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Abstract: <p>The spectral action functional of noncommutative geometry provides a model of Euclidean& nbsp;(modified) gravity, possibly coupled
to matter. The& nbsp;terms in the large energy asymptotic expansion of the spectral action can be computed via pseudodifferential calculus. In the
case of highly symmetric spacetimes, like Robertson-Walker metrics and Bianchi IX gravitational instantons, there is aricher arithmetic structure in
the spectral action, and the terms in the asymptotic expansion are expressiblein terms of periods of motives and of modular forms. This reveals a
new occurrence of interesting periods and motivesin high-energy physics.</p>
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Spectral action models of gravity (modified gravity)

e Spectral triple: (A, #H, D)
unital associative algebra A
represented as bounded operators on a Hilbert space H

Dirac operator: self-adjoint D*™ = D with compact resolvent,
with bounded commutators [D, a]

e prototype: (C>(M), L?(M,S), Pnm)

e extends to non smooth objects (fractals) and noncommutative
(NC tori, quantum groups, NC deformations, etc.)
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Action functional

e Suppose finitely summable ST = (A, H, D)

Cp(s) = Tr(|D[7°) < oo, R(s) >>0

e Spectral action (Chamseddine—Connes)

SsT(A) = Tr(F(D/N)) = > Mult(A)F(A/A)
A€Spec(D)

f — smooth approximation to (even) cutoff
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Asymptotic expansion (Chamseddine—Connes) for
(almost) commutative geometries:

Te(F(D/A) ~ 3° fa N fIDI7# + £(0) ¢o(0)

+
BEX S+

e Residues

f|D|— > Resa—s Co(s)

e Momenta fz = [5° f(v) vP~1dv

e Dimension Spectrum 2 g7 poles of zeta functions
Ca,p(s) = Tr(a[D]™?)

e positive dimension spectrum ZST = 2 s7 NRL

Matilde Marcolli Arithmetic Spectral Action

Pirsa: 17030049 Page 6/40



Zeta function and heat kernel (manifolds)

e Mellin transform

|D|™*° = : /Oo e Pt 14t
- T(s/2) Jo

e heat kernel expansion

2
Tr(e tP") = E t*c, for t—0
(8%
e zeta function expansion
Ca

Cp(s) = Tx(|D|7°) = Z F(s/2)(a + s/2) + holomorphic

(@ 4

e taking residues

20
M(—a)

Ress—_24Cp(s) =
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Pseudo-differential Calculus: (manifold case)
to obtain full asymptotic expansion of the Spectral Action

e Dirac operator D and pseudodifferential symbol of D?

o(D?)(x, &) = p2(x, &) + p1(x, &) + po(x, &)

each p, homogeneous of order k in &£

e Cauchy integral formula

1
e~ tD% — 5 e (D2 — N)"ldA
T )

e Seeley de-Witt coefficients (m = dim M)

oo
rrr(e—tDz) ~ 0 g—m/2 2 :a2n(DZ)tn
n=0
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Parametrix Method
e D2 order 2 elliptic differential operator: exists a parametrix R

with

oC

o(Ry) ~ Z ri(x, &, )

Jj=0
e ri(x,&, A) pseudodifferential symbol order —2 — j
ri(x, t&, t22) = t 2 ri(x, €, A)

e Ry approximates (D? — \)~! with o((D? — A)R\) ~ 1
® recursive equation:

Jj=0

F((D2—=A)Ry) ~ ((Pa(x, €) — A) + p1(x, €) + polx, €))o (Z r(x, €, A)) ~1
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e solution for R, constructed recursively:
rO(xa 6: A) - (p2(x, g) T A')_1

(€, 0) = — S0 O (x, 6, X) DEpi(x, €) ro(x, €, A),

summation over all @ € Z%,,j € {0,1,...,n— 1}, k € {0, 1,2},
with ||+ +2 — k= n

Seeley-deW.itt coefficients and Parametrix Method

azn(x, Dz) — (272:)1_’—," /[e—)‘ tr (r2n(x, €, X)) dAd™E

e odd j coefficients vanish: rj(x, &, A\) odd function of &
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A different method: Wodzicki residue

e Wodzicki residue: unique trace functional on algebra of
pseudodifferential operators on smooth sections of vector bundle
over smooth manifold

e classical pseudodifferential operator P, of order d € Z local
symbol

o(x, &) ~ > od—i(x, &) (€ — 00),
Jj=0

od—j positively homogeneous order d — 5 in £

e Residue:

Res(P,) = '/S*MTr(o_m(x,g)) dmledmx,

S*M = {(x,&) € T*M; ||€||g = 1} cosphere bundle
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e spectral formulation of residue: pseudodifferential operator FP,,
Laplacian A
Ps +— Ress—oTr(PA %)
same up to a constant ¢, = 27 1™
e Mellin transform (for simplicity Ker(A) = 0):

1 oo dt
Tr(A %) — /0 Tr(e*2) 5 &

r(s)

e heat kernel expansion

N
,I,r(e—btA) _ t—~m/2 Z 32ntn + O(t—m/2+—N+1)
n=0
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e find for any non-negative integer n < m/2 — 1:

Ress—m/2—nTr(AT?) = r(fr?;éA—) n)’

e in particular
Ress—1Tr(A™°) = a,,_2(4A)

e in terms of Wodzicki residue:

am_2(A) = * Res(A~1) =

m

1
2m+17.rm

Res(A™1)
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applied to A = D?
e coefficient a»(D?)

1

22(D?) = _ Res(D2) = :

3274

/ Tr(o_a(D™2)) d?£d*x
S«M

e for other coefficients, introduce an auxiliary product space for
correct counting of dimensions: use flat r-dimensional torus
T = (R/Z)"

A=D’®1+1 A,

Ar- flat Laplacian on T”

1 _
32+r(D2) — 25 A+r/2 Res(A 1)

because Kunneth formula gives
ary ((x,x"), D) = aps,(x, D) apg(x',T) =27 ""?a,.,(x, D?)

with volume term only non-zero heat coefficient for flat metric
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Robertson—Walker spacetime

e Topologically S3 x R
e Metric (Euclidean)

ds® = dt? + a(t)?do?

scaling factor a(t), round metric do? on S3

e Hopf coordinates on S3

x = (t,n, ¢1, $p2) > (t,sinncos ¢, sinnsin ¢z, cos 7 cos ¢1, cos 7 sin ¢2),

o<n<;—r, 0 < ¢1 < 27, 0 < ¢o < 27.

e Robertson-Walker metric in Hopf coordinates

ds? = dt? + a(t)? (dn® + sin?(n) d¢i + cos?(n) d¢3)
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Dirac operator

e orthonormal coframe {6°}
D=>» 6°V3,
a

e spin connection V° with matrix of 1-forms w = (wp) with

Ve? = ng®9b
b

e metric-compatibility and torsion-freeness (Levi—Civita
connection)

do® = > " wi A6P
b
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e Dirac operator

o 1
D = nyadx“(ﬁa) Sk -+ 2 Z YCwh 2P

a, a.b,c

with w? = >~ _wb 6°

e matrices v? Clifford action of 82 on spin bundle:
= —/
v3yP + vP~y2 =0 for a # b
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Pseudodifferential Symbol op(x, &) of Dirac operator D sum
q1(x,€) + qo(x, &) with £ = (£1,£2,£3,€a) € T;M ~ R* cotangent
fiber at x = (t, 7, ¢1, P2)

0
0

751 —

csc(n)€a

a(r) a

o

o
3ia’ (1)
2a(t)
tan(»)—cot(n))
2a(r)
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isec(n )iy
a(e)

'52

1 sec(rn)Es

e 3(rc)
ie.
0 (D

ese(n1)€3

a(e)
— &1

g2
a(t)
isec(n)€4
(z) a(z)

13’ (¢)
2a(r)
cot(7) —tan(7)
2a(t)
tan(n} —cot(7) 0
2a{z)
3ia’ (1) 0

FETED]
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csc(n)€y

csc(n)&a
a(r)

[scczr;)ﬁd
a(z)

€5
a(t) *

*El -

— &

a(r)

0
0

cot(r) —tan(r)

2a(c)
3ia ()

2a(¢e)
0

0
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Pseudodifferential symbol of square D? of Dirac operator:

op2(x,€) = p2(x,€) + p1(x, &) + po(x, &),

p2(x,€) = a1(x, &) q1(x,€) = (D_ &"€ukw ) laxa
(51 L eset(mEs | Secz(n)ﬁf) fama.

(f-“)2 a(t)? a(t)?

3‘71

p1(x, &) = go(x, &) q1(x, €)+aq1(x, £) qo(x, f“z ~og,

po(x, &) = qo(x, &) qo(x, &) + Z—f
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e computer calculation of tr(oc_4(x,£)) takes a couple of pages to
write out (sum of fractions involving trigonometric functions and
powers of &;, scaling factor a(t) and derivative)

e important properties of resulting expression:

@ each term with an odd power of §; in numerator will integrate
to O in integration of 1-density

numerical coefficients of all terms in integrand are rational
numbers

treat scaling factor a(t) and derivative a’(t), a’’(t) as affine
variables a, a1, @2 (integration without performing time
integration)

there is a natural change of coordinates replacing
trigonometric functions by polynomials: rational function
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change of coordinates

ug = sinz(n), ur = &1, uz = &2,
Uz = CSC(")) 637 Ug — 595("7) 643
Then have

. .E? E? csc” 77 .E;‘2 sec? e - 1
£2+ 2 >3 ()+4 (),ﬁug

2 2 2
2 a(e)2 a(t)2 a(t)2 1 a(t)? (03 + u3 + u3).

- 1 —
cotz('r?) - =
up

: 1
esc?(n) —
Yo

1

sec?(77) — .
1 — up

cot?(n) 1

cot(n) cot(2n — .
(7)) cot(2n) 5 5

. 1 - 5,
cscz(Q?]) . csczfn} sec?(n),

tanzf'r;) ' secz(‘n) — 1,

- (2m) 1 tan?(n)
tan(n) cot(dr = = .
7 2 2

2 2
tan<(n) cot“(n) 1 o >
i o + — ¢csc“(77)sec(v7) —
8 B8 8 () ()

Also exponents of the variables £; are even positive integers
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,y with C € Q[(27i) 1]

a>-term as a period integral C - fA4 ?cn =

e Algebraic differential form
Q = fos,

in affine coordinates (uwo, u1, Uz, us, ua) € A°, o € G,,, and
(a1, 2) € A?
e functions f(u(): uy, uz, U3, Usg, &, xy, C¥2) - fial,az)(u(}: uy, Uz, U3z, Usg, Q)

@Q-linear combinations of rational functions

P(uo, ui, uz, uz, ua, @, @1, 2)
a2 uf (1 — wo)™(uf + a—2(us + u3s + uz))®

where
P(“Os uy,u2,Us, Us, x, xi, ().’2) == P(al,az)(u()s ui, u2, U3, Us, CI)

polynomials in Q[ug, u1, Uz, Uz, Ug, ¢, 1, s
with r, kK, m and ¢ non-negative integers

Matilde Marcoll Arithmetic Spectral Action

Pirsa: 17030049 Page 22/40



e algebraic differential form o3 = o3(wo, u1, Uz, Uz, us)

1
2 (UI dUc. dU2 dur_’ dU4 - Uy dU(; du1 dU'J dU4 -t Uy dUO dul dU2 dU4 - Ug dUD dul db'2 dU3)

e forms Q = QF  , restricting to fixed value of o € Al < {0}:
two parameter family

e defined on the complement in A® of union of two affine
hyperplanes Hy = {ug = 0} and H; = {ug = 1} and hypersurface
CZ ~ defined by vanishing of the quadratic form

Qo2 = Ui +a ?(ui + u3 + u3)
e (Q-semialgebraic set: subset S of some R”
S={(x1,...,xp) € R" : P(x1,...,xp) > 0},

for some polynomial P € Q[xy, ..., x,], and complements,
intersections, unions

e domain of integration Q-semialgebraic set

ui + u3 + uous + (1 — wo)ui = 1,
O<wu; <1, fori =0,1,2

Ay = {(Uo, uy, Uz, U3, U4) = AS(R) :

Matilde Marcolli Arithmetic Spectral Action

Pirsa: 17030049 Page 23/40



as-term and Wodzicki Residue

need tr(o_e(A; 1)) of order —6 in expansion of symbol of A} !

e general recursive procedure with auxiliary flat tori 77

Ario=D’®1+1 A1

O'_Q(Ar-_*]_'z) — (p2(xs 61& 621 53: 64) x (€52 p kbt £§+r),4><4)_1

then recursively a_zﬁn(Ar_izz) given by

( )

— )l
> (=™ (B0 2 (A 1)) (85 pr)

0<j<n 0< k<2 ’

acZl., }
—2—j—|a|+k=—n
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(83
(CX]_ L2 ,x3 ,C¥4)

as-term as a period integral C - j:%

e algebraic differential form
Q2 = fos,
in affine coordinates (uwg, Uy, Us, Uz, ug, us, ug) € A, « € G,,, and

(al: o, (¥3, O54) = A4

e functions fi,, as,as,a4)(U0, U1, U2, U3, Ua, Us, us, ) Q-linear
combinations of rational functions

. P(uo, u1, uz, uz, ua, us, Ue, ¢, 1, X2, 3, ¥4) —
a2 uf (1 — wo)™(uf + a=2(us + ui + uz) + uz + ug)*

where
P(UO: uy, U, Uz, Usg, Us, Ug, ¥, (¥1, ¥, (¥3, 0‘54)

polynomials in Q[UOs ui, u2, Uz, Ua, Us, Upx, ¥1, (X2, (X3, CI4]
where r, k, m and £ non-negative integers
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e domain of integration (Q-semialgebraic set

ui + u3 + wou3 + (1 —wo)uj +u2 +ug =1
Aﬁz{(uo,...,uﬁ)EA?(R)3 01< u;2< 1,0?=E),1,2,05),g ’ ’ }

e the change of variables used here
uo = sin®(n), up = &1, uz2 = &2

uz = csc(n) &3, us — sec(n) &a, us = &s, ueg = &g

Matilde Marcolli Arithmetic Spectral Action
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higher order terms a5,

1
2n = 25 13+n

Res(A3,,)

using auxiliary flat tori 7272

Ny, =D?’®1 + 1R Agen—2

need term o_5,_» homogeneous of order —2n — 2 in expansion of
pseudodifferential symbol of parametrix A;nl

® recursive argument for structure of term o_5,_»o
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(83
(C)!l QY2 ,x3 :ad)

as-term as a period integral C - j:%

e algebraic differential form
Q = f os,

in affine coordinates (uwg, Uy, Us, Uz, ug, us, ug) € A, « € G,,, and
4
(al1a2aa3aa4) S A

e functions fi,, as,as,a4)(U0, U1, U2, U3, Ua, Us, us, ) Q-linear
combinations of rational functions

P_’(uo, U1, U2, U3, Ua, Us, Ue, ¥, X1, 2, 3, Qg)

a2rub(1 — wo)™(u2 + a2(u2 + u2 + u2) + u2 + u2)*

where
P(UOt uy, U, Uz, Usg, Us, Ug, ¥, ¥y, X2, (¥3, 054)

polynomials in Q[UOa ui, u2, U3, Ua, Us, Upx, x¥1, (X2, (X3, C}:4]
where r, kK, m and ¢ non-negative integers
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e term tr(o_2,_2) given by

M.,

Bo..;/2
Cj.2n Ug (1—

a'(t), xp = 8”(1’), . on =

2 1 2 2 2 2 2
Qa’Qn = Ul -+ (;72(“2 -+ U3 -+ U4) -+ U5 -+ -4 Uzn_,_z,

Cion € Q, Boi1j,Bo2j ko €Z, Bijs---sB2n125Pj2n Kijs---skanj € Z>o-

e using change of coordinates

Uo = Si”2(7?)a uz = csc(n) &3, us = sec(n) &,

uj = &j, j=1,2,5,6,...,2n+ 2

Matilde Marcolli Arithmetic Spectral Action

Pirsa: 17030049 Page 29/40



az,-terms as period integrals C- [, Qg .,
e algebraic differential form

le,...,agn(UOa Ui, ..., U2n+2)
e domain of definition complement

A\2n+3 ~ (C?a,zn U Hpo U H1)

with hyperplanes Hop = {ug = 0} and H; = {up = 1} and CZa.2n

the hypersurface defined by the vanishing of the quadric

1
Qa,2n: U%—f‘ E§(U§+U§+ U§)+U§+"'+U§n+2

e (Q-semialgebraic set Az, 2

- i=5

uf—bug—v—ugu%—»(l — UQ)ug—f-)‘\zn‘gU? = 1 }
0 < u; <1, i 0,1,2,5,6,...,2n+ 2

- ‘,ngénb:}(:;i) :
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Periods and Motives

e Main Ildea: can constrain the type of numbers that can occur as
periods [_w on a given algebraic variety X on the basis of
information about the motive m(X) of X

e Motives (Grothendieck) are a universal cohomology theory for
algebraic varieties (morphisms: equivalence classes of algebraic

cycles in the product)
@ pure motives: smooth projective varieties

@ mixed motives: more general varieties (quasi-projective,
singular...)
in applications to physics one typically deals with mixed motives
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Mixed Motives and Mixed Tate Motives

e there is a triangulated ®-category DAA1 of mixed motives
(Voevodsky , Levine, Hanamura)

m(UNV) 5> m(U)em(V) - m(X) > m(UNV)[1] Mayer-Vietoris

m(Y) »>m(X) > m(X YY) — m(Y)[1] Gysin
m(X x Al) = m(X)(—1)[2] homotopy
m(X)Y = m“(X)(—d)[—2d] duality

e Mixed Tate motives: triangulated ®-subcateory DAMT < DM
generated by the Tate objects Q(m)
@Q(1) formal inverse of Lefschetz motive IL = h%(IP!)

e Method: to show m(X) mixed Tate realize it in terms of
distinguished triangles where two out of three terms are mixed Tate
=> third one also is (or one is and one is not, then third also not)

e Over a number field: t-structure, abelian category of mixed Tate
motives (vanishing result, M.Levine)
Matilde Marcolli Arithmetic Spectral Action
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Motives and the Grothendieck ring of varieties
e Usually difficult to determine explicitly the motive of m(X) in the
triangulated category of mixed motives

e Simpler invariant (universal Euler characteristic for motives):
class [X] in the Grothendieck ring of varieties Kp(V)

@ generators [X] isomorphism classes
o [X]=[X Y]+ [Y] for Y C X closed
o [X]-[Y] =[X x Y]

Tate motives: Z[L,L~!] ¢ Ky(M)
(Ko group of category of pure motives: virtual motives)

Matilde Marcolli Arithmetic Spectral Action

Pirsa: 17030049 Page 33/40



Mixed Motives associated to these periods

m(A2"3 (CZa2n U Ho U H1), )

divisor 2 containing boundary of domain of integration Az,

e motives of quadrics (Rost, Vishik)
hyperbolic form H := (1, —1)
@ Q = d - H of dimension 2d

m(Zy:) = Z(d—1)[2d —2]DZ(d—1)[2d —2] S5 Z(i)[21]
i=0,....d2,d,....,2d 2

Q=d-H L (1) in dimension 2d + 1
m(Zgni(y) = EB Z(i)[21]
i=0,...,2d—1
if d quadratic field extension K where Q hyperbolic

mi @ my(1)[2] m=2 mod4

involving forms of Tate motives

Matilde Marcoll Arithmetic Spectral Action
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e quadratic field extension Q(+/—1), assuming a € Q*
Qa2 = uf +a ?(u3 + u3 + uF)

change of variables

X = u1+iuz, Y = ul—Luz, Z = L(U3+fU4), w — L(u;;—iu;;)
oY o 10 o

identification of Z, with the Segre quadric
{XY — ZW = 0} ~ P! x P!
e similar for az>,-term case
1
Ra,2n = uf+a—§(u§+ Ui +u)+ U Ui+ Us, ]+ U o
inductively: change of coordinates

X = uzp41 + fU2p42, Y = u2p4+1 — iU2p42

puts Qn 2, in the form

Qa,2n = Qa,2n—-2(ula cee s U2n) + XY

Matilde Marcolli Arithmetic Spectral Action
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classes in the Grothendieck ring

e Z. 2, quadric in P27*1 determined by Q. 2,

[P2n+1 ~ Za,2n] - L2n+1 — "

[A2n+3 ~ C?a,2n] — L20+3 L L2n+2 L Ln+2 4 ]Ln+1
[A27"F3(CZa.20UHoUH, )] = IL27+3 _3[L27+2 4 2,27+ 1 _ "2 31,7+l Q"

e based on an inductive argument using identities
Q@ [AVNZ]=(L —1)[PV 1 Z]
Q@ [AN'1 L CZ] = (L — 1)[PN < CZ]
©Q [CZ]=L[Z]+1
Q [AN*1 L CZ] = LNV (L —1)[Z] —
© [AN* I (CZUHUH')] = LN+1 _2LLN (L —2)}(L —1)[Z] — (L —2).

with Z c PV 1 Z < AN affine cone, CZ projective cone in PN, H and
H’ affine hyperplanes with H N H’ = (), intersections CZ N H and

CZ M H’ sections Z of cone
Matilde Marcolli Arithmetic Spectral Action
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Mixed Tate
e mixed motive (over field Q(1/—1))

m(A2"+3 ~ (&Q,Zn U Hp U Hl), Z)

Is mixed Tate

e over K = Q(+/—1) quadratic form
Qa,2n|@(\/_1) = (n+ 1) - H,
so motive

m(Za2nlx) = Z(n)[2n] @ Z(n)[2n] @ S5, Z(i)[2i]

i=0,...,n—1,n+1,...2n

e rest of the argument shown in example of a, for simplicity
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e m(P3 < Z,) is mixed Tate
m(P? < Z,) — m(P?) - m(Z2)(1)[2] —» m(P? < Z,)[1]

Gysin distinguished triangle of the closed codim one embedding
Z, — P3

e projective cone CZ, in P*: homotopy invariance for A!-fibration
P CZ, - P\ Z,

mL (P < CZ,) = m.2(P3 < Z,)(—1)

motive m(P* < CZ,) also mixed Tate

e motive m(A® < CZ,) mixed Tate: P'-bundle P compactification
of Gmn-bundle

T =A%~ CZ, > X =P*~ CZ,
and Gysin distinguished triangle
m(7) > m(P) > m (P ~T)(1)[2] — m(7T)[1]

mc(P ~ 7 ) mixed Tate since P ~. 7 two copies of X, so m(7)

mixed Tate
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e union CZ, U Hy U Hy is mixed Tate: motives m(AS < (Ho U Hy))
and m(A° < CZ,) and motive of intersection m(CZ, N (Ho U H1))
are mixed Tate

m(UNV) >m(U)dom(V) >m(UU V) > m(UnN V)[1]

Mayer-Vietoris distinguished triangle with U = A> C/'?a and
V:AS\(HOUHl)

e m(A5 . CZ,) mixed Tate by previous

e m(A® < (Hp U H;)) also mixed Tate since m(Hp U H,) is
° m( CZ.,nN (Ho U H1)) mixed Tate because intersection

CZ o M (Ho U Hy) two sections of the cone and m(Z,) Tate
@ then also m(A° < (CZQ, N (Ho U H1)) mixed Tate

e divisor = in A® is a union of coordinate hyperplanes and their
translates: mixed Tate

e m(A° ~ (CZ, N (Ho U Hyp),Y) also mixed Tate: distinguished
triangle with m(A> (&a N (Ho U H1)) and m(X)
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e union CZ, U Ho U H, is mixed Tate: motives m(A% ~. (Ho U H1))
and m(A°> < CZ,) and motive of intersection m(CZ, N (Ho U H1))
are mixed Tate

m(UNV) >m(U)eom(V) >m(UU V) - m(UnN V)[1]

Mayer-Vietoris distinguished triangle with U = A> < &a and
V = A° < (Hy U H,)

e m(A5 ~ CZ,) mixed Tate by previous

e m(A® < (Hp U H;)) also mixed Tate since m(Hp U H,) is
m( CZ., N (Ho U H1)) mixed Tate because intersection
CZa N (Ho U H1) two sections of the cone and m(Z,) Tate
@ then also m(A° < (CZQ. N (Ho U H1)) mixed Tate

e divisor X in A® is a union of coordinate hyperplanes and their
translates: mixed Tate

e m(A® ~ (CZ, N (Ho U Hy),Y) also mixed Tate: distinguished
triangle with m(A> ~ (C"?a L mosdizgy) and m(X)
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