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Review of Last Lecture
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4.3) Examples of Ontological Models
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Spekkens’ Toy Theory

Preparation Epistemic State Measurement
P Pr(A|P) M
+x E. X +1
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The Belirametti-Bugajski Model
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The Bell Model
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The Kochen-Specker Model
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The Kochen-Specker Model
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Hierarchy of Properties of Ontological
Models of Quanium Theory
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4.4) Excess Baggage Theorems
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Ontological Excess Baggage
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A Useful Lemma
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Hardy's Excess Baggage Theorem
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Hardy's Excess Baggage Theorem
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4.5) Contextuality

Pirsa: 17010039



Leibniz Principle of the Identity of
Indiscernables

o We follow an approach to contextuality that is due tfo Rob Spekkens
— Phys. Rev. A 71, 052108 (2005).

® The basic philosophy is based on Leibniz Principle of the Identity of
Indiscernables:

@ No two distinct things exactly resemble each other.
® This principle is arguably very successful in physics:
® e.g. Principle of relativity, Einstein’s equivalence principle.

®The principle can also be thought of as a no fine funing argument.

® e.g. suppose objects A and B have some distinct physical pro]per’ry, but there
is dbsolutely no measurement we can do to tell A and B apart. Then, our
measurements must only reveal coarse-grained information that is fine-tuned
in just such a way so as not fo reveal the difference.

@ Not all apparent fine tunings are evil, but they do require
explanation.
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Preparation Contextuality

o Define an equivalence relation on preparations in an
operational theory:

P~Q & Prob(k|P,M) = Prob(k|Q,M) for all measurement-
outcome pairs (M, k).

oln particular, if pp = po then P~Q.
® An ontological model is preparation noncontextual if,
P~Q = Pr(A|P) = Pr(4|Q).

oln words, whenever there is no observable distincfion between
two preparatfions, they are represented by the same epistemic
state in the onfological model.

® A model that is not preparation noncontextual is called
preparation contextual.
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Mixing Preparaiions

olf an operational theory contains preparations P and @
then we can construct a mixed preparation pP + (1 — p)Q.

® Physically this means, toss a coin with p(heads) = p, do P if it lands
heads or Q if it lands tails, then forget the coin toss outcome.

oWe will assume that the ontological model preserves
mixtures:

Pr(AlpP + (1 —p)Q) = pPr(A|P) + (1 — p)Pr(4|Q)

oThis is actually an instance of preparation noncontextuality
applied to the joint coin-system system. Condifioning on
’;he outcome of the coin yields a preparation equivalent
o P orQ.
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Proof of Preparation Contextuality
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Proof of Preparation Contextuality
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Proof of Preparation Contextuality
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Measurement Contextuality

o Define an equivalence relation on measurement-outcome
paAirs in an operational theory:

(M,k)~(N,l) & Prob(k|P,M) = Prob(l|P,N) for all preparations P.
oIn particular, if EYf = E}Y then (M, k)~(M, D).
® An ontological model is measurement noncontextual if,
(M, k)~(N]) = Pr(k|M,A) = Pr(l|N, A).

oln words, whenever there is no observable distinction between
fwo measurement-outcome pairs, they are represented by the
same response function in the ontological model.

® A model that is not preparation noncontextual is called
measurement contextual.

irsa: 17010039 Page 27/31



Kochen-Specker Contextuality

® Measurement noncontextual models exist:
® e.g. Beltrametti-Bugajski: Pr(k|M, 1) = Tr( E}! |A)(A)).

@ A Kochen-Specker (KS) noncontextual model is:
@ A model that only contains projective measurements.

® Measurement noncontextual.
® Outcome deterministic: Pr(IT|A) = 0 or 1 for all A.

®We will prove next time that:
KS contextual = maximally y—epistemic = preparation contextual

so KS contextuality is still worth proving.
® KS contextuality can only be provedind = 3.

® By applying KS honcontextuality forlprOJechve measurements and
measurement noncontextuality for POVMs, Spekkens obtained @
proofind = 2. We will focus on TI’CIdITIOhCil kS proofs.
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KS Contextuality and value assignments

® Due to the outcome determinism assumption, each A determines a
value function v, that assigns a value 0 or 1 to each projector.

v, (IT) = Pr(I1|A)

® Since probabilities must sum to 1, in each projective measurement
{I1;.}, exactly one of the projectors must get value 1, the others
getting value 0.

®We can also think of the value functions as assigning definite values
to observables (self-adjoint operators) via

v(M) = Z m; v(I1;)
J
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KS Contextuality and value assignments

® Now, if two observables M and N commute then they have a joint
eigendecomposition.

M=ijl'[j N=anl'lj
J J
® And we will have:

MN = Z myn; I1; M+N = Z(mj + ny)Tl;
] j

® Since, in all of these decompositions, the same projector will get the value 1,
whenever [M,N] = 0, the value functions will obey
v(MN) = v(M)v(N) v(M + N) = v(M) + v(N)

o If we define functions of operators by power series, this implies that whenever
M, M,, ... all mutually commute then

v(f(My, My, ...)) = f(v(My),v(My), ...)

® So another way of defining KS noncontextudality is: there exists a value function
that assigns eigenvalues to observables that obeys v(f(My, M,, ...)) =
f(w(M,),v(M,),...) for mutually commuting observables.
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The Peres-Mermin Square

O c—"f\S;AU— E‘!\G‘, [—9“_0.,,) """'J I;o-.L‘L o (-' C( ';\..Ja ollw'o:].‘ aL:»SGJ"JO»\O‘e'S ;

0 @ 0y o Q1 I ® oy i
03 @ 04 I ® o, 03 Q1 T {&ou) Procludb&
72 & 0, 71 @ g3 03 Q 0, -1
ik T =
e

CB[U\M!\ ID[‘DCQ,“C"S
o . 4
O Each obswveble has e.fje.nxmhae—s t1, 5o receives valnes 21,

[ Jl ,olﬁj q
O EG-C-"‘ row ond  Columa Consists of mw"walb comm lf'f\s OLSOJUG. o
O T"\P_ column Pr oducts awre  all +j_fwk;;_lﬂ Lo._t, \}a.[u\g 41‘, 5o éLe;@ MM.SL' be an @uen Num
0{' "1'5 | N GCA-"'" column , 56 N euen Aumber A E‘b\‘u\

( .
O Hoeweve, one of the row PraJut"S is =1, §a thuc must be an -o(acl pewmbe ok o R L
thal oW, wad an 0dd Aunbe o ko kel :’> (oncruol.’c_‘-ubn‘

Pirsa: 17010039 Page 31/31



