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Abstract: <p>Tensor networks offer an efficient representation of many-body wave-functions in an exponentially large Hilbert space by exploiting
the area law of ground state quantum entanglement. | will start with a gentle introduction to the tensor network formalism. Then | will describe its
application to realizing Wilson's renormalization group directly on quantum lattice models (e.g. quantum spin chains), with emphasis on the RG
fixed points corresponding to conformal field theories. We will see how to define both global and local scale transformations on the lattice in such a
way that, intriguingly, conformal invariance can be tested (and conformal data extracted) right at the UV cut-off scale.</p>
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Outline

1 - Entanglement and tensor networks

S(A)~ |9A|

area law
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2 - Application: The renormalization group
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There is a problem...

Paul Dirac

“The fundamental laws necessary for the mathematical
treatment of a large part of physics and the whole of
chemistry are thus completely known,

and the difficulty lies only in the fact that application of
these laws leads to equations that are too complex to
be solved.”
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number Hilbert space

of spins dimension
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N =2 . 2°=4 W) = ¢ |11) + ;| 1)
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exqmple: N =16 x16 = 256 spins # of atoms in
dim = 22°¢ ~ 1077 complex numbers

human being

1028
RSN RN _ earth
10‘)comp|ex numbers
N =32 spins IS S8 S S8 e e e e solar system
milky way
10()‘)
petabyte (105 bytes)
supercomputer
PM P observable
10'* complex numbers universe
N = 48 spins 1080
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uantum spin chain
Entanglement d P

HA® HE B A B

?
P47 = [p*) ® |9°)

Def.: product state |qJAB) L N}A) ® I(pB)

example: |11 1) & |17 .- 115)

Def.: entangled state [WABY = |Yp4) ® |pF)

example:
211 ... 1A e MBY L L LA o LUB
\E|TT T4 @ 1T - 11 )+\E|u WH® L - LLP)
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How much entanglement does |W4B) a state have?

Def.: entanglement entropy S(LIJAB) = —Tr (p4log, p4)

pt = trg (|PA)(WPAE))

example: %ITT---TT")@|TT---TT”)+%|H---M")®|J,J,---ll”)

1 .
pA = CALLES TIANIT - 114 | S(WAB) = 1 1 unit of
1 entanglement
1 LIAYLL - LLA |

example: |TT TTA) ® |TT TTH) S(llJAH) =0 0 units of
entanglement
pA =11 TTANTT o 114 |
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Scaling of entanglement

quantum spin chain ® o 0 o ® o 0 o
[l
generic state  S(L) = L product state S(L)Y=20
111 . 1)
ground state of
local Hamiltonians =
scaling
massive/gapped  S(L) = const. 0 const. loglL L
@ O @
%o 6%% %, generic
% %> %

critical/gapless S(L) = log(L)
ground states
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Ground states of local Hamiltonians obey an entanglement area law

A
_ o area law
D=1 — for entanglement entropy instead of
L volume law
TR i ! S(A)~|0A|~LP~1 S(A)~|A|~LP
D=2 &] . '
- 1 ! A :
L | :
|
Ly Lol ppldy @ sometimes,
D=3 ." 1 logarithmic corrections
11 A S(A)~ LP~1og(L)

Ground states of local Hamiltonians are special/non-generic states

ground states of

generic state local Hamiltonians

o (N)
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Tensor network state: variational many-body wavefunction

many-body wave-function

W) = Z qulzz ¢N|1112 in)

"'l,'Z U=l,2,"',,\"

@ S

1y .. iy,

graphical

notation O ('l) i _O_ i R
i k

i}

=706 eo-009 g:g %&z

Ty = Z RikSkj a=y"-M . % tr(ABCD)
k
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|¥) = E Wiliyiy 102 " In)
illi’ZJ.'.J!:N ﬂ o= 1-2;"'.X
1 tensor ' O(N) tensors
of size 2N @ _ of size x¥ independent of N

l1ly . Iy iy iy in
2N . O(N)
parameters parameters
inefficient efficient
generic states ground states of
tensor network states local Hamiltonians
x=1

=2

. o (N)

2

WM B

W
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Scaling of entanglement

multi-scale entanglement renormalization ansatz

(MERA)

matrix product state

4 o ok T e

log(L)

— & ; "‘W’

l_Y_l
L
network S(A) = const S(A) = loglL
CORMACEVILY: area law! logarithmic correction!
just as ground state of just as ground state of
massive/gapped critical/gapless
1d system 1d system
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CURRENT APPLICATIONS tensor network =

sparse data structure
Material
Computational science
condensed matter

\

Classification _

of gapped phases

Quantum

d chemistry

Classical
statistical
mechanics
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PERIMETER H INSTITUTE FOR THEORETICAL PHYSICS ENGLISH

TENSOR NETWORKS INITIATIVE

FROM ENTANGLED QUANTUM MATTER TO EMERGENT SPACE TIME

Ash Milsted
Pl postdoc
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1 - Entanglement and tensor networks

S(A)~ |9A|

area law

AAARARRARARAAL

2 - Application: The renormalization group
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Part II

Application: The Renormalization Group

A - The renormalization group and its fixed points

A

B - Global scale transformation/invariance

DB

C - Local scale transformation/invariance

TS T

Glen Evenbly
University of
Sherbrooke
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The Renormalization Group

Hamiltonian coupling constants
H[k| — H[k(s)] k= (ky, ks, ks, )
K
Ising model scale :
HIA1=] ) ofaf +2) of
- I_ Leo
Kadanoff
Hlkl‘ kz, 0,0, | = kl Z U"XU}‘X + kz Z 0-"2

i i

RG flow in the space of Hamiltonians

Phase A Phase B
stable stable
fixed o < > ® fixed
point A point B
k4
A
> ks
critical
fixed
point

Kenneth
Wilson
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RG flow in the space of Hamiltonians

Phase A \@e B
stable stable

fixed o * fixed

point A point B
ka
"

ks
critical LE‘O bIOCk Spln

fixed
point Kadanoff + some rule: majority vote, etc

Change of scale?

Ip|

sz DepeHIPK]
Ipl=A

coarse-graining A
transformation o—H[b'] =ID¢8-H|¢»,:&|
. "“] N < Ipl < A
‘ I‘ 'ﬁ H|¢ k!'
Kenneth Z =f <A’que ’ 0
Wilson i

exact renormalization group equation (ERGE)
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MERA as a Renormalization Group transformation

')




MERA defines an RG flow
in the space of wave-functions

W) = [¥') = [P7) = -

stable 7 = stable

fixed *® < > * fixed
point A W point B
critical
fixed
point
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isometry
L, ® . ° . ° ./W ™ . YON/2
Al
L @ i @ura@erie@rra@enca@urns@urnn Qv i@ s @unns \o o o o VON

u disentangler

O O'=Wwtow |« & _
_— o e de]]

scale
local transf. local w
operator operator =
P P wi

on [ on [/

HERERER . AR RN
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W isometry

L, ® ° ° () ° o/ [ ° YON/2
MWM wi

u disentangler

O O =wtow |« & _
_— o e de]]

scale

local transf. local w
operator operator =
P P wt

on [ on [/
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MERA defines an RG flow in the space of wave-functions:

W) = [¥7) = [P) - -

Phase A /@ase B
stable 5 . . Stable
fixed b A fixed
Dointﬁﬁ( point B

critical
fixed
point
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What is a proper RG transformation on the lattice?

why use this? and not use this? (closer to kadanoff spin-blocking)

ARG RRRRARRRARARAR

tree tensor network (TTN)

S(A) = logL S(A) ~ const.
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What is a proper RG transformation on the lattice?

MERA RG flow seems to be qualitatively correct
= consistent with expectation from QFT

e.g.: when adding a mass m in a free particle theory, stable = = stable

mass grows with coarse-grainining transformation  fixed \ . fixed
as expected: point w point B
m' = 2m critical
m = 5 N _T_T.l =0 fixed
fixed — fixed point
point 1 point 2

Is the MERA RG flow quantitatively correct?

Let us analyze critical fixed-points

In the continuum, conformal field theory (CFT)
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critical RG fixed-point = Conformal field theory (CFT)

. st Lo
1) scaling operators ¢4 (x) TSN
re-scaling ":"'_41'—""\?'
complex plane 1 I\\\ I ,”,'
Wi 2 scale transformation z—> e’z e 350
"r\\ :
L] elat . (0)
‘\*I_.J' scaling dimension
I
b, (0) Lorentz boost rotation AL
@ (= rotation in Euclidean time) 7 — elf, o A
/ ez — Y-
/\\’ I\\c"
7’ -.'+— \
\\
e"«% g (0)

conformal spin

example: CFT for critical Ising model

spin scaling dimensions and conformal spins

= Z“ 9 +Z fohee {l g, e (A1, 51) = (0,0)
Uy e

(Ag,54) = (1/8,0)
identity ~ ©NErgy

density (Ag, se) = (1,0)
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|Sing CFT g|0ba|

_ local
spin scale/rotation scale/rotation
’ Invariance invariance
primary ]1 =
fields {4 0, &:} T (conformal group)
locality
identity ~ €nergy
density
2) conformal towers
scaling )
dimension under conformal transformations,
Aa scaling operators mix
1
ﬁ ® —— 1 ® Q
® ° conformal irreducible representations
¢ T’ . towers = of the conformal group
* 1 ¢ primary field = highest weight
state
(4,5) = (1,0) -—i- 1
(a,s) = (0,0) | | (4,5)s = (1/8,0)
si’ S
-4 -3 =2 -1 0 1 2 3 s &
conformal

spin
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3) Operator product expansion (OPE)

: Z
|
— e BB~ ) Capy(x = V)eby (1)
Pa(x) | 16 Y
CFT completely specified - central charge ¢
by conformal data: - list of primary fields {¢, } with their
scaling dimensions Aq = he + he
conformal spin Sa = hy — hg,
OPE coefficients Capy
example: Ising CFT
cantisl - 1 Ei(railr:;sary $pin scaling dimensions and conformal spins OPE
f 1
{]11 g, E,:} (A,,s,) = (1/8,0) Ceoo =5

N

identity energy A.s.)=1(10
density (B¢, 5¢) = (1,0)
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example: scale-invariant wavefunction

With notion of scale/RG transformation

on the lattice, 5 — N TS
' T I I
R A Smpe e k———
=t = W 7 I oy By T oy Ty Y o Y o B |
L . . L] L] . L] L] L] L] L] . L] W l Irﬁ){ﬁi H:\[ﬁl]\_?—ll—____
T T i .
define notion of (discrete) scale invariance = 'Tﬁ’j Hl ]\7 ﬁ i
T T — 7 T

Def.: |W) is scale invariant |'V)

: Vet Intriguing...

& quj) s |LIJ) scale invariance with a length scale (UV cut-off)

Is this a useful notion of scale transformation / scale invariance ?

We can access the correct conformal data of underlying CFT from the lattice

| | - =
:| -|:—*|—|-1 —_ Z“Aa H + scaling dimensions Ay = h, + hy

T L
?| '\1_/' '\‘r’ gcglliljg . OPE coetticients ("ﬂ'ﬁ}f’

operators
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e.g. critical Ising model

critical
Hamiltonian

H = erixrrix + Z af
i i

T X = =

2) diagonalize linear map

2+1/2
+1/8 24+1/8
0] L
1+1/2
1+1/8 14+1/8
| ®
£
1/2
a
178 1) 1/8
0 b3 0

e L L

el
,T—J—J%#H { S

= \%Mﬂﬁ

T T ] % T T T ] ] | l |
ansatz |¥) & (u, W)

T Isometry
disentangler

|
o=

_—

2" 8a

ool

scaling dimensions
(A= 0)
A, = 0.124997

A, =~ 0.99993

A, = 0.125002

H
s \J

Ay =~ 0.500001

@

Ay = 0.500001

1) variational
optimization

min,,,, (V|H|V)

(approx. an hour on your laptop)

OPE

1

=% ("tﬂ}.‘ . _E
(“: Wy l

L i

e 4 ) e 4
\/E (‘lf);m \/E
(+6 x 107
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What is a proper RG transformation on the lattice?

MERA RG flow seems to be qualitatively correct
= consistent with expectation from QFT Phase A Phase B
stable 57 i

. Stable

fixed R L fixed
point A point B
At a critical RG fixed-point, MERA accurately

reproduces the universal data of the underlying CFT

critical

fixed =CFT
point

RG transformation ~ global scale transformation

+ scaling dimensions A,
*  OPE coefficients Cyp,

* conformal spins 5,7

Glen
Evenbly

* which scaling operators ¢, are primary operators?

answer will come from defining/studying
local scale transformations on the lattice
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A

another CFT fa ct: H Hamiltonian

)P Momentum
A CFT on a circle of perimeter L has ©

energy and momentum spectra given by

E, =ZTTr (8e - =)

21

pa::TSa:
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continuum EE————— discrete

A A
H Hamiltonian H Hamiltonian
° o °
° °
)P Momentum o e T Translation
y ° o,/
- d L ] ° [ ]

continuous

Hltpa) = Ealqja) H|l{1a) = Eallpu) time translations
PILPu:) = pa|Wy) T|W,) = giprr|qja) discrete

space translations

DVRC
' ' ' ‘ ‘ | ' example:
John Cardy 1989 gl R e Mo %] (coarse-grained)
N Ising model
__________________________________________________________________________________________________ I
............... Mossssssssesssnrssranrasossonsonsransonrosisssdosssssssssspsssarssrssfibosssisssronionnis
3 M g X b LT W X
& .
¢ * scaling
E . | — | dimensions A,
o’ " ' (R +  conformal
2 c E spins s,
Eoa="(8a—35)
padiY espllen 7 B M o R
21T great! However,
Pe=rg S | | S S SRR N *  primary operators ¢ ?
O frorrnrnmenimninnnirnrnsierirnsinnrnsisnisnssnns . o S
. . . ‘ | . . * conformal towers ?
=4 -3 -2 -1 0 1 2 3 4

conformal spin
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global scale transformation
w

’ L sites
naatevhatatatatatety : :
4 2L sites = 0
u
X ¥

local scale transformation v1.0 (incorrect)
w
A L = 17 sites
u

local scale transformation v2.0 (correct)

w
‘ ‘ ‘ ‘ ‘ ! | |<| !‘ ‘ ‘ ‘1. 14 sites
. s X L =17
X u y

tensor network equalities

sites
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example 1: generic local scale transformation

O*o °
L = 8 sites
L ]

conformal tower
of identity

I

L = 8 sites
L = 8 sites
" L]
™ -
$ H H O-
1 r 1 Q i i
L £ L]
" -
” ¢ 54 "
O

conformal tower
of spin
o

conformal tower
of energy density
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Cardy 1989 Ashley 2016
I~

XX

c e

Q o

¢ ¢

c

E 3

£ i . i S — AN AT N N N
=B X » x » 3 Laoisdossaisniasnibaianinnsag X @ i
o o

c s

™ ]

o o

n n

-4 -3 -1 0 1 2 3 4 -3 ) -1 =0 1 2 3 4
conformal spin conformal spin
use tensor networks to build and apply

L ]

° ° ® » 21 local scale transformations on the lattice

° e, T Translation p, = — S,
L] L4 ].
° ° °
H Hamiltonian . 2m c
Y }"n' = ! (Arr - E)
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example 2: |ocal scale transformation corresponding
to global conformal generators

L = 8 sites =l -L)+(-0)
hirta ()
~ COS TX Ox
L=8

sites

mixing within
etld1 ~ conformal
towers

scaling dimension
w
=

-2~ x : .
x
x
=

scaling dimension

OSSO - K B A PP PR b o
e S — e e e e
-4 -3 -2 -1 0 1 2 3 4 p =3 - = - T . : 3

conformal spin
anformal sp confarmal spin

identify and their conformal towers
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Summary 1 - Entanglement and tensor networks

S(A)~ |04

area law

2 - Application: The renormalization group

What else? Continuous
Euclidean path integrals tensor networks
(Lagrangian formalism) for QFTs

. .
ik - . E y
‘* “ !

Pirsa: 16110045 Page 40/40



