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Abstract: Quivers emerge naturally in the study of instantons on flat four-space (ADHM), its orbifolds and their deformations, called ALE space
(Kronheimer-Nakajima). Pursuing this direction, we study instantons on other hyperkaehler spaces, such as ALF, ALG, and ALH spaces. Each of
these cases produces instanton data that organize, respectively, into a bow (involving the Nahm equations), a sling (involving the Hitchin equations),
and a monopole wall (Bogomolny equation).
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Hitchin System and its generalization and degenerate limits:

Quivers, Bows, Slings, Monopoles, and Instantons.
String Theory motivation.

Analysis of Instantons on ALF space: Dirac Index.

Algebraic geometry of Instantons on ALF space: the Monad.

Monowalls and tropical geometry.
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Equations:

ADHM — Nahm Egs. — Hitchin m — Bogomolny Eq. — Anti-self-duality
o b 1] (;/\!‘. I, DP = () 1\ - x [) _,'(I) j\ — * [‘

(D, D] = [0, d]

Generalizations:

Quiver — Bow -— Sling -— Monowall
| | | |
Inst/ALE Inst/ALF  Inst/ALG Inst/ALH
[ Il Il Il
Infinity of base space: R 4/r beIrc[‘le Elliptic E"ﬁ?‘c
ibration fibration ibration
) over
over
cylinder
cone

Main Question:

Bows and Monowalls suggest two very different vantage points.

How do these views carry over to the Hitchin System?
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N - “
Douglas

A = 12 3 4 5 6 7 8 9
| . [ ™ —] . m U(n) Instantons
nD6 | x : « . ; ; in the world-volume of D6.

Bow solution
in the world-volume of D3.
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Douglas
8 9
m U(n) Instantons
in the world-volume of D6.

Bow solution
in the world-volume of D3.
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Mo (1 2 3 4 5 & 7 8 9 (0
TN
TN,
m M2 X X
2 Doug
i
= A = 1 - 2 3 4 5 6 7 8 9
W _ [ TN _1 _ m U(n) Instantons
nD6 | x x x X X X in the world-volume of D6.
mD2| «x X
- halmers-Hanany-Witten
1B 1 2 3 4 5 6 7 8 9
KkNSS| x  x vy o Ve o Vg p—(T x | x X .
o5 | ' ' Y Bow solution
n L | X X X X X ) . ~
. in the world-volume of D3.
m D3 i X X X
D5

|
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D5
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D5

Massive fundamental hypermultiplet
from D3-D5 open string mode
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D5

Massless fundamental

: Massive f al hype Itipl
hypermultiplet: Q assive fundamental hypermultiplet

from D3-D5 open string mode

5/D3 // ﬁ/é

Massive bifundamental hypemultiplet
from D3-D3 open string mode
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D5 ' : ¢
Hom (W, Ey) & Hom(Ey, W)

Fundamental Maps

Bifundamental Maps

Nahm Data

Hom(FE,_ . E,.) & Hom(FE, ., FE,_) _ . )
f ’ J f End EY% & Con E

D3

NS5 [
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D5 ' : ¢
Hom (W, Ey) & Hom(Ey, W)

Fundamental Maps

Bifundamental Maps

Nahm Data

Hom(F,_ . F,.) & Hom(E, .. F,_) i e - .
f ’ J ’ End EY® & Con E

D3

NS5
A.E /.,r"
D? ! M e i
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I

Bow: \ pun I

Bow (Ax):

Circle diagram:
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Bow:

Bow (Ax):

Representation A of the bow: Circle diagram:

(A} R(s)

{Wa = Clro-)=rir+)
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! €y

Bow: \: pua \

Bow (Ax):

Representation A of the bow: Circle diagram:
Wi, ;
{/\_!‘}4 1]’(.‘1‘) ) .'\ f
{Wx = Clrovy=nrov) ) "
p

A ™m
V% \
f/’ \
| W b
\ ]
\ . )
P /
A
N I 4
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Let S be a 2d representation of quaternions,
and es, ez, and es be quaternionic units.

Affine space: Dat(R)=B®F@N is hyperkahler Higgs branch=Bow rep. moduli space:

B! M B Dat(R) )G = 1 (v)/G
. B} = )g_.m) = Hom(E,, ,S® E,_, N
B: B, (Bﬁ+ Lo € Hom(£Ey, pet) * The moment map conditions

w(T,.Q. B)

/

F: Q)= (;\) € Hom(Wy,S @ E))
A

of the hyperkahler reduction.
* The level ¥ = NS5 positions.

1 L
N: D= +Ty+e;T; € Con(S® E)

ds
Gauge group § acts triholomorphically on Dat(R)! /QQ
e ;
| ( N
BT — g(ps )lfj.(/(!)n k), \ O\ \
Qx> g(A)Qa, & %
ln(“) = ’q*l(.s')'[‘“‘q(s) f ‘ql(x)(;H‘(’r(,-,-). ‘< .

Tj(s) = g~ '(s)T;9(s).
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per. TNi=ALG |

_‘ TNn

m MZ:. X X
NUT D4
\_/ D4
A = 1 & 2 3 4 5 6 7 8 - 9

| - [ per. TNe=ALG ] _ E
nD6 | x X X X X X (twisted) Hitchin system on a curve
mD2| «x x _ : with a pole.

What is the significance of NS57?

: i i i i i i i 9 NS‘J/
k NS5 X X X X X

nB 1 2 3 4 5 6 7 8 9
nDs | x X X X X
m D3 | x X X
a1 2 3 4 (& © 7 8 9 4
k NS5 | | TN, |
n D4 | X X X X
mD4 | x X X X

Hitchin systems on reduced curves
with massless bifundamentals.
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* One way to a sling is via the Down transform:
Instanton on ALF space —> Index Bundle —> Bow
Instantons on ALG space —> Index Bundle —> Sling
* |tis a version of ADHM-Nahm transform.
* For Bows, it can be done:

- Analytically: Dirac index (with Mark Stern and Andres Larrain-
Hubach)

and

- Algebro-geometrically: Monad (with Jacques Hurtubise).
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with Mark Stern and
Andres Larrain-Hubach
arXiv:1608.00018

Uhlenbeck '79: Instanton curvature on & decays quartically:
4
|Fal<C/r .

We extend this result proving the following theorems:

* Curvature of any finite action solution of the Yang-Mills Egs. on ALF space decays at infinity.
D,*Fa=0 & Jtr FA*F<oo => |F,|—0 as r—c.

. Instanton curvature on ALF space decays quadratically:
IF\|<Clr .
. Instanton on ALF space with generic asymptotic holonomy has the form

A=-i diag(a,,a,,...,a,)+O(In r/rA2) with

£ mi\ do+mn  m,
a; = [A; + —) — ]
J ( J ..)', l A j
. Harmonic spinors decay exponentially (if no A,=0)

or quadratically.

Pirsa: 17020018 Page 19/61



12
with Mark Stern and

Andres Larrain-Hubach
arXiv:1608.00018

T

k 5 | i A : '_-f':{)-
indz2D* = Str({A}? - {A}) + Str (/ U }@ng / '_)“) dVol g2
2 < Jsgz oo J 852

| ,
| 32 / trF' A F.

Observation:

As Aj decreases below 0, the index changes by m,
the corresponding monopole charge!
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* TNk is equipped with abelian instantons:

_ (o) | do + 1 |
one associated to each NUT. - a'”" = 55— = o dns = *ff.';‘"'—: ,_,
(0) do + i
and one more: a'’ = %
These organize into a family parameterized by a bow:
) o rel . . . S o ()
a,:=sa" + Y " a'” instanton connection on a line bundle €. = L* @ © R\
Pa=<s Pa </
« @Given an instanton A on a Hermitian bundle & over TNy,
consider a family A®1. +1.®as on ERQes, (A:€) Instanton
It has a family of associated Dirac operators Ds -
S c
Lo o
2 .
+ Eigenvalues of holonomy of A at infinity = exp(2xi 4)). 2 g
3 3
(]

Ind Dt = R(s)

Bow fiber Es=Ker Dts ={¥ | Dts ¥=0} (TQ.BE) Bow

Instanton => Bow Representation.
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(A:€) Instanton
Family of Dirac operators:

=
1)_\ — /.)_.\-. l.. +1®a, 5 g
4 =
= %
S g
(3 3
Bow Representation=Index Bundle:
| it i it
Y y
(TQBE) Bow
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(A:€) Instanton
Family of Dirac operators:

D, = Dawi, +12a. E c
2 =
= 1%
S g
S. 3
Bow Representation=Index Bundle:
(Es=Ker2 Dts) (W, = Ker;,~V*V)
g m:;“';\-\_.‘_ U= -.T
.\ )
~_
(T.Q,BE) Bow
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(A€) Instanton

Family of Dirac operators:

l‘).- - [)\ 1, +1a, E g
2 =
= 1%
S 5]
(3 3
Bow Representation=Index Bundle:
~:__Es:Keﬂ 2 DTS_,\ Wi Kery~V"~ T
o N s .
Bow Solution: (T.Q,B;E) Bow

{f,} orthonormal basis of Kerp~V™V

{W.} orthonormal basis of Ker,.D!

Cod S
Toy = / Wi W,dVol, T, = / W1 470, dVol
JTN ws JTN

Quo = / Wi D, f,dVol,
JTN

“f:h — / ‘l"j.,lripll’/,(f\'()l.
J TN
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(A:€) Instanton
Family of Dirac operators:

D, = Dag1. +1za. € c
2 —
e @
5 3
Bow Representation=Index Bundle:
(Es=Keri2 Dts) (W) = Kery~V*¥)
o :.{_“';\-\..‘._\. WO \.»._é.;:‘_ \T' ]
\ / Bow Dirac operator:
Bow Solution: (T.QB;E) Bow igs +To+e;T, j
{f,} orthonormal basis of Kerp~V™V D= (][;f.’); Lo
{W.} orthonormal basis of Ker,.D! O .
o : o d S S ) of a fixed solution (T,Q,B)
r,, = /] . \Ur‘,r{ . V,dVol, T, = /['\ Wt/ Wy, dVol of a large rep. R.

Qoo = / Wi D, f,dVol,
JTN

Hf;jh = / ‘]’ib‘ull‘g,(f\'{)l.
J TN
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(A:€) Instanton
Family of Dirac operators:

D, = Dag1,, +18a, 5 S
e @
3 3
Bow Representation=Index Bundle:
(Es=Ker> Dts) (W) = Kerp~V*V)
~ oMo wn, .
AN / Bow Dirac operator:
Bow Solution: (T.QB;E) Bow igs +To+e;T; j
{f,} orthonormal basis of Kerp~V™V D = ”[;f.l’) ¢ [ .
{W.} orthonormal basis of Ker,.D! O .
-0 ' " d ¥ Vol T3 : bt 0 dVol of a fixed solution (T,Q,B)
T = Wi —W,dVol, T?, = W, s
ab ./1 . ab 7o WbAVOL Lap ./rx 1V EHENO of a large rep. R.
Qs = / Ui D, f,dVol. Pointona TN = (.b),
A solution of a small rep. s.
By, = /I_\_ W bPW,dVol, Has corresponding bow
Jr 3

Dirac operator
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(A:€) Instanton
Family of Dirac operators:

D, = Dag1, +1za. E c
2 —
3 3
= %]
u 3
Bow Representation=Index Bundle:

y - -\_ ) B 1;._‘\.. _' g . - o .._\‘I l ‘

(Es=Ker: D s/ ” » = Rerp= V'V Family of bow Dirac operators:
L‘-L‘-'“-‘-N“f Dipy=DR1.+1pgR0°0onSQF

. S Bow Dirac operator:

Bow Solution: (T.QB;E) Bow igs +To+e;T; S
{f,} orthonormal basis of Ker,~V*V D= ([[;fl’) ;, [
{W.} orthonormal basis of Ker,.D! O .
0 : " d b Vol T9 : bt 0 dVol of a fixed solution (T,Q,B)

T, = Py V,dVol, T?, = UF'{U) s
ab ./1 . ab 7o WbAVOL Lap '/I‘x 17 FHEVO of a large rep. R.

Glag = / Wi D, f,dVol, Pointona TN = (t,b),
b solution of a small rep. s.

B, = /r\' Wb dVol, Has corresponding bow
JT 0

Dirac operator
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How are Up and Down transforms related?
UpoDown="?

and
DownoUp="?

Why should bow and instanton moduli spaces be isometric?
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* To relate Down and Up transforms express
solution (y,v,f) of Bow Dirac equation
through solutions  of TN Dirac equation:

Poisson type equations on TNk:

0 {I 0 i 0
V'Vx = (_..—,‘I’ V Vg =i _}I {_. -0, V'Vi_ = rh' ( Uy, V'Vfy=0
A 2t /) 2tV

These form an orthonormal basis of solutions of the Bow Dirac equation!

(idy + () —T)))x+ (d(s —t)by —d(s—h)B vy + (8(s —t)B_ — (s — h)b_)r_ —d(s — N)(Q
in short pi V4 0

Moreover, just as (y.v:,v-,fa) satisfy the Poisson equation on TN,
¥ satisfy the Poisson equation on the bow:

] R ) o ]
((’i_ . ‘[‘U)_ + (l,‘ o -lu")-) ‘l; — (—'\

s \’f l
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Moral: The seeds of the Up transform are in the Down transform.

« These Dirac and Poisson relations

X
D =0 Pany | o ¥
J
{,(] 4 ”ﬂ ‘ _ N {..l]
VIV = =W ((f‘,— ~TO2 4 () — 'm~) V= ——x

* together with the appropriate index theorem

: , _ 1 ' Aot Y 1 I ‘
-il'[_"{—'\\ }v 1+ {l\ }} T '_.)-”‘(/.. { _ }f}'jfji / "q:;] :\T_’ /H'I‘ N F

* and our decay rate theorems

| =

ind;=D" =

£

prove that
Up-Down=1 and Down-Up=1

Pirsa: 17020018 Page 30/61



with Richard Ward

A monowall is a BPS monopole on S, x S, x E. |
l.e. an n-dimensional hermitian vector bundle £ — S' x 8! x R

with a connection one-form A (with curvature F=dA+AAA)
and an endomorphism ¢ satisfying the Bogomolny equation

G— Db = /«'j
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with Richard Ward

A monowall is a BPS monopole on S; x S, x R. |
i.e. an n-dimensional hermitian vector bundle £ — S' x 8! x R

with a connection one-form A (with curvature F=dA+AAA)
and an endomorphism ® satisfying the Bogomolny equation

G— Db = —F j

A Simple Example:
Abelian case (gauge group U(1)) ¢ =1i¢p A =ia

Bogomolny Equation is linear  xd¢p = —da

thus the function ¢is harmonic

* Atypical abelian solution (Constant Energy Density solution)

& =2n(Qz+ M), a=2n(Qydr — pdr — qdy)
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with Richard Ward

A monowall is a BPS monopole on S, x “i x R. |
i.e. an n-dimensional hermitian vector bundle £ — S' x ' x R

with a connection one-form A (with curvature F=dA+AAA)
and an endomorphism ¢ satisfying the Bogomolny equation

(ﬂ) @ =—F )

A Simple Example:
Abelian case (gauge group U(1)) ¢ =i¢p A=ia

Bogomolny Equation is linear  xd¢p = —da

thus the function ¢is harmonic

* Atypical abelian solution (Constant Energy Density solution)

& = 27| () + M), a= 2n(Qydxr — pdxr — q dy)

\

Charge Monodromy along x and y

Page 33/61



Our Asymptotic Conditions: 19

For a U(n) monopole wall, as z — +oc,
EigVal ® = {2m (Qs iz + My)) +o(1/2)|[1=1,..., n}.
Simplest case is Maximal Symmetry Breaking: the pairs (Q+.. M) are all distinct, and so
are (Q-.1.M_;). It splits the bundle at infinity into subbundles.
E|, =& E,;;

: : 2Ty
Asymptotic holonomy eigenvalues are ¢

(,_) 3 / (a,) +1

q

i : . 2miqy
"+I around the x-direction and e“™"*'around v.

(U)“)\
\ [.)
o Q43
(@
Q44
The charges (+.:are rational, with the denominator equal to the multiplicity of (Q+ 1, My )
E|. = & E,;; _ \ Qy, = 2H
. 1 e - 1 o & . oy : o
-/I-r,}m‘ :_):_/[ trFy; = _,:-/r.l Dd k(Ey;) Q4 e "
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Singularities:
We also allow prescribed positive and negative Dirac singularities
at some points 7, € T x R with the Higgs field behavior

‘1
- 01 x(n-1
b= sr—Tt+w : FO(r—r )
Om—tix1 Upn—1yx(n-1
I
I - 0y xin 1
o 1 S|F—F_ . . ) ——()j||'—|' "
On-1)x1 Opn—1)x(n-1

Complete boundary data: (Q. M, p, q,r)

\\\ -
\

o I'+1 ry.2

Q-
QO

2
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Singularities:
We also allow prescribed positive and negative Dirac singularities
at some points 7, € T° x R with the Higgs field behavior

i1
- 01x(n-1
d =1 Sr—T+p : ) ~f)f|l‘ ry.l),
Oiixl Ui 1xino1
1 (| P
‘I) i 2r—r_ 1 el __():|l__l, _1.‘
[le: 1x1 I) n—1)x(n-1

Complete boundary data: (Q. M, p, q,r)

¢

N
s
\
~
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21

Bogomolny equation *Da® = —F can be written in the form
{[D._ —iDy, D, +i®] =0 (1)
[D. —iDy. (D, —iD,)t| + [D, +i®, (D, +i®)] =0 (2)
Eq. (1) implies that the monodromy V, (y, =) of D, + i® is meromorphic in s = ™~ ¢ C*

Group-valued Vi(y,z) is the analogue of the Higgs field of the Hitchin system.
Monowall = Hitchin system with the Higgs field valued in automorphisms
instead of endomorphisms of the bundle.

Fi(s,t) = det (Vi(y.2) —t)
is a degree n polynomial in t with coefficients being rational functions in s.
Spectral curve:
Yo ={(s,)|F.(s,t) =0} e C* x C*
formed by the eigenvalues of the holonomy and equipped with a holomorphic eigenline bundle

M, - %,
(X4, M) form complete x-spectral data equivalent to the (A, ®) solution.
Note: Analogously, we define the y-spectral data (X, M,,).
There is a 1-to-1 map (2., M) — (2,, M,)
Let Gx(s,1)=P(s)F«(s,t) be a minimal monic polynomial in s and t, so that the spectral curve
IS given by a polynomial equation Gy(s,t)=0.
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N
M

Newton polygon Ny of Gyu(s,t) is a minimal convex polygon containing all points (a,b) such that
the monomial satt is present in Gu(s,t).

» Horizontal edges of Newton polygon correspond to the singularities:
Northern edges to positive; and Southern edges, to negative.

Vertical edges - constant eigenvalues of ® as z=+c: Q+ =0.
Slanted edges correspond to the cusps of the curve.
Rank of the monowall gauge group is the hight of the Newton polygon.

L]

L]

L]

!
v/ Consider one edge of Ny
| a single edge of Ny directed along (a,B) corresponds to satbP(satf)
asymptotically satisfying alog s+ log t= 213 (M+i p)
' m, = exp =274 (My+ips)
P S p-3 L S L |

Dressed Newton polygon N — Monowall Boundary data

Curve moduli = internal points
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23
Monopowall Moduli = Moduli of Zx + Moduli of My
49 29 + 29

M Fiber = Jacobian of the
Jac(2x) Spectral Curve

2x Base = Moduli Space of Curves

Newton polygon determines
the family of curves in C'x C
and its Jacobian fibration.

Genus g = Number of internal points

on the Newton polygon.

This total space has hyperkahler
metric.
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23
Monopowall Moduli = Moduli of Zx + Moduli of My
49 29 29

M Fiber = Jacobian of the
Jac(2x) Spectral Curve

2x Base = Moduli Space of Curves

Newton polygon determines
the family of curves in €C'x C",
and its Jacobian fibration.

Genus g = Number of internal points
on the Newton polygon.

This total space has hyperkahler
metric.
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Moduli Count:
Number of Moduli = 4 x (Number of internal points of Ny).

{ -l o
i/ e e\
m;, = exp|—2704 1(My,+ips.1)) * « s X ¢
| W
Parameter Count: '

Number of Parameters = 3 x (Number of perimeter points of Ny - 3).

Asymptotic data is constrained:

Khovanskii "77

Charges Q=q/B satisfy: Zf' iB_j Z: iBij=n r o+ Zr 5 =Tyg 4 Z:‘,p ,
}_: }r_:r_., i:.\!,, i:_\! 1

o | o Y L& o
Singularities and constant terms satisfy: Y > due, +3 Y dpait 5 Y (Qn - Qu)EZ
(Vietta theorem) £l - St

+ =1 £ =1 - T
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25

There is a natural GL(2,7) action on C*xC* Note: This is not the SL(2,7) of
b the monopole torus in RxT2
g ( [) t) — (89t sPte

it induces a map on the spectral data (2,M), under which

amonomial s 7 — ()7 (¢')* with ( 3; ) = ( ; ) ( (; ).

cd

and the resulting Newton polygonis N’ = ( 3 J’) N

and the boundary data transforms as

(0. M a@) + b M p q

. LAV Py B s s .
9GP O T cQrd cQ+d cQ+d
Meaning of GL(2,Z) generators:

(", ”| ) * Reflection (x,y,z) = (x,-y,-2)
(o 1) * Telementof SL(2,7) is (A.®)—(A+2mydx, ®+21z).

( . ) * S element of SL(2,7) is the Nahm transform

Question: What are the remnants of this symmetry when monowall degenerates to a Hitchin system?

Pirsa: 17020018 Page 42/61



26

Gelfand-Kapranov-Zelevinski

An amoeba Ax of Gu(s,t) is a the image of 2, under the map

. Pl -
8 ' > N

(s.1) — .]');'.‘;:-“ _].):’_1 if|f|

it gives the spread of eigenvalues of the Higgs field for a given z.

. : r 4
- 5 1 \ / rki
i | I —T-—/ { 2
(0,1) U(1) monopole wall with (1,1) U(1) monopole wall with Reducible U(2) monopole with charges (Q_+; Q_-)=(1,-1; 1,-1)
one negative singularity. two negalive singularities

Gelfand-

Kapranov-

Each connected component of the compliment to the amoeba is convex.
Zelevinsky:

It corresponds to a point of the Newton polygon.

The tentacles of the amoeba approach asymptotic lines exponentially fast.
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VvV UL/cuudc

cal Semiri

__

s=¢" t=¢Y € ]Pg)r. r, Yy € R

Conventional Operations:

. ro LY o ;o
s + t = ¢ | Y :(111{_( fet) T Py !}_hl((.f +{."t’)

s-t=e*ty reny=r+y
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S LSO\ Acll |

cal Semiri

I

s=e",t=¢Y € Ry r,y € R
Conventional Operations:
s+t =e" +e¥ = e %) r @y =In(e” +e¥)
s -t =e*ty reny=r+y
Rescaling does not change anything (semiring isomorphism):

af /h
s=eh t =¥/ € R,

r/h 1/ h In(e e/l ey /Ty
Lt = e eVl =

x®py = hin(e®" + /M)

(L /
s-1t = e@tv)/h rOpYy=1+y
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LG

cal

s=e"t=¢’ € Ry r,y € R
Conventional Operations:
Q + , — (I.!' + (“U — (,111(( YpeY) T ,,-,1 !} — 111((\':- + ¢ "l’)

gt = ettty rory=r+y

Rescaling does not change anything (semiring isomorphism):

./ /
s=e/M t=e¥M € R,

h y/h

./ 7 "y .
S | r - t.._—f j-"lr} t (_\_!'jfh . (__1“‘( +¢

] x ®py = hln(e®" + e¥/h)

s-t=el@tV)/h TOry=c+y

Classical Limith = 0

Tropical Operations:
r Dy = Max(z,y)

roy=r+vy
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Spectral curve F(s) INnC* x C* = R x sj x R x f_{llj if +~3421hand y~y+2wh

an

- - / f] 1 / 1
then the natural coordinates are g = el@ti®)/h d t = et/
\ 4 AN 7 \ y
/ _ \ 4 ) g ;
| 1 |
h =1 h = h - h =
2 3 |
The rescaled Ronkin function r(a,b) is
_ . '  (atiiN I (biiw) /hy AT dY
r(a,b) := hR(a,b) = h / log | F(el@tH)s hoelbtw)/h )| ——
' y h h
] ] Ry o dr dy
= h / |()g Z (Y”;_”(!”P{“+”]Ih-f"”(h_J‘_H”th h /}
! (mmn)eN,
as h_"o ) ST
— :\I'(IX(,””){\,'(”HI _+_ !J{) + ('-;“_‘”_) |(H‘Hi.u C h

Amoeba shrinks to a tropical variety = locus where r(a,b) is not linear.

Dual to a coherent triangulation of N!
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Each point in a polygon determines a plane.

Point coordinates = plane slope

Point coefficient C in G(s,t) = plane height log|C]

Perimeter coefficients are fixed by monowall parameters,
internal coefficient is varied.
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Max of External Planes Max of all Planes Ronkin Function
Crystal Cut Crystal Melted Crystal
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Max of External Planes Max of all Planes Ronkin Function
Crystal Cut Crystal Melted Crystal
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Max of External Planes Max of all Planes Ronkin Function

Crystal Cut Crystal Melted Crystal
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Max of External Planes Max of all Planes Ronkin Function
Melted
volume

Crystal Cut Crystal Melted Crystal
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1. For a given Newton polygon, in the limit of large internal coefficient

the Ronkin function is well approximated by the tropical planes.
I

- = -

2. The cross section at high modus is the Polar F’O\yéon
Nv={v [ (v,w)>-1, vweN|

I
|
|
1
L

3. Volume = 1/3 Aroiar X134+ lower terms

: R ® Pick’s formula Area=Int+Perim/2 -1
® Perimn+Primpoiarny=12 for reflexive polygons

thus 8-N=12-Perim=2 Area(Polar)
(in perfect agreement with Seiberg’s one loop computation!)
(with GKZ area normalization)
Conjecture:

The Kahler potential on the moduli space of a monowall = melted volume + ofr)
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Each tropical degeneration < coherent triangulation of N

Variation of modulus => collection of triangulations
Real moduli: 1+3=4 Int
Parameters : 2 triplets = Perim -3

Another Phase

One Phase Another Phase
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The Skeleton of each amoeba is dual to some regular triangulation of the Newton polygon.

Regular Triangulations

3 | 4 5
**Lf Y K= f f
l\\- - L\\ - AN - ¢ - ¥ -
| 6 | 7 , 8 , 9 , 10
] 1 1 I
¥ P— A e - /.'_,' ¥ T r; —»
[ - - & - /'. - ¥ - |V -

Plane Arrangement
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Each triangulation of the Newton polygon N gives a vector of dimension #N:

e Number integer points in N

® [or a given triangulation |
the it coordinate v' is the sum of areas :
of triangles for which (ni,mi) is a vertex ] D
(area of unit simplex is 1)

® These vectors lie is an (#N-3) - hyperspace since
1. Sum of all coordinates in each vector = 3xArea(N)
2. Sum of (nimi)vi is the center of mass of N.

These vectors are vertices of a convex polyhedron,
called the Secondary Polyhedron, S(N).
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Regular Triangulations Each regular triangulation gives a vertex of a convex polyhedron:
) 3 4 | >
! ! ! ! Secondary Polyhedron and
i [ ’ Secondary Fan
17 N N /1. 1/
BN - LN : \ .k = §
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Regular Triangulations Each regular triangulation gives a vertex of a convex polyhedron:
\ 2 3 . L s X

! Secondary Polyhedron and
T [ ’ Secondary Fan

Plane Arrangement

\ As we vary the modulus,
~ the internal plane moves and
we move along a given direction
through cones of the secondary fan.
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Regular Triangulations Each regular triangulation gives a vertex of a convex polyhedron:

) 3 4 | 3
! ! ! Secondary Polyhedron and
Secondary Fan

‘ 5

As we vary the modulus,
the internal plane moves and
we move along a given direction
through cones of the secondary fan.

Associahedral Face
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Phase Space of a Monowall

The phase structure of monowall moduli spaces corresponding to a given Newton polygon
IS given by the projection of the secondary fan onto the associahedral plane
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» To reach Slings we are studying the Dirac Index bundle for Instantons on ALG
spaces. Itwas a 2D integrable system associated to it.

* Viewing the Monowall as a Hitchin System with the “group-valued Higgs field”,

a Hitchin system can be recovered in a limit.

* What is the limiting significance, if any, of the secondary polygon and the
secondary fan picture?

* What happens with the monowall pair of spectral curves?
(cf. Journey Between Two Curves)

»»»»»»»»»
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