Title: Critical points and spectral curves
Date: Feb 13, 2017 09:35 AM
URL.: http://pirsa.org/17020017

Abstract: Critical values of the integrable system correspond to singular spectral curves. In this talk we shall discuss critical points, points in the
moduli space where one of the Hamiltonian vector fields vanishes. These involve torsion-free sheaves on the spectral curve instead of line bundles
and alifting to a 3-manifold which fibres over the cotangent bundle. The case of rank 2 will be described in more detail.
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e compact Riemann surface 2, genus > 1

e holomorphic vector bundle V rank n

e Higgs field ® € HO(Z,EndV @ K)
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e compact Riemann surface 2, genus > 1
e holomorphic vector bundle V rank n
e Higgs field ® € HO(Z,EndV @ K)

stability = moduli space M

M is symplectic
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n
e fibration h: M — A = @@ 1=, k")
k=1

1 ,- 1
h(V,®) = (by,....bn) = (trm‘ ,) tr 2, .. trcb”) ,

e [ € A" defines a function on M

e = Hamiltonian vector field X

e [X;, Xy] = 0! integrable system
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e h iS proper

e Dh is generically surjective

e h1(b) = torus for b a regular value

Question: What are the critical points of h?

(~ what are the zeros of X for some [ € .A*7)
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SPECTRAL CURVES
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e characteristic polynomial det(x — ®) =0

e coefficients a; universal polynomials in (by,...,bn) € A
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e characteristic polynomial det(r — ®) =0
e coefficients a; universal polynomials in (by,...,bn) € A
e o the tautological section of #*K on n: K — %

(= canonical 1-form on T*X)

o z" 4+ mrajx" t 4+ 4 7¥a, =0

equation of spectral curve S C K.

e r ~ eigenvalue, eigenspace ~ line bundle
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e torus h~1(h) = Jacobian of §

e line bundle L on S defines direct image V = mL

e UC X open HO(U, V)= HO(=~1(U), L)
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torus h~1(b) = Jacobian of S

line bundle L on S defines direct image V= m,L

U C ¥ open HO(U, V) = HO(x~Y(U), L)

e . - LK on S

e b=mar: V- VIK
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e Serre duality A" = @ HY(Z, K1 F

M € [[] (Z. 1\’1 A) defines ,tf;‘: 17‘;"*“#_ c Ili] (;S._ Cj)

H1(S,0) = tangent space to Jacobian H1(S,O*)

f=(u1,...,un) € A*, Hamiltonian vector field is

n a L1
Xp= S T g, (.:"r" 1 _ ( )rr+i)‘g‘.1) ,

T

D.Baraglia, Classification of the automorphism and isometry groups
of Higgs bundle moduli spaces, Proc. London Math. Soc. 112
(2016) 827-854.
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e regular value b of h: M?2m 5 Ccm

e Hamiltonian vector fields X1,...,X,, everywhere linearly in-
dependent

e tangent to h~1(b) = m-dimensional torus

e linear dependence at a point = singular §

e critical values ~ singular curves
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o 2 lx*y, € HY(K,O)
e restrict to S C K

e Prop: Let S C K be the divisor of a section of #*K". Then
each element ¢ € H(S,©) can be written uniquely in the

form
n—1
c= Z .r;"?r*r;\.
k=1

where ¢, € H1(Z, KF).

e ... even when S is singular
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Hamiltonian vector field

n i

r ¥ e (’L 1) ¥

Xy = S T L) (.!r'r 1 . b 1.
k=1 )

is non-zero on H1(S.,0%)

even when S is singular

Where are the zeros?
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e h1(b) compact

e S singular H1(S, ©*) non-compact

e Higgs fibre = compactification by rank one stable torsion-free

sheaves

C. T.Simpson, Moduli of representations of the fundamental group
of a smooth projective variety II, Pub. math. IHES (79) (1994)
47-129..
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SL(2,C)-Higgs bundles

e holomorphic vector bundle V' rank 2, A2V =0
e Higgs field ® € HO(Z EndgV @ K) ~trd =0
o trd2 =g e HO(, K?) quadratic differential

e spectral curve S: 22 — ¢ =0

e A= HO(Z,K?) A= HYZ K1)
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e S singular if ¢ has zeros of multiplicity > 1

local form of equation z2 = 2™

o HO(x 1(1),0) : fo(2) 4 af1(2)
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e S singular if ¢ has zeros of multiplicity > 1

local form of equation z2 = 2™

e HO(x L(U),0) : fo(2) + 2f1(=)

e if V =m.L for a line bundle (fp(z), f1(z)) local section
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e S singular if ¢ has zeros of multiplicity > 1

local form of equation 22 = 2™

o HO(x 1(1),0) : fo(2) + af1(2)

e if V =m.L for a line bundle (fp(z), f1(2)) local section

x(fo(z) +af1(2)) = 2" f1(2) + xfo(z) =

0 ~ 110
Higgs field & = - .
gd (1 0 )
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Fact: If S is reduced, a rank one torsion free sheaf L is the direct
image 1, L’ of a line bundle on a partial normalization v : S’ — S.

e 12 = :2m pormalized by two disjoint components z = 42z

z local coordinate on each

Higgs field d = ( 0 ) )

o d ~ 2'"x semisimple
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2

o 12 =z2m+1 gyt o = 2m+1 . —42 ¢ |ocal coordinate

e (1) = fo(z)+tf1(z) and
r(fo(z)+tf1(2)) = .:,"”+1_/'1(.‘;) + 2" fo(2)

0 :m+1
e Higgs field & = ( m 0 )

e O ~ 2'x nilpotent
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2

o 12 =z2m+l gyt o = 2m+1 . =42 ¢ |Jocal coordinate

e ()= fo(2)+tf1(z) and
r(fo(z) +tf1(2)) = 2T f1(2) 4+ t2™ fo(2)

/ 0 :m+1
e Higgs field & = ( m 0 )

e Hence:

critical point (V,®) requires & to vanish at some point(s)
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DERIVATIVE OF h: M — A

Pirsa: 17020017 Page 24/57



e holomorphic structure on C'> bundle V: J-operator

Jy:QUZ, V) = QO V)

e Higgs bundle 0, =0

e infinitesimal deformation (A, ®)

e tangent space to M at (A, P) =
{(A,®): 0, + [A, @] =0} modulo

{(11, CD) P A= f")‘.u,"’:h > = [‘.-‘""-"« CD]}
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[A] € H1(Z,Endg V)

» HY(Z,EndgV @ K) = TM(4 ¢y > H'(Z,Endg V) —
e if V is stable T*N C M open

e o = derivative of projection T*N — N
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e complex of sheaves O(Endgp V") [¢>_,__) ] O(EndpV @ K)

e H! = tangent space to M
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i ® -]
e complex of sheaves O(Endg V") l > ] O(EndpV @ K)
e H! = tangent space to M

e 0 — HI(Z ker[®,—]) = H! — HO(Z, coker[®, —]) — 0.
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i ®. -]
complex of sheaves O(Endg V') l - ] O(EndpV @ K)

H! = tangent space to M

0 — HY(Z. ker[®,—]) = H! - HO(Z, coker[®, —]) — 0.

=S

s1(2,C) if A% 0 and [B, A] =0 then B = )\A

= if & % 0 everywhere then

®: O(K 1) - ker[®, -] is an isomorphism
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e if &% 0 then

0 HY(Z, Kk—1) 5 H! A HO(S, K2) > 0.

3 is the derivative of h and is surjective

o V =n.L for a line bundle L
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e if ® vanishes on a divisor D, zeros of a section s of O(D),
then

e 0 HYNZ, K 1(-D)) — H! A HO(Z, K2(—-D)) — 0.

e and Dh = s where HO(Z, K2(—-D)) 5 HO(Z, K?)
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e if ® vanishes on a divisor D, zeros of a section s of O(D),
then

e 0= HYE, K- 1(=D)) - H! & HO(Z, K2(-D)) - 0.

e and Dh = s where HO(Z, K2(—-D)) 5 HO(Z, K?)

e o € A* = HI(XZ, K1) annihilates sHO (X, K2(=D)) if

sa=0¢ HY(Z, K~ 1(D))
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e - HOUZ, K YD) - HY(D,K YD) - HY (Z, K1) 5.
=0
e sa = 0 = Dolbeault representative of a of the form
(ﬁ(}-

where « is holomorphic in a neighbourhood of the zeros of s
and supported in a slightly bigger one
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THE HESSIAN
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e A(t) = A+ tA + 12 4. S(1) = b+ ‘b 4+ 24

e )P+ [AP] =0 I4D+ [A, D]+ [A. ] =0
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o A(t) = A+tA+ 124 (L) =P +td + 2P
e )b+ [AP] =0 I+ [A, D)+ [A,P] =0

i 2 e;—)('\- 2 ; 2 i 2 o J( Y
/ tr b (1)2 :/ (tr 242t tr Db +12(tr 2 4+20d))
J s J3 5

e second variation:

('_)r'\

/ﬁ(tr d? 4 2tr o)

el
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o A(t) = A+ LA + 12 A S(t) = &+ ‘b 4 26

,—‘,(’)(\-

/;Ztrfb(f) = /Z(tr<b3+21trqucb+f3(trab'3+2<bq>))””+___

5

e second variation:
('_)r'\

/ﬁ(tr d2 4 2trod)

S

e ... &/sis smooth and holomorphic
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. tr(®a P) = —tr(d([A, ] + [A. D)) =

= —tr(®[A, d]) = tr([A, P]D) = — tr(9 4D D)
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= —tr(®[A, @) = tr([A, d]P) =

e Stokes’ theorem:

tr(®d ) = — tr(d([A, d] + [4, ®])) =

tr(04P)

/ tr 277 +/ J(tr d2)"
J2 s JE S

e Hessian:

27

>“\
.\.-(:,A.):O

ReS_;:;_-A

o tr CD2
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THE NILPOTENT CONE
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e 1 1(0) = nilpotent cone

e & nilpotent > kerd ~ L C V

e 0> L -V S5L*"50
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h~1(0) = nilpotent cone

® nilpotent = kerd ~ L C V

Higgs field b ¢ HO(Z, Hom(L*, LK) = HO(Z, L?K)

e For stability b % 0 and so deg L?K = 2¢g — 2 — 2d > 0.
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e h~1(0) = union of (Lagrangian) components

e N = (poly) stable bundles ® =0

e deg L2K determines other components
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h—1(0) = union of (Lagrangian) components

e N = (poly) stable bundles ® =0

deg L2K determines other components

Higgs field b ¢ HO(X, L?RK) has zeros if deg L?K > 0

e — all components except L2K trivial are critical points for h
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e h~1(0) homologous to smooth fibre

e homology class of closure of each component has a multi-
plicity
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h—1(0) homologous to smooth fibre

homology class of closure of each component has a multi-
plicity

Hessians at a general point are linearly independent

- multiplicity = 2de9L°K

multiplicity of A/ = 2393
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LIFTING THE SPECTRAL CURVE
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torsion-free sheaf L on S ~ v L' for a line bundle on a partial
normalization S’

o fec A", af c Hl(ﬁ', C.))

flow of Hamiltonian vector field

L+ exp(tas)L on H1(S,0%)

L' exp(tviay) L on H(S' 0*)
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e fixed point of flow = v*a; =0 € H(S', O)
e ay € HY(S,0) is the restriction of a class in H!(K,O)

e ... which defines a principal C-bundle Z over K
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e fixed point of flow = v*a; =0 € H(S', O)
® ay € HL(S, O) is the restriction of a class in H1(K,©)

e ... which defines a principal C-bundle Z over K

e v'ay=0¢€ HY(S' 0)= 5 lifts to Z
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e fixed point of flow = v*a; =0 € H(S', O)
® ay € HL(S,0) is the restriction of a class in H(K,Q)

e ... which defines a principal C-bundle Z over K

o vtay=0€ HY(S 0) = & lifts to Z

Note: 7 is a Calabi-Yau threefold
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e Example: (V,®) SL(2,C)-Higgs bundle

e ac HI(X,K 1) defines a rank 2 bundle E

0O—-0—=F—K —=0.

e O C FE non-vanishing section

e translation = free C-action

e quotient = K and Z =F
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e Example: (V,®) SL(2,C)-Higgs bundle

e ac HY(Z,K 1) defines a rank 2 bundle E

0O —-0—=F—K —=0.

e O C F non-vanishing section

e translation = free C-action

e quotient = K and Z = F
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Ip(f.9) = (Of + (a/s)p, )

e r.z,y = (y,0) local holomorphic coordinates

o 12 =22 |ifts to y = —ax/s ~ ta
o 12 =22+l normalized by + = t2mt1 = ¢2
lifts to y = —ax/s ~ —at?mT1/t2m = _qt

e smooth curves
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e critical point atrdd =0 all &

e = [a®]=0¢ HI(Z EndgV)
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e critical point atrdd =0 all &

e = [a®]=0¢ HI(Z, EndgV)

o (Da/s)d = d(ad/s) = N

e then

{I_)/‘_'( =, CD) -— ( - (Ij'l_;‘:‘ + (rjt 1'/ ,~<) D, (_)('D) =0

o & = (—¢,d) holomorphic section of EndgV @ E
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o = (}CD/.-; = [-t;’.u CD] =0

= dAD=0e HO(Z,EndgV @ A%E).

e cf. higher-dimensional Higgs bundles ® € HO9(A, Endg V@T™)
and AP =0
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