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Abstract: <p>3d N=4 theories on the sphere have interesting supersymmetric sectors described by 1d QFTs and defined as the cohomol
certain supercharge. One can define such a 1d sector for the Higgs branch or for the Coulomb branch. We study the Higgs branch case, me:
the 1d QFT captures exact correlation functions of the Higgs branch operators of the 3d theory. The OPE of the 1d theory gives a star-produs
Higgs branch which encodes the data of these correlation functions. When the 3d theory is superconformal, the 1d theory is topologi
coincides with the known construction in flat space, where the topological 1d theory lives in the cohomology of Q+S. Our construction
generalizes it away from the conformal point. We then focus on theories constructed from vector and hypermultiplets. Using supersym
localization, we explicitly describe their 1d sector as the gauged topological quantum mechanics, or equivalently a gaussian theory coupl
matrix model. This provides a very simple technique to compute the Higgs branch correlators.</p>
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Goal

Background: chiral algebras in the cohomology of 4d A/ = 2 and 6d
N = (2,0) SCFTs (Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees);
topological 1d sector in 3d N/ = 4 SCFTs (Chester, Lee, Pufu, Yacoby).
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Goal

Background: chiral algebras in the cohomology of 4d N/ = 2 and 6d
N = (2,0) SCFTs (Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees);

topological 1d sector in 3d N/ = 4 SCFTs (Chester, Lee, Pufu, Yacoby).
Goal:

m Gain better understanding of the 1d topological sector in 3d N = 4

theories.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Goal

Background: chiral algebras in the cohomology of 4d A/ = 2 and 6d
N = (2,0) SCFTs (Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees);

topological 1d sector in 3d N/ = 4 SCFTs (Chester, Lee, Pufu, Yacoby).
Goal:

m Gain better understanding of the 1d topological sector in 3d N = 4

theories.

m Develop a tool to effectively compute its structure constants.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Goal

Background: chiral algebras in the cohomology of 4d A/ = 2 and 6d
N = (2,0) SCFTs (Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees);

topological 1d sector in 3d N/ = 4 SCFTs (Chester, Lee, Pufu, Yacoby).
Goal:

m Gain better understanding of the 1d topological sector in 3d N = 4

theories.

m Develop a tool to effectively compute its structure constants.
m Generalize away from the CFT point.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Goal

Background: chiral algebras in the cohomology of 4d A/ = 2 and 6d
N = (2,0) SCFTs (Beem, Lemos, Liendo, Peelaers, Rastelli, van Rees);

topological 1d sector in 3d N/ = 4 SCFTs (Chester, Lee, Pufu, Yacoby).
Goal:

m Gain better understanding of the 1d topological sector in 3d N’ = 4

theories.
m Develop a tool to effectively compute its structure constants.

m Generalize away from the CFT point.
Method:

m Put theory on S3.

m Apply supersymmetric localization.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Outline

m Cohomological reduction in SCFTs.

m Cohomological reduction in N' = 4 theories on S3.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Outline

Cohomological reduction in SCFTs.
Cohomological reduction in A/ = 4 theories on S3.
Lagrangian N/ = 4 theories on S3.

Localization from 3d to 1d.

The gauged topological quantum mechanics.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Outline

Cohomological reduction in SCFTs.
Cohomological reduction in A/ = 4 theories on S3.

Lagrangian N/ = 4 theories on S3.

Localization from 3d to 1d.
The gauged topological quantum mechanics.

Applications.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

m 3d NV = 4 superconformal symmetry is described by osp(4|4)
(0sp(4|2) in other notations).

m It has sp(4) (alternatively sp(2)) = so(5) conformal subalgebra,
50(4) = su(2)y @ su(2)c R-symmetry and Q and S supersymmetries.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

m 3d NV = 4 superconformal symmetry is described by osp(4|4)
(0sp(4]2) in other notations).

m It has sp(4) (alternatively sp(2)) = so(5) conformal subalgebra,
50(4) = su(2)y @ su(2)c R-symmetry and Q and S supersymmetries.

m Consider linear combinations (r has dimension of length):

1 i
H )) H 1
Qy = Qllé L3 ;5 22 Q; = Qz1i + 55 37> (1)
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

m 3d NV = 4 superconformal symmetry is described by osp(4|4)
(0sp(4]2) in other notations).

m It has sp(4) (alternatively sp(2)) = so(5) conformal subalgebra,
50(4) = su(2)y @ su(2)c R-symmetry and @ and S supersymmetries.

m Consider linear combinations (r has dimension of length):

1 i
H 2 H 1
Qy = Qllé i ;5 221 Q; = Q21i + 55 37 e (1)

= They are nilpotent, i.e., (Q}')? = (Q4)? = 0, and satisfy
(ol Q¥} = 4(M2 - Ry).
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

m 3d NV = 4 superconformal symmetry is described by osp(4|4)
(0sp(4]2) in other notations).

m It has sp(4) (alternatively sp(2)) = so(5) conformal subalgebra,
50(4) = su(2)y @ su(2)c R-symmetry and Q and S supersymmetries.

m Consider linear combinations (r has dimension of length):

1 j
H 2 H 1
Qy = Qllé i ;5 22 Q) = Q211 + 55 2 il (1)

= They are nilpotent, i.e., (Q}')? = (Q4)? = 0, and satisfy
{9, 9} = A ( My — Ri).
m Also, {QF, 01"} = {0}, 0T} = 8(D - RY).
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

4i — ] 4i
(of, Q) = —(M2-Ri)=—2,

{of, 0/ =0, 0" =8(D—R) (2)

m = Cohomology of Q’l" and Qé”' are isomorphic and annihilated by Z,
in particular by (the geometric part of) M.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

4i — ] 4
(o, Qf} = —(Mr2 - Ri) = =z,

(o 0"} =10, 0" =80 R (2)

m = Cohomology of Qf and Qé”' are isomorphic and annihilated by Z,
in particular by (the geometric part of) M.

m = Local operators can only be inserted along the line (0,0, x3).

m At the origin, the cohomology is represented by the operators with
D = R;!, the Higgs branch chiral ring operators.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

4i — ] 4
(o oy = —(Mr2 - R = =z,

{ol e/ ={0), & =8(D—R) (2)

m = Cohomology of Qf and Qé”' are isomorphic and annihilated by Z,
in particular by (the geometric part of) M.

m = Local operators can only be inserted along the line (0,0, x3).

m At the origin, the cohomology is represented by the operators with
D = R;!, the Higgs branch chiral ring operators.

m One more fact: —%{Q’l'/, Qi = %{Qé"q Q) = Ps + 2;’r,:;ezl — .,
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

m So, local operators in the cohomology of Qf’ are given by the Higgs
branch chiral ring operators twisted-translated along the line (0,0, x3).
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

m So, local operators in the cohomology of Qf’ are given by the Higgs
branch chiral ring operators twisted-translated along the line (0,0, x3).

m Their correlation functions are topological, i.e., they do not depend
on the insertion points, only on their ordering.

m We get non-commutative 1d operator algebra, which is topological. It
is described by a star-product on the Higgs branch.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

m So, local operators in the cohomology of Qf’ are given by the Higgs
branch chiral ring operators twisted-translated along the line (0,0, x3).

m Their correlation functions are topological, i.e., they do not depend
on the insertion points, only on their ordering.

m We get non-commutative 1d operator algebra, which is topological. It
is described by a star-product on the Higgs branch.

m Compute it!
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Cohomological reduction in SCFT

m So, local operators in the cohomology of Qf’ are given by the Higgs
branch chiral ring operators twisted-translated along the line (0,0, x3).

Their correlation functions are topological, i.e., they do not depend
on the insertion points, only on their ordering.

m We get non-commutative 1d operator algebra, which is topological. It
is described by a star-product on the Higgs branch.

Compute it!

Example of twisted translation: Q(x3) = q,u?, u = (1, x3). At the
origin, Q(0) = q; — the chiral ring operator with the appropriate
choice of Cartan in su(2)y.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Operators in the cohomology

m General Higgs branch operators are constructed as gauge invariant
polynomials in the hypermultiplet scalars g, and g°.

m Those which are polynomials in g1 and g; are chiral if we chose
o3 € su(2)y as a Cartan element.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Operators in the cohomology

General Higgs branch operators are constructed as gauge invariant
polynomials in the hypermultiplet scalars g, and g°.

Those which are polynomials in g; and gy are chiral if we chose
o3 € su(2)y as a Cartan element.

Twisted-translated operators are therefore given by gauge invariant
polynomials in @ = g1 + gox3 and Q@ = g1 + Goxa.

There is a mirror construction of supercharges Qf:, whose
cohomology is related to Coulomb branch.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Stereographic projection

SCFT can be put on S* by the stereographic projection.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Stereographic projection

SCFT can be put on S* by the stereographic projection.
Let us put our theory on S* of radius r (the same r as before).

m Killing vectors and conformal Killing vectors are mixed in the process:

Q.- ©
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Stereographic projection

m There is a subalgebra su(2[1), & su(2|1), C osp(4|4), parametrized by
the choices of Cartan elements h € su(2)y and h € su(2)c.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Stereographic projection

m There is a subalgebra su(2[1), & su(2|1), C osp(4|4), parametrized by
the choices of Cartan elements h € su(2)y and h € su(2)c.

m It has u(1), ®u(l), R-symmetry generators, su(2), @ su(2),
geometric transformtions generated by rotations M,, 5 and conformal
transformations P, — 4—%!\’/, and certain supersymmetries.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Stereographic projection

m There is a subalgebra su(2|1), & su(2|1), C osp(4|4), parametrized by
the choices of Cartan elements h € su(2)y and h € su(2)c.

m It has u(1), ®u(l), R-symmetry generators, su(2), @ su(2),
geometric transformtions generated by rotations M, 3 and conformal
transformations P, — 4—%!\’/, and certain supersymmetries.

m Our Qf and QY (as well as QF and Qf) belong to this

511(2|1){- (b 511(2|1)r.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Stereographic projection

There is a subalgebra su(2|1), & su(2|1), C osp(4|4), parametrized by
the choices of Cartan elements h € su(2)y and h € su(2)c.

It has u(1), @ u(1), R-symmetry generators, su(2), & su(2),
geometric transformtions generated by rotations M, 5 and conformal
transformations P, — 4—%!\’/, and certain supersymmetries.

Our Q! and QF (as well as QF and QF) belong to this

su(2[1)e d su(2]1),.
After stereographic projection, su(2), & su(2), become isometries of
S3. No conformal symmetry required!
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Stereographic projection

m There is a subalgebra su(2|1), & su(2|1), C osp(4|4), parametrized by
the choices of Cartan elements h € su(2)y and h € su(2)c.

It has u(1), @& u(l), R-symmetry generators, su(2), @ su(2),
geometric transformtions generated by rotations M, 3 and conformal
transformations P, — 4—%!\’/, and certain supersymmetries.

Our Q! and QF (as well as Q¢ and QF) belong to this

su(2[1)e ® su(2]1),.
After stereographic projection, su(2), & su(2), become isometries of
S3. No conformal symmetry required!

From the S3 point of view, we study general N' = 4 theories with the
algebra su(2[1), @ su(2|1),. (This gives super-Poincare in the infinite
radius limit.)
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Stereographic projection

T ;rhhere is 3 subalgebra su(2|1), @ su(2|1), C osp(4/4), parametrized by
e choices of Cartan elements h € su(2)y and h € su(2)c.

m It has u(1), & u(1), R-symmetry generators, su(2) & su(2),
geometric transformtions generated by rotations M, s and conformal
transformations P, — 7K, and certain supersymmetries.

m Our Qf and Q;‘ (as well as QIC and QF) belong to this
su(2|1), & su(2]1),.

@ After stereographic projection,
62 No conformal symmetry required!

= From the S° point of view, We study g
algebra su(2|1): @ su(2|1),. (This gives SUper
radius limit.)

s Local operato
the points of t

su(2) & su(2), become isometries of

eneral N = 4 theories with the
Poincare in the infinite

< in the cohomology of QH or Qf can be inserted at

he great circle only.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

General setup

It is useful to consider linear combinations Q’}’ = Qf + BQY and

Q('; = Q{'— T ﬂQzC-
Then (Q"f)2 = %Z, and we study cohomology of Q’}’ in the equivariant
sense.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

General setup

It is useful to consider linear combinations QY = QY + 394 and
Q('; = Qf T ,D’Qg.
Then (Q"f)2 = 47"2, and we study cohomology of Q’}’ in the equivariant
sense.
m Consider general N' = 4 theory on S* with the supersymmetry
su(2|1), @ su(2|1),.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

General setup

It is useful to consider linear combinations Q’;’ = Q’l" L p’Qé" and
Q('; = Q](.: =r ﬂQ;_(a:-
Then (Q'}’)2 = 47"2, and we study cohomology of Q’}’ in the equivariant
sense.
m Consider general N' = 4 theory on S* with the supersymmetry
su(2[1)e d su(2]1),.
m Pick supercharge QH which squares to the U(1) isometry and the

R-symmetry.
m (Just su(2|1), or su(2|1), is not enough.)
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

General setup

It is useful to consider linear combinations Q’;’ = Q’l" AL p’Qé" and
Q('; = Q{: = ﬂQ;_():-
Then (Q"f)2 = #Z, and we study cohomology of Q’}’ in the equivariant
sense.
m Consider general V' = 4 theory on S* with the supersymmetry
su(2]1)e ® su(2]1),.
Pick supercharge QH which squares to the U(1) isometry and the

R-symmetry.
m (Just su(2|1), or su(2|1), is not enough.)
m The fixed point set of this isometry is the great circle of S3.

m One can insert local operators in the cohomology of Qﬁ' at the points
of this circle. |
Their correlation functions are topological and describe quantization
of the Higgs branch.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

General setup

It is useful to consider linear combinations QY = QY + 394 and
Q('; = Qf T ,1’5Q2C-
Then (Q'}’)2 = 4%2, and we study cohomology of Q'}’ in the equivariant
sense.
m Consider general N' = 4 theory on S* with the supersymmetry
su(2|1), @ su(2|1),.
Pick supercharge QH which squares to the U(1) isometry and the

R-symmetry.

m (Just su(2|1), or su(2|1), is not enough.)

m The fixed point set of this isometry is the great circle of S3.

m One can insert local operators in the cohomology of Qﬁ' at the points
of this circle.
Their correlation functions are topological and describe quantization
of the Higgs branch.

(There is a Coulomb branch analog for everything)
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Twisted rotations

A useful coordinate system on S* views it as a U(1) fibration over the disk
D? with the fibers shrinking at the boundary of D?. Radial coordinate on
the disk is @ € [0, 7w/2] and angular coordinate is ¢ € [0,27). Coordinate
along the fiber is 7 € [0,27). The metric is:

ds® = r?(d6? + sin® 8d? + cos? Hd7?). (3)
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Twisted rotations

A useful coordinate system on S* views it as a U(1) fibration over the disk
D? with the fibers shrinking at the boundary of D?. Radial coordinate on
the disk is @ € [0, 7/2] and angular coordinate is ¢ € [0,27). Coordinate
along the fiber is 7 € [0,27). The metric is:

ds?® = r?(d6? + sin® 0d? + cos® dT2). (3)

. —i —=b
I (Q’;’)2 generates T-rotations and R-symmetry R¢ = habR i,
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Twisted rotations

A useful coordinate system on S* views it as a U(1) fibration over the disk
D? with the fibers shrinking at the boundary of D?. Radial coordinate on
the disk is @ € [0, w/2] and angular coordinate is ¢ € [0,27). Coordinate
along the fiber is 7 € [0,27). The metric is:

ds?® = r?(d6? + sin® 0d? + cos® dT2). (3)

m (QY)? generates T-rotations and R-symmetry R¢ = Fébﬁbé.
m The fixed point set of (Q'}’)2 is OD?. It is parametrized by .

~

m Qf-exact twisted ¢ rotations: P, = P, + Ry, where Ry = h?,R®,.

b
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Twisted rotations

A useful coordinate system on S* views it as a U(1) fibration over the disk
D? with the fibers shrinking at the boundary of D?. Radial coordinate on
the disk is @ € [0, w/2] and angular coordinate is ¢ € [0,27). Coordinate
along the fiber is 7 € [0,27). The metric is:

ds?® = r?(d6? + sin® 0dp? + cos® dT2). (3)

= (Q’;’)2 generates 7-rotations and R-symmetry R¢ = Fébﬁbg
u Wiheiresetpoine seb et (Q-H)z is OD?. It is parametrized by ¢.

= QH—exact twisted ¢ rotations: P, = P, + RH, where Ry = h?pRb,.

m Both Rc and Ry are in su(2|1), & su(2|1),, namely Ry = Ry + Rc¢
and R, = Ry — Rc generate u(1), @ u(1),.

R
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

Twisted rotations

A useful coordinate system on S* views it as a U(1) fibration over the disk
D? with the fibers shrinking at the boundary of D?. Radial coordinate on
the disk is @ € [0, w/2] and angular coordinate is ¢ € [0,27). Coordinate
along the fiber is 7 € [0,27). The metric is:

ds?® = r?(d6? + sin® 0dp? + cos® dT2). (3)

(QH)? generates T-rotations and R-symmetry R¢ = ﬂébﬁbé_
The fixed point set of (Q';’)2 a2 It s carametrized byl

o~

Qf-exact twisted ¢ rotations: P, = P, + Ry, where Ry = h?,R",.
Both Rc and Ry are in su(2|1), & su(2|1),, namely Ry = Ry + R¢
and R, = Ry — Rc generate u(1), @ u(1),.

Stereographic map matches twisted-translated operators on R! ¢ R*
to twisted-rotated operators on S C S3.

Q(p) =qicos§ + qasing, Q(p)=qicos§ + gasin %.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

A remark

m Q(p) =qi1cos £ + gasin %, QR(¢) = g1 cos 5 + g2 sin %.
m They are anti-periodic on S!.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

N = 4 theories on S°

Now consider Lagrangians on S invariant under su(2|1), & su(2|1),.
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

N = 4 theories on S°

Now consider Lagrangians on S® invariant under su(2|1), & su(2[1),.

m Vector multiplets in the adjoint of G and hypermultiplets in a
representation R.

m Action for hypers differs from the flat space action by curvature
corrections and is invariant under the full osp(4|4):

3

Shyper[Hg V] — / d3X\/g [DNC—?QD;,QQ — f.'(}:ém'ﬁ/’é = 7aaqa

4
1
2
—fz;éd)ébc"’b + | (C‘ia/\ab"f’;’[; a3 ‘f;é/\bé%)} :

+ f@aDab% - aad)ébd);.bqa
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

N = 4 theories on S°

m Action for vectors preserves only su(2|1), ¢ su(2|1),, and matrices h
and h enter it explicitly:

Sym[V] = —i d*x/g Tr (Ff”’F,,,, ~ Df'-cbf'dD,,cb g +iA DA
8YMm -
1

e U 7[075.° b5, d9,]

[ 1 s
—Zhabh"‘ Aasdyp + ?(habDb"’)(hadebé)
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

N = 4 theories on S°

m Action for vectors preserves only su(2|1), ¢ su(2|1),, and matrices h
and h enter it explicitly:

Sym[V] = g% d*x\/g Tr (F“” Fu — DPOID, 0, 5 + NP5
YM -
— DDy — iX*[A°, 0] — Al bC ] [dP5, D]

1 —ab 1 =3
—Eh"’bha Xasdyp + ?(habDb"’)(h 5 0P3)

= Fl term: Sp[V] = i¢ [ d®x/g (ha?Dp? — 1,05;).
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Topological quantum mechanics and Higgs branches of 3d N=4 theories

N = 4 theories on S°

m Action for vectors preserves only su(2|1), ¢ su(2|1),, and matrices h
and h enter it explicitly:

SVl = —— [ d*xyETr (Ff”'F,,,, — DFOID, D, ; + NP,

EYM -
1

— DDy — iA*[A°, 0] — Z[cb""b, b ] [dP5, &9 ¢]

1 —ab 1 —a
—Eh"’bha Aasdyp + ?(habDba)(h 5 0P)

m Fl term: Su[V] = i¢ [ d®x/g (ha?Dp? — 17 ,05;).
m Can add masses by adding a background vector multiplet gauging the
Cartan of flavor symmetry.

Mykola Dedushenko = Caltech = December 6, 2016, Perimeter Institute

Page 48/111



Pirsa: 16120005

Topological quantum mechanics and Higgs branches of 3d N=4 theories

N = 4 theories on S°

m Action for vectors preserves only su(2|1), ¢ su(2|1),, and matrices h
and h enter it explicitly:

Sym[V] = % d*x/g Tr (F“” F. — Df'-qaf'de,,cb g +iA DA

EYM -
1

— 0 — A D) — 7[075.° b5, d9,]

[ 1 s
—Eh""bha Xasdyp + F(habDba)(habd)bé)

= Fl term: Su[V] = i [ d®x/g (ha?Dp? — 1,05;).
m Can add masses by adding a background vector multiplet gauging the
Cartan of flavor symmetry.

m = Central extension of su(2|1); ® su(2|1),.
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