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BPS states, torus links, and
wild character varieties

e String theoretic approach to the cohomology of
wild character varieties; with Ron Donagi and Tony
Pantev.

e Generalizes previuous work with Wu-yen Chuang
and Guang Pan, and Wu-yen Chuang, Ron Donagi
and Tony Pantev.

e Physical derivation and generalization of conjec-
tZurels of Hausel, Mereb, Wong and Shende, Treumann,
aslow.
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1. Wild Character varieties
[Witten, Boalch]

e (C,p) smooth projective curve with marked point

e Q irregular type at p with values in t C gl(r,C)
i.e. t-valued meromomorphic fct germ at p modulo
holomorphic terms

n—1

. Ay
Gh= E ;»
k=1
for someneZ, n> 2.

e R € t diagonal matrix

e Flat gl(r,C)-connections on C \ {p} locally gauge

e |
L] ]
(N
[emeex |
[Cfunscroen_|
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equivalent to

R
d@ + — + holomorphic terms

at p.

e Sqr the variety of Stokes data [Witten, Boalch].
Rigorous construction [Boalch| by quasi-hamiltonian
reduction.

e Sqor Smooth quasi-projective for generic R. Di-

mension
/

dyn = 2r°(g — 1) + n(r* — Z m;) + 2
i=1
where u is the partition of » determined by the eigen-
values of R.

Heme Page

Title Page

“

»

»
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e WP(Q,R;u,v) the mixed Poinvaré polynomial:
W R@ IR uin) = Z dim (3‘7",&_;1"'11 -'"(SQ‘R)uA’/ 27

k,j Title Page

_Homo Page

where W, H’ weight filtration. .

e Wild non-abelian Hodge correspondence
[Boalch,Biquard], [Mochizuki]

Irregular flat connections <> Irregular Higgs bundles
Moduli spaces related by hyper-Kahler rotation.

e P =1 correspondence
[de Cataldo, Hausel, Migliorini]

Wor H? (character variety) = Py H’(Higgs bundle moduli space)

where P,H’ perverse Leray filtration from Hitchin map.
[ 40f 24 |
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2. The conjecture of Hausel, Mereb,
and Wong

e R regular and sufficiently generic
Zumw (2, w) = Z 0 'z,-'u,;)ﬁ,\( : 22, w?)
A

where:

e the sum in the right hand side is over all Young
diagrams X,

e for each \
(_ﬂ,_;za.u'1)?17_,2;'.(1"1)).,.(z.zu.(r|)+| i wzz{|"1)+|)2_.;;

gn
Q9" =

= (220(9)+2 — 920(0)) (z20(0) — ¢2UO)+2)
Oe .

and
| 5o0f 24 |

_Homo Page |
Title Page
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eX = (x1,x2,...) IS an infinite set of formal variables

and H,(x;z* w?) are the modified Macdonald poly- R

nomials.
e Define H, ,(z,w) by [« [»]
L]

'”'lhl'l[.’k(]“‘”H’L!”(—gk! lUA)

Z ml2, W) = - — ome.s III
nmw (2, w) ; Z: il = 22k) (w2k — 1) my, (X°)

| =

where m,(x) are the monomial symmetric functions

and x* = (z% 2%, ...). Then one has the following con-

jectural formula B
11’P(Q9 Rea, q;) = H(l")‘n(u]/g, = /2:”_'])
for any r,n > 1 and any Q and any generic regular R.

Go Back
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2. The conjecture of Shende, Treumann
and Zaslow Lol

Title Page

e ¥ C A? is a reduced rational plane curve with one
singular point v. “ ||

o m: A? - Al projection onto one of the coordinate
axes.

e > ~ affine part of a spectral curve for a meromor-
phic Hitchin system on P! with a pole at co.

e Wild non-abelian Hodge correspondence = char-
acter variety Ss.

e L link of singular point v € ..

e P\”(u) leading term in Homfly polynomial of L.
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ERen .
P (u) = WP(Sg,u,—1) o

L : ; (0
for a specific normalization of P}J )(u)

e Non-abelian Hodge ‘mirror’ of the conjecture of [« [»]

Oblomkov and Shende
] (S

nez
e Refined generalization [Oblomkov, Rassmusen,Shende] |

Go Back

PO (u) = > u"x(Hilba(3, v))

e Refined colored generalization conjectured by
[D,Hua,Soibelman] using the stable pair theory of the s
conifold. Will be used later in the talk. Cioss

e Unrefined colored generalization proven by [Maulik] e
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2. Irregular parabolic Higgs bundles

e (C,p) curve with marked point, D =np, n > 1,
M = K¢ (D).

Title Page

o £ =(&1,...,&) £ 2> 1 sections of K¢(D)|p. :
e Irregular Higgs {-parabolic Higgs bundle (£, ¢, £}, )

E : vector bundleon C, Ep=EQ®Op

. F—FRXM, &p=3>|p
0C EYC-.-C By=Ep bb/b};l loc. free Op—modules
®p(Ep) C Ep, gr'(Pp) =&®1

a = (ai,...,ap) realparabolic weights

<oy < s < oy < 1L
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e Parabolic stability condition [Maruyama, Yokogawal
= moduli stack H¢*(C, D; o, m,d) where DR

m = (my,...,mg), M= lengthon(ﬂb/ﬂ'*‘
¢ .. &
. L[]
d deg(F), Z mi = rk(E)
t=1 ) [
e for generic weights C*-gerbe over smooth coarse
moduli space

Go Back

e similar objects introduced by [Inaba, Saito]
[Ceurserven_|

Close
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2. Irregular parabolic Higgs bundles

e (C,p) curve with marked point, D =np, n > 1,

M = K¢(D).
o {=(&1,...,&) £ > 1 sections of K¢(D)|p.

TS

e Irregular Higgs {-parabolic Higgs bundle (E, @, E},, «) [ [
F : vector bundle on C, Ep=FE ® Op

: E—FEQM, &p=¢|p
0C ELC-.-C By =Ep bb/b};l loc. free Op—modules

®p(EL) C Ef, gri(®Pp)=6®1

a = (ai,...,ap) realparabolic weights

<ligyp < e < iay] <
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3. Spectral correspondence

~

e Goal: construct holomorphic symplectic surface
such that

£
-1

He(C, Di;a,m, d)
2 (%)

Moduli stack Bridgeland stable dim 1 sheaves on S
e [Kontsevich, Soibelman] construct S¢ such that

Hitchin base
1

Linear system on S

e [Szabo] proves (x) for certain open subsets

Home Page

Title Page

144
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_H;;F_'l_ﬂ_l
=
S

rm

e T: = blow-up of the images of sections
&,...,& D — Mp on M
(assumed pairwise distinct and nonzero)
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e S; = T:\anti-canonical divisor
il - Home Paga I

on S¢ consisting of compact divisors which are finite
COVErS Oft ¢

e For any m = (my,...,my) there is a linear system

e Thereis a compactly supported B-field g € H>(S¢, R)

F

B2 )= Z m;5i s

1=l

for any divisor 32, in this linear system, where 3; € R,
<@ il

e (-stability for dimension one sheaves F' on S§ with
ey = 2 i) =c

Pirsa: 17020033 Page 16/33



10:06 AM

Wild_talk_|

o M3 (Se; m, c) moduli stack of B-semistable sheaves

Spectral correspondence

=~ 5e(C; Digym,c+ (g — 1))
l

T E m;cg,

=1 Page 14 of 24

where g is the genus of C and r = S_'_, m,.

e holds for any g > 0 and any number of
singular points.
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4. Calabi-Yau threefold and refined
invariants LT

Title Page

= S x Al

WPea(Se; m, ) = 5:(C, D; o, m, e+ v(g = 1)) X A |

e Stable pair theory [Pandharipande, Thomas]
PTy,(m,c) = virtual number of pairs Page 15 of 24
C)ys;ﬂF , s generically surjective

chitF) = Xm, xliF)=ec

F' compact support.
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e Refined stable pair theory
[Kontsevich and Soibleman]

PTy.(m, c;y) = virtual Poincare polynomial of
I, G Y,

moduli space of such pairs.
e Generating function
2y, (4, Q1. -, Qe y) =

¢

1+ Z q° H Q= BTy (may . el
1

cm i
m#(0,...,0)

e Goal: compute the generating function.

Home Page

Title Page

4 144

Page 16 of 24
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5. Refined invariants via refined
Chern-Simons theory

e From now on C = P!, one marked point p € C.

e Torus action C* x S¢ — S;¢

e Refined virtual localization [Nekrasov, Okonkov],
[Maulik]

Page 17 of 24

e Stable pair theory localizes on a finite collection of
rational curves Xj,..., %, in Sg.

e Direct localization computations hard!
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e |ocal equation at o

i=1

[[Home page |
Title Page

@]
i

Page 18 of 24
=
BT
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e Oblomkov-Shende framework:

Refined invariants of singular plane curve
2a4 oAk 2

Refined invariants of (¢, (n — 2)¢)—torus links

e One needs the colored refined variant of the con-
jecture formulated by [D,Hua,Soibelman].

e Colored refined invariants of torus links can be ob-
tained from refined Chern-Simons theory [Aganagic,

Shakirov], [Shakirov], also using some large N duality
tricks.

Title Page

T

Page 19 of 24
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Conjecture 1
[CHome paze ]

The refined stable pair theory of Y is given by

2

Zy(q,Q1, .., QoY) = Z (ﬁﬁ;..:)&;(""st) [ [»]
) (s

}‘.I.|.....fflr
)

[l i e i) )

1
i=1 $=qy, {:qy_ I

where | Gosack |
Hi—)(”_z) (S,f) —

L yeeegflp

Ap—1 Ap—2 A2 Al . : 2—n o 2
Z NurerNurinezs Vs Nz Fre1(8:8) 7" Pa i (s, 58)
/\],...,Afv |
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Py(t,s;x), x = (x1,22,...), are the (t,s)-Macdonald
polynomials

e N7, are the (s,t)-Littlewood-Richardson coefficients

Pfte s X PhIT 8 %) = Z Ny \Polt, 8; %)

e fi\(s,t) are refined framing factors,

e o= H RICRC

OeA
ot — (At i e (sl A )

Page 21 of 24
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Conjecture 2: refined Gopakumar-Vafa expansion

: - - m '-(QA:: S O J!:':% 0: .. ) Title Page
Zy(q, Q1. .-, Qe y) = exp ( = Z Z : - £ -

il o i L)
y " (qy~ ) 2 Pun((ay) *',y"")))

(1 — (qu)~*)(1 = (qu71)*)

e m,(z1,...) monomial symmetric functions.

e P, .(u,v) perverse Poincaré polynomial of cosoox |

HE(C, D; a,m,d) for generic a, p partition
2 [_Fun sereen_|
r=mi+---+ me.

Close
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Conjecture 3

For C = P! with one marked point,
WP(Q,R;u,v) = P, (u,v)
where p is the partition of multiplicities of eigenvalues
of R (assumed generic).

 Home Paga_ |
e [»]
=0 5
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e agrees with HMW in many rank 2 and 3 examples
with R regular

o For i = (27 y s = {5 6o B Al vl agrees Wik
Poincare polynomial of Higgs bundle moduli space
computed by localization.

e Can one prove the v = 1 specialization by counting
rational points on wild character varieties?

_Hwno Page

Title Page

4
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