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Today's Lecture

4. Ontological Models

7. Bell's Theorem
8. The Colbeck-Renner Theorem
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4.7) Bell's Theorem
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Two Bell's Theorems

® The mathematics of Bell's theorem is fairly straightforward, but there
is a lot of disagreement about its assumptions and what it means.

o Howard Wiseman has identified two common takes on Bell's
theorem = J. phys. A: Math. Theor. 47:424001 (2014)
@ "Operationalist™:
Assumptions: outcome determinism and parameter independence.

Conclusion: nature is not deterministic - “unperformed measurements have
no results”

® "Realist”:
Assumption: Local causality.
Conclusion: nature is nonlocal.
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“Operafionalist” Assumptions

® For an operationalist locality = no superluminal signaling.
@ This holds at the operational level: Prob(b|x, y) = Prob(b|y).
® However, suppose Pr(b|x,y, 1) # Pr(b|y, A).

® Then, if Bob were somehow able to observe the exact ontic state A, Alice
could send him a superluminal message.

@ Therefore, even though we can’'t directly observe them, nature is sending
superluminal signals in such a theory.

@ To rule this out, we make the assumption of parameter
independence:

Pr(b|x,y,A) = Pr(b|ly,A) and Pr(a|x,y,A) = Pr(alx,1).

® This is not enough to prove Bell’s theorem, so there is an additional
assumption of outcome determinism:

Pr(a,b|x,y,A) =0 or 1
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“Operatfionalist” Bell's Theorem

® By outcome determinism, each A specifies two functions:
a=f(x7y) b=g(xy)
® By parameter independence, actually:
a = f(x) b=g)

® As far as the predictions are concerned, specifying 1 is equivalent to specifying
what a will be for each x and independently specifying what b will be for each y.

® Assume a and b take values +1, and x and y take values 0,1. We have to specify

four numbers:
(alx = 0),(alx = 1),(bly = 0),(bly = 1)
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Another frusirated network
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Connecflion between the assumpfions

© Parameter independence is:
Pr(b|x,y,A) = Pr(b|ly,A) and Pr(alx,y,A) = Pr(alx,1)

e If we add an extra assumption called outcome independence:
Pr(bla,x,y,A) = Pr(b|x,y,A) and Pr(a|b,x,y,A) = Pr(alx,y, )

© Then together these are equivalent to local causality:

Pr(a, b|x,y,A) = Pr(bla, x,y,A)Pr(alx,y, 1)
= Pr(b|x,y,A)Pr(alx,y,A) by outcome independence
= Pr(b|y, A)Pr(a|x, A) by parameter independence

© Outcome determinism implies outcome independence:

e If both a and b are just functions of x,y and A, then learning a doesn't tell you
anything new about b if you already know x,y and A.
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“Operationalists” vs. “Realists™

@l tend to side with the “realists” in this debate, but it is fairly clear that
the debate is unresolvable.

® Since both "operatfionalists” and “realists” believe that locality
requires parameter independence, the real question we should be
asking is:

® What can we prove from parameter independence alone?

® This leads us tfo...
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4.8) The Colbeck-Renner Theorem

See R. Colbeck, R. Renner, arXiv:1208.4123 (2012) (accessible account)
R. Colbeck, R. Renner, Nature Communications 2, 411 (2011) (original paper)
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Maximally Entangled Special Case
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Chained Bell Measurements

O\A.)er w.\\ Cong,'clef o C(asSe w\,‘ue Alrce a.AJ. &ob awa\ e P S le\ot'ca @F'

M or-k'luw\ormu.\ ba.sis Miuidemeal-s

O ror' convenience e \Ll:'

ses 0,0, 4, .., 2N-2  ard b0l
y v | L or , 2N -1
O Leb: | 3
‘qﬂ;):gyb@-“)\o) 4—sin(%“)\l> \¢=:>
R 4
E e I 1$2)

<¢fl9(pf> -0 for all ¢ (here hza)
gt 49> zo Focally (here k=b)

Pirsa: 17010041 Page 18/22



Maximally Entangled Special Case
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Variational Distance
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Proof of Main Theorem
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General Statement of the
Colbeck-Renner Theorem
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