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unknown quantum system in a device-independent manner,&nbsp;i.e., using only the measurement statistics, is a fundamental task in
physics and quantum information theory. For example, device-independence is a very important feature in the study of quantum cryptograph
the quantum devices may not be trusted. In this talk, | will discuss the ability to characterize the state that Alice and Bob share in various p
scenarios using only the correlation data. | first give a lower bound on the dimension of the underlying Hilbert spaces required by Alice and

generate a given correlation in the Bell scenario. Also, | give two properties that the Schmidt coefficients of their shared state must satisfy.

provide examples showing that our results can be tight, and examine when the shared pure state is characterized completely. Lastly, | will
these ideas in the Prepare-and-Measure scenario.&nbsp;</p>
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Device—independent
characterizations of states
used in quantum experiments

Based on the work
. J. Sikora, A. Varvitsiotis, Z. Wei. Phys. Rev. Lett. 117, 060401, 2016
.. J. Sikora, Z. Wei, A. Varvitsiotis. Phys. Rev. A94, 042125, 2016
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Device-independence (IDI)
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What can we infer
about the internal
workings of a
quantum device by
only interacting with
it classically?
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Minimum dimension
of a Hilbert space
needed to generate a
quantum correlation

J. Sikora, A. Varvitsiotis, Z. Wei
Phys. Rev. Lett. 117, 060401, 2016
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Bell Setting

Button presses = measurement settings

Displays = measurement outcomes

Bell Correlation: Set of joint conditional outcome
probabilities p(abl|xy)
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Bell Setting

If the devices are
quantum, how

large is each
Hilbert space?

Bell Correlation: Set of joint conditional outcome
probabilities p(abl|xy)
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DI dimension bound

Theorem: Given a quantum correlation p, then Alice and Bob must
each have a Hilbert space of dimension at least

—1

2
51111;1 Z min (Z Vv plab, |Jﬂj])\/})(0b3|$l}g))

by ,bo

and 1

.
il Z: min (Z \/p(alblw)\/p(azbmy))
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Prooft (simplified over time)

Pi

IIIII

: 16120003
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How tight 1s the bound?

CHSH

Magic
Square

BB84
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S (2+V2)/8 if a®db=zxy
plablzy) =\ (2— /3)/8 if a®b oy
_J 1/8 if a; =bs a even parity, b odd parity
p(ablxy) = { 0 otherwise ,
12 st ai— biandie —'1;
p(ablzry) = 0 if azband =y
1/4 if xr #y

Lower bound equals 2
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How tight is the bound?

(2+V2)/8 if adb=uzxy

Buceass

CESH p(ablry) =

ity, b odd parity

Se ,

Magic
Square

BB&84 i az>xband =y
1/4 if x # y

Lower bound equals 2
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Is 1t always tight?
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NO! For example, on 13322

Limitation: The lower bound does not change
much with small perturbations in the data

Strength: The lower bound does not change
much with small perturbations in the data
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Ruling out quantum sources

Corollary: A correlation p is not quantum if it satisfies
3y1, y2 Vb, b Jor such that p(ab,|zy,) p(abs|xys) = O for all a, or

dx,.,x2 Va,,as Jy such that p(a,b|xz,y) p(ablxey) = 0 for all b,

-l 1/2 if apdb=zxy
PR-Box P(ablly)—{ 0 if a®b#xy
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Ruling out quantum sources

Corollary: A correlation p is not quantumn if it satisfies
3y1, y2 Vb, b Jaxr such that p(ab,|zy,) p(abz|zys) = O for all a, or

dx,.,x2 Va,,as Jy such that p(a,b|xz,y) p(ablxey) = 0 for all b,

et 1/2 if a®b==zy
PR-Box P(abhﬂ)_{ 0 if ae®bF#xy

1/d if b— a(modd) = xy

d-Box plablxy) = { 0 if b— a(mod d) # xy
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Ruling out quantum sources

Corollary: A correlation p is not quantum if it satisfies
3y1, y2 Vb, b Jxr such that p(ab,|zy,) p(abz|xrys) = O for all a, or

dx,, x2 Va,, as Jy such that p(a,b|xz,y) p(ablxey) = 0 for all b,

| el 172 if adb=zy
PR-Box p(ablﬂ.y)—{ 0 if adb+#uxy

1/d if b— a(modd) = xzy

d-Box p(ablxy) = { 0O if b— a(modd) # zy

Any non-local, no-signalling extreme point when Alice
and Bob each have two measurement outcomes
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Ruling out quantum sources

Corollary: A correlation p is not quantum if it satisfies
3y1, y2 Vb, b Jor such that p(ab,|zy,) p(abs|xys) = O for all a, or

dx,, x2 Va,, az Jy such that p(a,b|xz,y) p(ablxey) = 0 for all b,

_ A Sl 1/2 if a®b==zxy
PR-Box plablry) = { 0 if a®b#axy

1/d if b— a(modd) = zy

d-Box plablxy) = { 0O if b—a(modd) # xy

Any non-local, no-signallj
and Bob each have

xtreme point when Alice
asurement outcomes
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Ruling out quantum Sources

Corc
x||0 1 2
y a, oOr
0 1/40 1/4|1/20 O |(1/20 O b
O 1/40 |0 1/40 |0 1/4 0 ’
1/40 O |0 O 1740 O 1/4
1 1/20 O |1/41/40 |1/40 1/4
PR O 1/40 |1/40 O |(1/40 O
O O 1/4/l0 O 1/4|0 1/4 0
2 1/20 O |1/41/40 |0 1/4 1/4 '
d-t o 1/40 |1/40 O |(1/40 O
O o 1/4|l0 o0 174|140 o0 b

Jones and Masanes 2005

ol A S R Htr
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Ruling out quantum sources

Corc
x ||0
y a, oOr
0 0O O b
0 1/4 0 ’
O O 1/4
1 1/40 1/4
PH; 1/40 0O
0O 1/40
0O 1/4 1/4 '
d-t 40 O
740 O b

nes and Masanes 2005
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Ruling out quantum sources

Question
s ruling out only finite-dimensional states
a bug or a feature?
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Proving non-convexity of some sets of correlations

Restricted-dimensional quantum correlations

D, = {p : p can be generated using qubits}

Consider: pi(ablzy) =1 if (a=1 and b = 1),0 otherwise
p2(ablry) =1 if (a =0 and b = 0),0 otherwise
pa(ablzy) =1 if (a # x and b # y), 0 otherwise

P1.P2,.pP3 € D2, but ']-;(Pl + po + p3) &€ D2 using the lower bound.
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Multiplicity of product correlations

i @@F &
i 0% &
/v. o. G /v. ..
i 8 &

plajazazasasag, b1babzbibsbg|r1row3r80576, Y1 Y2y3YaYsYs) = 11 p(aib;|xiy;)

The lower bounds multiply

So, Alice and Bob need 6 qubits each to
generate 6 copies of CHSH
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Device-independent
dimension tests in
the prepare-and-
measure scenario

J. Sikora, Z. Wei, A. Varvitsiotis
Phys. Rev. A94, 042125, 2016
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The Prepare and Measure Scenario

PM Correlation: Set of conditional outcome
probabilities p(b|xy)
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The Prepare and Measure Scenario

If the devices are
quantum, how

large is the
Hilbert space?

PM Correlation: Set of conditional outcome
probabilities p(b|xy)
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DI dimension bound (PM)

Theorem: Given a quantum PM correlation p, then Alice’s state
must have a Hilbert space of dimension at least

ot |

2
D oy S (2 Vp(blzy) \/P(blﬂfz’y))
’ b

L] .T2

for any distribution g over the preparations

Note, the dimension is always at
most the number of preparations!
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Algebraic proof

IA

Tr (p?)

() (5e)

E Qxy 9z, IY (P2, Pz, )

Q|-
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More interesting proo f

—
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PA,B = E qz|z) (x|A D P

e

One
button!

Bell correlation: r(zbly) = q. p(blxy)

Page 27/50



Quantum random access codes

(15 v 0n) € {0, 11"

e

=
s

- G ¥/
hJ
‘ } S

*

Bob wants to measure to learn =;
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Quantum random access codes

Consider the PM correlation

i — e

| 8
p(b'“’”)z{ 1—B) if b#a,

Example:
Alice has two bits O e e

| Nayak’s bound £
dimension \

- ~ Our bound
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Quantum random access codes

Consider the PM correlation

: B
p(blx, i) = { (1 —B) if b#z;

Note 1: Our bound is close to Nayak’s
bound for small Random Access Codes

Note 2: Our bound is more flexible though

Note 3: We can solve for the optimal
probability distribution q in this case!
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Impossibility of quantum compressibility

From the last slide, we need n qubits to p(b|:z: i) = 1 if b= x;
generate the following PM correlation 2 0] i A

The size-optimal state Alice can send is just |x)
l.e., the correlation cannot be “compressed”

Corollary: A gquantum PM correlation p is not compressible
if it satisfies

Y, # xo,Jy such that p(blxziy) p(blzay) = O for all b
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Generalizing a known dimension bound

Theorem [Brunner, Navascués, Vértesi (PRL 110, 150501)]:
Given a PM correlation p, with b € {0,1}, and y € {(x1,x2) : 1 > x2},
then ;
E max |[p(1l|zy,y) — p(1l|z2, »)|? < (1 - 3) N?
y .
X1 2

where /N is the number of preparations and d is the smallest Hilbert
space dimension.

Using the Fuchs-van de Graaf inequalities and our
bound, we can remove the restriction on y
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Witnessing non-convexity

Considering a modified (bl ) :
version of a quantum 2:(0l(x1, x2), ) = { ? ] ) -
Random Access Code Op2 if yF1
Where ($13$2) = {031}2: Yy = {112}3

be {0,1,2}

This PM correlation is generated by Alice sending |x; )
and Bob simply outputting his best guess for x; .
Here, “2" indicates he does not know.
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Witnessing non-convexity

Considering a modified 5 i ar =i
version of a quantum i (bl(z1, x2)5 ) — { ;m > J Py
Random Access Code b2 11 Y :

where (xi1,x2) € {0,1}*, v € {1, 2},
be {0,1,2}

This PM correlation is generated by Alice sending |x; )
and Bob simply outputting his best guess for x; .
Here, “2" indicates he does not know.

Thus, p; can be generated by qubit states.

1
But, our lower bound shows that §(p1 + p2) cannot be.
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Device-independent
characterizations of
the quantum state
in a Bell experiment

Z. Wei, J. Sikora
arXiv:1609.01030, 2016
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Fun fact: Pure states. are sufficient
(with the same dimensions)

Alice and Bob’'s measurements

e

plablzy) = Te((MZ @ NY)p)
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Funfact: Pute states are sufficient
(with the same dimensions)

Tr((MZ ® N¥)p)

plablzy)

= (¢Y|MZ* R NY @ I|y) where |9) = 3= /X le:)| fi)
= @I(M); e (N)IY) where [¢) = 3°7 VA|4)|4)

= (@|(M’')Z QII(N")?’I|y’) where IT = S | |) (]

7z

Pure state where each subsystem has the same dimension
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Fun fact: Pure states are sufficient

( )

plab|x What can we Say
about the Schmidt Nl

coefficients?

Ailz)|2)

) (2]

Pure state where each subsystem has the same dimension
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Can we squeeze out a little bit more from an old pr()()f?

IA

Tr (Pfx)

() ()

= Z’I‘l(pg:pbz

b] bg

Z F(pgll’pbz)

by.b2

> F (DL(p}!), P2 (pp2))”

by ,bo

2
Z (Z V' p(aby|xy,) \/P(ab2|1‘yz))

b],bg

=
d

IA

IA

IA
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Can we squeeze out a little bit more from an old pr()()f?

- 1
- P y re> « > - 2 _ 2 =2
Actually, we have Tr(p%) = E Ay = 7

) (%))

= > Tr (pi’,’ Py,

by.b2
= Z F (pp; s Py, )

b1 .b2
< > F(®.(00), ®2(p}?))"

by.bo

2

< > (Z \/P(ﬂxbllﬂ’f‘yl)\/l)(abzﬂyz))

by ,bo a
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DI characterizations of the pure state

Theorem: Given |v) generates the quantum correlation p,
then its Schmidt coefficients {A; } must satisfy

2
Z Ad < m‘,ﬁ Z min (L \/p(abllmyl)\/z)(abzl-l»yz))

b] ’)2

and

2

aj.,.a2

Note 1: Lower bounds do not exist!
Note 2: A version for mixed states exists
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DI characterizations of the pure state

Theor
B We (trivially) recover

all the results from

before. Can we do
more~?

and

Note 1: Lower bounds do not exist!
Note 2: A version for mixed states exists
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Application: DI bounds on entropy

log (Tr(p™))

Generalized Rényi Entanglement Entropy: S, (p) = T

Using our lower bounds, we can bound S2(pa)

von Neumann Entropy: S(p) = —Tr(plog(p)) = rlzilpl Sn(p)

Thus, we can bound the von Neumann entropy as: Our two bounds
S(pa) = S2(pa) = — log(min{ f1(p), f2(p)})
This is optimal for CHSH, Magic Square, BB84, etc.

For 13322, we get S(pa) = 0.67 using a state in C*°  C*?
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Application: Pure state uniqueness

Consider the CHSH correlation
, o (2+\/§)/8 if a®b=zxy
Plat|=y)= { (2—v2)/8 if a®b#zxy

From our bounds, we have: E A =1/2

The maximally entangled state on two-qubits is the unique
two-qubit pure state that satisfies the above inequality

Thus, under these conditions, the state is unique!

The same can be said about the Magic Square and BB84
correlations as well

irsa: 16120003
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Another bound

Theorem: Given |¢)) generates the quantum correlation p,
then its Schmidt coefficients {\; } must satisfy

al\x b
min{A; } < min p(a|x) p(bly)
abry  plablry)

Note 1: Again, lower bounds do not exist
Note 2: A version for mixed states exists
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z’\pplicati()nz Ruling out certailn states

We can rule out certain states using knowledge of the
smallest Schmidt coefficient. For example, if we know

min{\;} < 1/d

then we know that any pure state of local dimension d
that generates p cannot be maximally entangled.
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z’\pplication: Ruling out certain states

Consider the partial correlation which, for some
fixed choice of measurement for Alice and Bob:

1/10 1/100 1/100]
1/100 * *
' 1/100 * *

It can be shown that the minimum state which
generates it has local dimension at most 3.

But, min{\;} < 18/125

thus the state of minimum dimension cannot be maximally
entangled!
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