-I-

(e e TN
‘T’

N n
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CO n Stra i ntS in M ERA Layer of MERA as a coarse-graining transformation

(Entanglement Renormalization):

o
-------------- . SRR TR S il Isometric constraints:
Z+1 |attice
e, s =

...i_I‘... L Initial

Z |attice

Local operators map to local operators: O” = VO'V-I-

(e e L
'\l_a

N4 D

Preservation of locality is important!

Practically: allows MERA to be efficiently contracted

Conceptually: to reproduce features of CFTs (like scaling operators)
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Constraints in holographic codes

Layer of perfect tensors as a coarse-graining transformation:

coarser
............... ....L perfect tEﬂSOrS:
Z+1 |attice
V u ﬂ Isometric
+ | = across all index
ST S I, S b . . |n|t|.al u ﬂ partitions
Z |attice
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Constraints in holographic codes

Layer of perfect tensors as a coarse-graining transformation:

coarser _
............... ..........................-...-.......................L ; perfect tensors_
Z+1 |attice
V u ﬂ Isometric
+ . = across all index
i e .. |n|t|.al u ﬂ partitions
Z |attice

Perfect tensors also preserve locality...

...but cause some operators to coarse-grain trivially

Page 34/101



Constraints in holographic codes

Layer of perfect tensors as a coarse-graining transformation:

coarser
Perfect tensors:
Z+1 |attice
V U i Isometric
. = across all index
. initial u’ partitions
Z |attice

Perfect tensors also preserve locality...
...but cause some operators to coarse-grain trivially

Coarse-graining of a local operator: O" - VO'V-'-
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Constraints in holographic codes

Layer of perfect tensors as a coarse-graining transformation:

coarser
Z+1 |attice

V

initial
Z |attice

Perfect tensors also preserve locality...
...but cause some operators to coarse-grain trivially

Coarse-graining of a local operator: O" == VO'V-'-

Perfect tensors:

u (&
=
u't [

Isometric
across all index
partitions

trivial operator

=0 «1
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Hyper-invariant networks: constraints

Scale-invariant MERA

Isometric constraints:

Not strong enough!

(to be compatible with
bulk uniformity)

Holographic codes

Perfect tensors:

u ﬂ Isometric
| = across all index
uf ﬂ partitions

Too strong!

(restricts to trivial
correlation functions)
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Hyper-invariant networks: constraints

Scale-invariant MERA Holographic codes

Isometric constraints: Goldilocks Perfect tensors:
constraints???

(strEtthlg entough bl;t U fois Isometric
e gm0 | = across all index
< > u' (g partitions
Not strong enough! Too strong!

(restricts to trivial
correlation functions)

(to be compatible with
bulk uniformity)
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Hyper-invariant networks: constraints

Scale-invariant MERA Holographic codes

Isometric constraints: Goldilocks Perfect tensors:
constraints???

(strong enough but

a1 ) u ﬂ Isometric
S S T s | = across all index
< B ut partitions
Not strong enough! New idea: Multi-tensor constraints. Too strong!
(to be compatible with Constrain certain products of (restricts to trivial
bulk uniformity) tensors to be isometric correlation functions)
Multi-tensor constraints 2-to-1 isometry 3-to-2 isometry

for {7,3} network:

BB

5B = fo
BY BY B

w

wT
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Hyper-invariant networks: constraints

Scale-invariant MERA Holographic codes
Isometric constraints: Goldilocks Perfect tensors:
constraints???
(Stfft"tlg Sl bl;t u [ Isometric
HRE SRR SR | = across all index
< B ut [ partitions
Not strong enough! New idea: Multi-tensor constraints. Too strong!
(to be compatible with Constrain certain products of (restricts to trivial
bulk uniformity) tensors to be isometric correlation functions)
Multi-tensor constraints 2-to-1 isometry 3-to-2 isometry

for {7,3} network:

B. B

58 = o
BY BY B

w

wT
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Hyper-invariant networks: constraints

Multi-tensor cons

Y
oo

Layer of the {7,3} network:

traints:
A
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Hyper-invariant networks: constraints

Layer of the {7,3} network:
Multi-tensor const

b - A DDA

C D G
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Hyper-invariant networks: constraints

Layer of the {7,3} network:
Multi-tensor constraints:

Lt #NMM«%}
o

1
ol
X
%
=

Many ways to group tensors into isometries wand u

Each layer “V" is an isometric mapping
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Hyper-invariant networks: constraints

Layer of the {7,3} network as a coarse-graining transformation:
Multi-tensor constraints:

’y RS I o P LH}”‘IV

Coarse-graining of local operators? O" = VO'V-I-

Page 44/101



Hyper-invariant networks: constraints

Layer of the {7,3} network as a coarse-graining transformation:
Multi-tensor constraints:

b

>

Z
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Hyper-invariant networks: constraints

Layer of the {7,3} network as a coarse-graining transformation:

Multi-tensor constraints:

Z

x
i

o -
. i K i
I
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Hyper-invariant networks: constraints

Coarse-grained operator depends on choice of grouping?

Multi-tensor constraints: NOI

Properties cannot be changed by which grouping is “imagined”
B B = g’ o
Non-trivial part of coarse-grained operators are understood
through grouping that yields minimal support

E
i

"
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Hyper-invariant networks: constraints

Causal cones through a single layer (from minimal support grouping):

0(32) 6(32) 6(52)
C(R) G(R) L(R)
L(lR) L(R) c(ae)

WMM
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