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The art of quantum algorithmics is to
choreograph constructive interference
on desirable outcomes and
destructive interference on
undesirable outcomes.
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A classical randomized algorithm

Several computational paths leading to the same outcome.
Add up the probabilities.
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A classical randomized algorithm

Several computational paths leading to the same outcome.

Add up the probabilities.
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A classical randomized algorithm

The probabilities could correspond to the square of a probability amplitude
(due to measuring the quantum system at each time step)
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A quantum algorithm

If we don’t measure at each time step, only at the end, the probability
amplitudes first have a chance to interfere.
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A quantum algorithm

If we don’t measure at each time step, only at the end, the probability
amplitudes first have a chance to interfere.
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How do quantum algorithms work?

Given a polynomial-time classical algorithm for f {0,1 }” — 1 itis
straightforward to construct a quantum algorithm that creates the state

o 2]

at the cost of about one evaluation of f '

Is this exponentially many computations at polynomial cost?

No! — the most straightforward way of extracting information from the state
yields just (X.f(X)) forarandom x€ {0.1}”
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How do quantum algorithms work?

Given a polynomial-time classical algorithm for f {0,1 }” — 1 itis
straightforward to construct a quantum algorithm that creates the state

o 2]

at the cost of about one evaluation of f '

Is this exponentially many computations at polynomial cost?

No! — the most straightforward way of extracting information from the state
yields just (X.f(X)) forarandom x€ {0.1}”

But we can make some interesting tradeoffs:

instead of learning about any (x f(\,)) point, one can learn something about a

global property of |
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Quantum algorithms

Quantum Algorithms should exploit quantum parallelism and
quantum interference.

This is necessary, but not sufficient, in order to outperform a
classical probabilistic algorithm. E.g. a pure state description of the
algorithm should have a substantial amount of entanglement.
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Query scenario

Input: a function /, given as a g ;o
Js X X
black box (a.k.a. oracle) f /(%)
Goal: determine some information about / making as few queries to f as
possible (of course, other operations are allowed — but we do not count

them)

Example: polynomial interpolation
Let: fixi=c, +ex+oya®+.. +oyx®

Goal: determine ¢, ¢,, ¢, ... , ¢,

Question: How many f-queries does one require
for this?
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Query scenario

Input: a function /, given as a
black box (a.k.a. oracle)

Goal: determine some information about f/ making as few queries to f as
possible (of course, other operations are allowed — but we do not count

them)

Example: polynomial interpolation
Let: fixi=c, +ex+oya®+.. +oyx®

Goal: determine ¢, ¢,, ¢, ... , ¢,

Question: How many f-queries does one require
for this?

Answer: ¢ +1
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Deutsch’s problem

Let f: {0,1} —> {0,1} . .

There are four possibilities:

x |fi(x) X |f(x) X |f3(x) X |fa(x)
010 0] 1 010 01 1
110 11 4 1| 1 110

Goal: determine whether or not /(0) = /(1) (i.e. (0) @ /(1))

Any classical method requires two queries
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Quantum algorithm for Deutsch

2 3
00— H — H —<= A0)® A1)
Uy
1) — H
1 H_ | F l}
1 query + 4 auxiliary operations \/5 1 -1

How does this algorithm work?

Each of the three /7 operations can be seen as playing a different
role ...

11
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Quantum algorithm ()
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Quantum algorithm ()

i

3
0y —H
i —H

1

Uy

—4

1. Creates the state |0) —|1), which is an eigenvector of

{

NOT with eigenvalue -1

I with eigenvalue +1

12
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Quantum algorithm ()

i<t

1. Creates the state |0) —|1), which is an eigenvector of

3
0y —H
i —H

1

{ NOT with eigenvalue -1

I with eigenvalue +1

Uy

This causes f " to induce a phase shift of (-1 )-’r (x) to |X)

0)

X =

[ =

Uy

— (] )/()‘)J)Q

= =10

12
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Quantum algorithm ()

i<t

1. Creates the state |0) —|1), which is an eigenvector of

3
0y —H
i —H

1

{ NOT with eigenvalue -1

I with eigenvalue +1

Uy

This causes f " to induce a phase shift of (-1 )-’r (x) to |X)

0)

X =

[ =

Uy

— (] )/()‘)J)Q

= =10
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Quantum algorithm (2)

2. Causes [ to be queried in superposition (at |0) + |1))

0 —

H

0 -11)

Uy

— PO =T

0)-11)

13
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Quantum algorithm (2)

2. Causes [ to be queried in superposition (at |0) + |1))

o —HH | oo+ o
U
0y 1) L oy-1)

x |6 0 xlh@ x|
01 0 : 01l 0 1
11| o 1 1| 1 0
.9 J g J

Y

+(0) + 1)) +(0) - |1))
13
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Quantum algorithm (3)

3. Distinguishes between +(|0) +|1)) and +(|0) - 1))
H

+(|0) + 1)) +=——— £|0)

H
|0)-[1)) +—— 11

14
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Summary of Deutsch’s algorithm

Makes only one query, whereas two are needed classically

produces superpositions
of inputs to /: |0) + |1)

N

3

0 — K

1y — H

/1

Uy

- H

<<

extracts phase differences from

(=1)10[0) 4 (1) AV[1)

_ f(0) @ f(1)

constructs eigenvector so f~queries
induce phases: |x) 2 (=1)/™)x)

15
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Aside: This was the first quantum algorithm

implemented (1997)

JOURNAL OF CHEMICAL PHYSICS VOLUME 108, NUMRBER §

Implementation of a quantum algorithm on a nuclear magnetic resonance
guantum computer

v for Molecular Sciences, New Chemiztry Laboratory, Seuth Park: Read, Oxford OX1 3QT.
United Kmgdom and Centre for Quanmum Computarion. Clarendon Laboratory. Park: Road.

Oxford QX1 3PU. Unired Kingdom

M. Mosca

Cenmre for Quantum Computation. Clarenden Laboratory, Parks Road. Oxford QX1 3PU, United Kingdom
and Mathematical Inztitute, 24-29 5t Gilez ', Oxford, OX1 3LB, United Kingdom

(Recewved 16 January 1998; accepted 22 Apnl 1998)

Quantum computing shows great pronuse for the solution of many difficult problems, such as the
simulation of quantum systems and the factonzation of large numbers. Whle the theory of quantum
computing is faurly well ‘understood, it has proved difficult to implement quantum computers in real
phymncal systems. It has recently been shown that nuclear magnetic resonance (NMR) can be used
to implement small quantum computers using the spin states of nucler in carefully chosen small
molecules Here we demonstrate the use of a NMR quantum computer based on the pyrimidine base
cytosine, and the implementation of a quantum algonthm to solve Deutsch's problem
(distinguishing between constant and balanced functions) This is the first successful
unplementation of a quantun algerithm on any physical system. € 1998 American Inztitute of
Physics. [S0021-9606(98)00729-6]

1652 J. Chem. Phys., Vol 108, Na. 8. 1 August 1908

(a)

(¢)

alN

| (b) | l

|

FIG. 4. Experumental implementation of an algorithm to desermune f(0) on
R quannun congputer. (a) The result of apphying L'y, . o this propa-
gator is the Menfify mamx s spectnEn can also verve as 2 refarence. The
left-hand pair of signaly commponds to the fret wpin (), while the pair on
e righi-hawnd side comespond w e wecond sown (5). Nove ta the vizuals

J. Chem. Phys., Vol. 108, No. 5. 1 August 1098

(a) (b)

() (d) \

[ ‘I b |
FIG. 6 Experimental implemenmtion of a quantum algonithm to determine
MNOY@ A1) on a NMR quannun conputer. In this case the result can be read
out on spin J, that is, using the signals on the left of the spectum For
demils of the labeling. see Fig 4 As expected, the J spin 1s mverted when

the functon is balanced (f,, or f,). but not when the funcrion is constant
(fo OF 341

4 A Jones and M. Mosca

() ] (b)

() I ()

| |

F1G. & Experunsonl umplementation of an algonthm to determune /1) on
a NMR quanhos compuber, s Sy cave the algoridus staty with spis J in
the excited stave, |1), and so siguals from spin J are (o emission. For demils
of the labeling see Fig 4
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Constant vs. balanced

Let /: {0,1}"-> {0,1} be either constant or balanced, where

* constant means /(x) =0 for all x, or f(x) =1 for all x
» balanced means X_ f(x)= 2"

17
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Constant vs. balanced

Let /: {0,1}"-> {0,1} be either constant or balanced, where

» constant means f(x) =0 for all x, or f(x) =1 for all x
» balanced means X_ f(x)= 2"

Goal: determine whether f is constant or balanced

n l+l

How many queries are there needed classically?

Example: if /(0000) = /(0001)=/(0010) = ... =/(0111) = 0 then it still
could be either

17
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Constant vs. balanced

Let /: {0,1}"-> {0,1} be either constant or balanced, where

» constant means f(x) =0 for all x, or f(x) =1 for all x
» balanced means X_ f(x)= 2"

Goal: determine whether f is constant or balanced

n l+l

How many queries are there needed classically?

Example: if /(0000) = /(0001)=/(0010) = ... =/(0111) = 0 then it still
could be either

Quantumly?

17
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Constant vs. balanced

Let /: {0,1}"-> {0,1} be either constant or balanced, where

» constant means f(x) =0 for all x, or f(x) =1 for all x
» balanced means X_ f(x)= 2"

Goal: determine whether f is constant or balanced

n l+l

How many queries are there needed classically?

Example: if /(0000) = /(0001)=/(0010) = ... =/(0111) = 0 then it still
could be either

Quantumly? just 1 query suffices!

[Deutsch & Jozsa, 1992]

17
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0)
0)
0)
1

Quantum algorithm

S| =] EE

0)
0)
0)
1

=] =] =

99!
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Quantum algorithm

0) —H — 0 —a <=
0) —H|— — 1 lvp 0) H <=
Uy Uy
0y —{&}- — 0y —H <=

1y —JH} — 1y —H

Constant case: |y) = [Weons) = & L\ X Why?

Balanced case: |y,) = Iy, is orthogonal to + Z\ Xy  Why?

How to distinguish between the cases? What is H®”\w}«>?

Constant case: H®”|\pt.m> +100...0)

Balanced case: H®”|\p],_,,|> is orthogonal to H®”|\u‘.m,> +10...00), by unitarity of

ﬁgﬂstep of the algorithm: if the measured result is 000 then output “constant”,
otherwise output “balanced”

18
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Quantum vs. classical separations

Black-box problem | Quantum [Classical
Deutsch’s problem 1 (query) |2 (queries)
constant vs. balanced |1 2"+ 1

(only for exact)

19
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Quantum vs. classical separations

Black-box problem [Quantum [Classical
Deutsch’s problem 1 (query) |2 (queries)
constant vs. balanced |1 “B2"+1
Simon’s problem O(n) 6(2"'%)

Pirsa: 17030035

(only for exact)

(probabilistic)

19
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Simon’s problem

Let /: {0,1}”— {0,1}" have the property that there exists an » € {0,1}"
such that f(x)=/(y) iff x®y=rorx=y

20
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Simon’s problem

Let /: {0,1}”— {0,1}" have the property that there exists an » € {0,1}"
such that f(x)=/(y) iff x®y=rorx=y

Example:

X _|f(x)
000 | 011
001|101
010 | 000
011 | 010
100 | 101
101 | 011
110 | 010
111 (000

Whatis r is this case?

20
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Classical lower bound

Theorem: any classical algorithm solving Simon’s problem must
make ((27?) queries

Proof is omitted here

Note: the performance analysis of the previous algorithm does not
imply the theorem

... how can we know that there isn't a different algorithm that performs
better?

21
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A quantum algorithm for Simon ()

Queries: MV 7 —

) — [x2)
7 - U o ‘IJ?)
f

)
)

p) - — | y®f(x)
)

22
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A quantum algorithm for Simon ()

Queries: M 7] — b
) — [x2)
l.\'n> = o ‘IJ?)
i) — Uf b
) = — |y ®f(x))
h?n> = b

Proposed start of quantum
algorithm: query all values of f
in superposition

22
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A quantum algorithm for Simon (%)

Executing this algorithm &= O(n) times yields
random y,, y,,..., v, € {0,1}" such thatr-y, =r-y,
=..=ry,=0

0)—HH
0)—HH
10)—zH
0)—
0)—
0)—
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A quantum algorithm for Simon ()

Queries: MV 7 —
pea) = — b2)
l.\'”> = o IIJ?)
) - Uf ht
) = — | y®f(x)
h?n> . -
10) H
Proposed start of quantum
algorithm: query all values of f 0) el
in superposition 0) H
0)
What is the output state of this 0)
circuit?
0)

22
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A quantum algorithm for Simon (%)

Executing this algorithm &= O(n) times yields
random y,, y,,..., v, € {0,1}" such thatr-y, =r-y,
=..=ry,=0

0)—HH
0)—HH
10)—zH
0)—
0)—
0)—
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A quantum algorithm for Simon ()

Queries: MV 7 —
pea) = — b2)
l.\'”> = o IIJ?)
) - Uf ht
) = — | y®f(x)
h?n> . -
10) H
Proposed start of quantum
algorithm: query all values of f 0) el
in superposition 0) H
0)
What is the output state of this 0)
circuit?
0)

22
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A quantum algorithm for Simon (%)

Executing this algorithm k= O(n) times yields
random y,, y,,..., v, € {0,1}" such thatr-y, =r-y,
=..=ry,=0

How does this help?

This is a system of & linear equations:

Yu Vi o Vin || 1
.1!2 1 .}?22 e -}_32 n ’,42
Vi Yie 7 Vi L

With high probability, there is a unique non-zero solution that is »

(which can be efficiently found by linear algebra)

0)—HH
0)—HH
10)—zH
0)—
0)—

0)—

0

=

Page 53/207



Conclusion of Simon’s algorithm

¢ Any classical algorithm has to query the black box €2(2"/%) times, even to
succeed with probability %.

e There is a quantum algorithm that queries the black box only O(#) times,
performs only O(n *) auxiliary operations (for the Hadamards,
measurements, and linear algebra), and succeeds with probability %.

24
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Multi-qubit Hadamard
‘ .x> % Z (—1)*

y)

25
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Multi-qubit Hadamard
‘ .x> % Z (—1)*

I —, .
2V — o — 1)

y)

25
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