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Abstract: The first half of the talk will introduce the cMERA, as proposed by Haegeman, Osborne, Verschelde and Verstratete in 2011 [1], as an
extension to quantum field theories (QFTS) in the continuum of the MERA tensor network for lattice systems. The second half of the talk will
review recent results [2] that show how a cMERA optimized to approximate the ground state of a conformal field theory (CFT) retains all of its
spacetime symmetries, although these symmetries are realized quasi-locally. In particular, the conformal data of the origina CFT can be extracted
from the optimized cMERA.

[1] J. Haegeman, T. J. Osborne, H. Verschelde, F. Verstraete, Entanglement renormalization for quantum fields, Phys. Rev. Lett, 110, 100402
(2013), arXiv:1102.5524

[2] Q. Hu, G. Vidal, Spacetime symmetries and conforma data in the continuous multi-scale entanglement renormalization ansatz,
arXiv:1703.04798
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* What is cMERA? (1+1 free boson CFT)

Haegeman, Osborne,
Verschelde, Verstraete,

« Entangling evolution in scale PRL 2013

* Scale invariance
Qi Hu, GV, arxiv:1703.04798

* Conformal symmetry

see posters by

£  —
Qi Hu Adrian Franco-Rubio
(Perimeter) (Perimeter)
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J. Haegeman, T. Osborne, H. Verschelde, F. Verstraete
PRL 2007,2008

PRL 2013
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Why MERA?

1- Numerical evidence that it can approximate ground states
2- It implements Wilson’s RG on wavefunctions
3- It suggests “ground state = entangling evolution in scale” (circuit complexity!)

4- Conjectured relation to the AdS/CFT correspondence

W) = [¥7) = [97) - -
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(conjectured) lattice realization of
the holographic principle

AdS;/CFT, Swingle 2009, 2012
MERA = time slice of AdS; (hyperbolic plane H,)

s
e

%

o

———ap s .Iﬂ}»‘“f}- ~ =
o e
- SR ZETEFFT N

Mo

Czech, Lamprou, McCandlish, Sully, 2015-2016
MERA = kinematic space (integral transform of H,)

ds,
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Why cMERA? We hope that cMERA...

1- will approximate ground states of interacting QFTs

Gaussian cMERA
already works
for free QFTs!

Haegeman et al. PRL 2013

2- will implement Wilson’s RG on QFT wavefunctionals

wish list
3- will confirm “ground state = entangling evolution in scale

4- will elucidate relation to the AdS/CFT correspondence

: e 2
see poster b
see poster by V ::cl)tlzrt‘i’on see poster by
Y -

Jordan Cotler

Hugo Marrochio s (Stanford)
(Perimeter) scale Pe—if K(s)ds L8 /

and related talks by

Rob Leigh

Tadashi Takayanagi

Rob Myers

Bartek Czech X space
%) = i)

Page 7/34

Pirsa: 17040038



J. Haegeman, T. Osborne, H. Verschelde, F. Verstraete
PRL 2007,2008

PRL 2013
MERA cMERA
quantum unitary
V circuit V evolution
=
S S
scale scale Pe—if K(s) ds
X space ’ X space .
[PL) = Uj0)yeN |¥2) = U|Q)

lattice spacing

UV cut-off ” 1/A
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J. Haegeman, T. Osborne, H. Verschelde, F. Verstraete
CMERA PRL 2013 (arXiv 2011)

scale |qJA) — pp—if K(s) ds| Q)
entangler K(s) = [ k(s, x) dx

Pe-if K(s)ds

X space

* k(s,x) is quasi-local

for instance, for 1+1 boson CFT, we will choose

1
k(s,x) = =54 (x) [[ dy gs(y = x)n(y)] + h.c.

G- =7 1

Pirsa: 17040038 Page 9/34



cMERA for free boson CFT (massless Klein-Gordon field) Haegeman et al PRL 2013

bosonic field conjugate momentum
operator ¢ (x) operator 1 (x)

[p(x), t(y)] = id(x —y)
momentum—space Operators

dx e R *m(x)

[p(k), m(q)] = i5(k + q)

. 1 o . 1 0
k)= — dx e tkx . —
$0 = —— f CdxeTMB0)  mlk) = —— L

A tale of three (Gaussian) states:

product state cMERA CFT ground state

(optimized)

|A) Wh) ')
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Note on Gaussian states

We consider translation invariant Gaussian states of the form

ju) = ® | i)

kKeER Therefore |u) is completely

characterized by the set of

where |uy ) is a Gaussian state , :
linear constraints

of the momentum k mode,
characterized by the linear constraint

A 1
a, . 1 g o E (k) +i E m(k) ||lu) =0
Zk ) = ’ .
5 ¢(()+{, 2a, (k) | lug)
vk € R
(fk ak
! - k) /_\/_/
? ]
k k
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complete set of linear constraints

product state Tproa (k)
|A) A — YL -
(rprud( ) =A -é- (/)(]‘) + i EK J'TU() |A) =0
;: Vk eR
cMERA :
(optimized) a(k) |
A [ pe— at) [ 1 .
‘LIJ ) 5 p(k) + i 22l (k) [|¥A) =0
’l . vk € R
cut-off o
CFT ground state
5 acpr(k)
| X k)+i . k) |1¥)=0
‘LIJ) acpr(k) = |k| ‘2-(1)(6)4-1 _Zl—kln(() |¥) =
> Vk € R
k
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product state A
product state (in real space):

‘ A) no entanglement or correlations
1) = (X) 1ac)
x€R
complete set of A 1 T
linear constraints —p(x) +i [=— m(x)||A) =0
in real space E 2N\
, Vx € R

Fourier

transform
complete set of [ [ X
-omp , A 1y t @, (k) = A
linear constraints —pk)+i |[— (k) [|1A) =0 P
. 2 2A
In momentum space A

Vk € R

 j

k
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CFT ground state  free boson CFT [b(0), T3] = i8(x — ¥)

in 1+1 dimensions

Fourier transform 1

’ Hepr = % f_‘”m dx [n(x)z + (dxqb(x))z] ‘ (massless Klein-Gordon field)

Hepr =‘f di[m(k)m(—k) + k*p(k)p(—k)]

annihilation
operators alk) = |— <p(k) + i Z[F (k)
ground state

Hepr =f dk |k| a(k)ta(k) ‘ | a(k)|[¥)=0 Vk

complete set of

linear constraints acpr (k)
in momentum space 4
M g0+ == =) |19y = 0
- C L |—— (K —
2 ' | 2|K| acpr(k) = |kj
vk € R >
k
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product state Wi JE)

|A> A (k) = A A k) + i e |A) = 0
Xproallt) = , E (p( l ﬁ T(( ) =
]‘; Vk € R
C
cMERA :
(optimized) a(k) : % : ;
’ L complete set of linear constraints
|{|A A *’ ---------- () 7 ’ IR
I ) /’, E [ T (f)(k) + { Z(I(f{) H(It) |LP ) = ()
A K Vk € R
UV momentum
cut-off
CFT ground state
& acpr (k)
P M gt +i |— nioy |19y = 0
— .4 i J—— K =
‘ ) acrr(k) = |k 2 2[K|
> Yk € R

k

Pirsa: 17040038 Page 15/34



product state Aproa ()

|A) :

o (k) = A what does this mean?
R let us look at correlators:
k
cMERA : ’ (m(x)m(0)) = ~1—fdk e k=Y q (k)
(optimized) a(k) 4
wAy A
/| ((x)(0))
A k w
ot |Yemeral NJ( Fr)
CFT ground state [N\ 1
g acpr(k) ’ T NN poc
$ : |Qp ) T
LIJ 1/A X
acpr(k) = |k|
k
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Entangling evolution in scale

1€2) p —i [J2ds K(s)
R | | fe ™
X space
a.(k) i
A ] —
AJ16 A k
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Entangling evolution in scale

12)

X space

»
L

AR -
N

o
\ AY

v
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Entangling evolution in scale

g
scale )
0
—i [, dsK(s)
=4 Pe
-3
-2
=9
0
X space
. 0
—i|. ds K(s)
w4y = Uj0y@ [wA) = pe™ i KO
a(k)
A 3
A k
UV momentu m
cut-off
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without rescaling of space with rescaling of space

2a

(4]

i
¥

0
+log 2

) u w W - il ¥ N 7__(;_
A A la A A by A i A ¥ . // \ / ’A\\ //A\\ /___/ /A\\\
X W ) x X | X X ) '1\ /“\ / .>1\. A / P
| I |
a
scale-dependent i o Eei scale-independent
entangler K(s) = e " Ke's* entangler entangler always acts
K(s) (interaction picture) K = K(0) at same length scale 1/A
Pe—ifds K(s) e-EAS (L+K)

’

expanding universe (deSitter)
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J. Haegeman, T. Osborne, H. Verschelde, F. Verstraete
CMERA PRL 2013 (arXiv 2011)

s | 12) non-relativistic scaling operator

scale (rescaling of space and fields)

1 _, !
L= —-f dx [n(x)xdxqb(x) +2 OO + hoc.

e~ is(L+K) 2
x = esx
’ . (x) = /2 p(e x)
X space ; ]
(x) = e’/ ?m(esx)

entangler
1
= —5] dx () [[ dy g&y — x)n(y)]| + h.c.)

for a CFT, K can be chosen to be independent of the scale parameter s
g(x) p ?1\‘

1 ;
g(x) :E e 4 /
i — N

\>
| ™
L]
-~
—
%

=
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entangling evolution in scale, with rescaling

- 12) = |A)
A - ST K
| L[J (S) ) - e ( ) | Q) specific choice
product of product state
state
: ) | ,
scale a(,,k) [w2(0)) = |A)
e—iS(L+K) e 1
4 WA (c0)) = |¥*)
’ . A k
X space UV momentum

cut-off

|LPA> = lim e—iS(L+K) |.Q,)

S—0C0

cMERA for CFT = fixed-point of entangling evolution
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MERA for a critical theory

(infinite system)

| 1 | ) L

e \ ———

P ,/ \\/ \i/‘\i
/

)!\ / ) / \ ./ \‘
‘( \\ ‘“\;
( \ / '\ /
P \/ / N\,
NN K

(W) = lim W™|Q)

n—oco

I I R T
w= /NN N\
(\ /\E\‘ /\\ I/ /){

let us call W “scale transformation”

then |‘PA) is scale invariant,

W([pA) = ph)

€

cMERA for a CFT

|L}JA) — lim e ts(L+!{)|Q>

§=00
—iAS(L+K) / I | \

letuscall L + K
“generator of scale transformations”

then |LPA) is scale invariant,

(L+K)|¥Y =0
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useful definition of scale transformation/invariance?

L

~ ‘\J x B a\
W = \/&’ N N Ny
ﬂ\: f ] */)\ \')\V\I \>1
Action of W on a local operator O 0 =wtow
= L;l._,“_:_l B S [ >L_ | ‘
A A A - X
w S / / // & “a
X X0 > pee _
| | = [ ) =
w 4 ki/ X > \ >
\ /7 _ j\‘\‘/ \\_’(,ﬁ \ P u 7 J 97 \y

linear map for , , :
A, scaling dimension

local operator O = 2-8:( 0, ] ,
) = ‘ a of scaling operator O
-> eigenvectors? &% @
more generally, Aa scaling dimension
we can extract Oa - : e
conliorma Sp n
conformal data -

scaling operator

from MERA afy operator product expansion (OPE)
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useful definition of scale transformation/invariance?

o —IAS(L+K) / I \ \

linear map on local operators

A, scaling dimension
of scaling operator O,

—i[L + K,0,(0)] = A40,(0)
notice that the cut-off A is finite

K entangles = changes the cut-off from A to A’

L rescales space = the cut-off goes back to A
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. Qi Hu, G. V.
Scallng operators dilation operator L + K is quadratic R IORER R
(free boson 1+1) and does not mix ¢(x) and m(x)
ansatz for Pr(x) = [ dx py(x — Y)P(¥)
: : te(x) local
linear scaling :
profile

Operators: g (x) = [ dx pn(x = yY)m(y)

i[L+K,0, (0)] = —Ay0,(0)

equation for profile u,(x)

exact solution with exact CFT scaling dimensions!:

o k

¢A: [_\{p = ( He(x) = [ dlce " al(T_l)
A. — ‘¥) = , p—lkx ﬂ
Tt A, =1 Ur(x) = [ dke 200

scaling operators are smeared fields

Uy (x) functions

4
u(x)

profile

function

¥ — >
— X
a=1/A

with
tp (X), fr(x) ~ =A%

for |x| > 1/A
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Smeared fields

P (x) = [ dx pgy(x — y)Pp(»)

i (x) = [ dx pr(x — y)n(y)
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* Whatis cMERA? (1+1 free boson CFT)

* Entangling evolution in scale

: ; Qi Hu, G. V.
* Scale Invariance “Spacetime symmetries and conformal data in cMERA”
arXiv:1703.04798

* Conformal symmetry

&
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Consider the symplectic map/canonical transformation

b (BT _ |
Vo vt= |SEmed0  vato vi= |Seiath)

Then  |¥4) =V |¥)

Indeed:
CFT ground state %crr (k) ” a
|l{]) | | T(ﬁ(ﬂ.}‘i‘!jm m(k) | |¥) =0
Jacir (k) = |k| ke R
k V
a(k)
cMERA A
ji"t w - i 1 an wA
| ‘ [ 'A) A [ :;,: 77777777777 l ) (I)”\)+Ij2“(k) H(A)‘I* )_U
W . vk € R
A k

V acts non-trivially at
short distances < 1/A
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1) pG) >V p(x) Vi=ph(x)  smeared

n(x) » Vr(x) Vi=n(x)

2) IV commutes with
space derivative d,

CFT

left movers

1
dp(x) = —2-(3_x¢(x) - 1(x))

right movers

. 1.
9p(x) = 5 (94 (x) +m(x))

stress tensor
T(x) =:dp(x)dp(x): ocal
T (x) =: 50’)(}6)5(1)(@; density

normal order : : is m ”
with respect to CFT a(k) = |[— (k) +1i = (k)
annihilation operators B 2|k|

scaling
operators!

0xp(x) >V o p(x) VI= 0, (VP(x)VT) = 0,02 (x)

cMERA

left movers (smeared)
1
0" (x) = 5 (8.4 (x) = (%)

right movers (smeared)

5 1
09" (x) = 5 (0:0" () + 1 (x))

stress tensor (quasi-local) livcd oy

TA(x) =+ dgr(x)ad (x); Frdistances

larger than

TA(x) =: 092 (x)IP™ (x): 1/A

normal order : : is

. a(k) 1 ,
with respect to cMERA a’(k) = (k) + 1 — (k)
R 2 2a(k) 2
annihilation operators




TA(x) =V T(x) V1
CFT CMERA | VT

TA(x) =V T(x) Vvt

stress tensor stress tensor (quasi-local)

local only
T(x) =: 0p(X)IP(X):  |oe TAGX) =: 0 ()P (x): J e
T (x) =: dp(x)dP(x): RSy TA(x) = : ™ (x)dp™ (x): 1/A

v (quasi-local)

h(x) = T(x) + T(x)

T()? + (0xp(0)* =

hA(x) = VROV = TA(x) + TA(x)

() + (0,0" (x))*
: > ,

um ¢ ensity (quasi-local)
p(x) = T(x) —T(x) pA(x) = Vp(x)Vt = TA(x) - TA(x)

= : (x)0dp(x): =+ (%) 0, (x):

Pirsa: 17040038
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CFT
Hamiltonian
H=["_ dx
= [ dk |k|a) a; HI¥W)=0
Momentum
P=[" dx
= [dk k u.lu,\. P|¥) =0
Dilation
D=["_dx
1
= [ dk u}; (f(d,, + ;) ay Dll-P) =0

Boost
B =] dx

Sasonwral (k9 +3) o gy

Spacetime

symmetries cMERA

HA =2 [ dx

= fdk |k|uAL u.f‘.\
PA=["" dx

= [dkk (.t.AIu.,{.\ (=P)

I)A = J._L,;n dx

= [ dk (:QIV (f(()k + %) ap
BA = %f:; dx >

2 1
= | dk sgn(k) n“‘; (k()k + _-)-) af

e

GA =y GCFT vyt

HA ) —g

PAlwA) =0

PrA=LE:EK M
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dilation and boost operators D, BA = scaling operators 0,

—1 DA, Oa(O) = Aaoa (0) A, scaling dimension
[ .
_i[BA, 0, (0)] = §,0,(0) S conformal spin
(lhAIOaOﬂ OV[LIJA) i Ca]_?}f C(rﬁ‘y f:-,}:i?::_):
expansion
(OPE)

from cMERA we can extract the conformal data of the CFT
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Gl U guY.
) a) 1 ALYV I
N X AT S

(optimized) L |A) '. '. “.
=Ll inboas
|¥) vy AN
AW R
ke
UV momentum
cut-off

two new results: |l.pA) retains (quasi-local version of) the |L[J) Qi Hu, G. V.

symmetries of CFT ground state “Spacetime symmetries and
conformal data in cMERA”

arXiv:1703.04798

|l-IJA> extract conformal data 0,2 {Amsw Cor.[j'y}

b .

—~
L] < > .

-
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