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Abstract: <p>We consider d=2 fermions at finite density coupled to a critical boson. In the quenched or Bloch-Nordsieck approximation, where one
takes the limit of fermion flavors N_fat’0, the fermion spectral function can be determined {exactly}. We show that one can obtain this
non-perturbative answer thanks to a specific identity of fermionic two-point functions in the planar local patch approximation. The resulting
spectrum is that of a non-Fermi liquid: quasiparticles are not part of the exact fermionic excitation spectrum of the theory. Instead one finds
continuous spectral weight with power law scaling excitations. Moreover, at low energies there are three such excitations at three different Fermi
surfaces, two with alow energy Green's function GA™V4(1%0a™ v K) &A™ 1/2 and one with G& V4| %.+k|*&™ 1/3. We proceed to study this model with a
finite N_f but still neglecting fermionic loops with 3 or more vertices, motivated by multiloop cancellations at large k_F. We still find a non-Fermi
liquid but with a different IR spectrum.</p>

Pirsa: 16110035 Page 1/41



Pirsa: 16110035 Page 2/41




Pirsa: 16110035 Page 3/41




Pirsa: 16110035 Page 4/41




Non-Perturbative Two-Point Functions of a Quantum
. Critical Metal

Petter Saterskog

Leiden University

November 4, 2016

Page 5/41
Pirsa: 16110035




Collaborators

I

Koenraad Schalm, my PhD supervisor in Leiden
Balazs Meszena, former PhD student in Leiden
Andrey Bagrov, Postdoc in Nijmegen

irsa: 16110035 Page 6/41



Outline
Qo
(* ]
Qo
(= ]
(* ]

Pirsa: 16110035

A ql;antum critical metal model in 2+1 dimensions
Holographic, matrix and vector large N

Quenched N — 0

Ongoing work: Finite Nf

Conclusion and Next steps
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Hertz-Millis model

Fermions at finite density coupled to critical bosons:
V? 1 0 2 T 4
S = d'rdx Y(pu — O — —)w + 5@5((1, + V)b + Apy) + g

e )\, fermion-boson interaction. Scaling dimension (d — 3)/2

@ g, boson self-interaction. Scaling dimension d — 3

¢ is an order parameter field of e.g. Ising-nematic or spin density wave
transitions,
Putative model of some heavy fermion systems and high- T,

-
matariale
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Previous studies

e d = 3 is marginal. Admits perturbative treatment! ? 3
Landau damping changes IR of boson S = [(k? + ~ ‘%’)\qﬁ\z

e d = 2 is strongly coupled. Landau Fermi liquid theory breakdown?.
Fermion sign-problem prohibits Monte-Carlo, except certain cases®.

Full description still an open problem.
This is the topic of our research.
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Previous studies: Matrix large N, SU(N)

Interaction [ dx?*14;¢;10; © 7. 1PI diagrams at order \*:

a5

matrix large N

-

=

quenched approx.

-

"

exact self-energy

A R A

They find flow of v — 0 and subsequent destruction of the Fermi surface.

°A. L. Fitzpatrick, S. Kachru, J. Kaplan and S. Raghu, Phys. Rev. B 89 (2014)
165114
’G. Torroba and H. Wang Phys. Rev. B 90 (2014) 165144
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Previous studies: Vector large N, U(N)

N¢ fermion flavours and coupling constant A = g/+/N¢

Large Nf gives strong Landau-damping = RPA two-point functions
Perhaps too easy?® °

The limit can be controlled by a dynamical critical exponent z = 2 + ¢ for
the boson!®. That theory then gives the RPA in the large Ny limit for
two-point functions. At each order in A, the relevant diagram is:

—

Fron = —iX*3sgn(w)|w|?/3
o (2#)2/3\/?;(ka;:)1/3

8Sung-Sik Lee, Phys. Rev. B 80, 165102 (2009)

M. A. Metlitski and S. Sachdev, Phys. Rev. B 82 (2010) 075127

°D. F. Mross, J. McGreevy, H. Liu and T. Senthil, Phys. Rev. B 82 (2010) 045121
P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Quenched Limit

We “extend” the model_to have Nt flavours of fermions, all coupling to
the single boson via A¢p;;. We then take the limit Ny — 0.

This limit is similar to the probe fermions in holography where they are
coupled to a quantum critical system?!! 12,

The fermions live in a field of critical bosons that give the fermionic
correlator non-perturbative corrections. However, the fermions do not
affect the bosons at all:

Gg(K) = Gpo(K)

"H. Liu, J. McGreevy, and D. Vegh Phys. Rev. D 83 (2009) 065029
12M. Cubrovic, J. Zaanen and K. Schalm, Science 325 (2009) 5939
P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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1P| diagrams at order \*:

matrix large N

L. >
¥

quenched approx.

"

exact self-energy

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Cut-offs

Introduce cut-offs around low-energy excitations

Ay
Ay

We study limit Ap, A\r < krp = /2mpu

BImage credit: A. L. Fitzpatrick, G. Torroba, H. Wang, Phys.Rev. B 91 (2015)
195135
P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Patch theory

In the quenched limit, N¢ = 0, and for energies far below kr we can
consistently consider just a patch of the “Fermi surface” for calculating
the fermion two-point function.

3 1
iw—k2/2m+p " iw — vk,

Go(w, k) =

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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G(x) for Nf — 0 fermions coupled to Gaussian scalar

We calculate the fermion two-point function. Integrating out the fermion
we have

Z[J, JT] = /que(_sb[¢]_Sdet[(’t']_.l.d3ld3Z’Jj(z)Gij[¢](z;zf)Jj(zf))

with

(—0; + ivOy + Ap(2)) G[¢)(z,2') = 63(z — 2))

Sdet = /dxdyd‘r [—NfTrIn G_l[qb]]

Taking functional derivatives with respect to the sources, the full fermion

Green's function is then given by a path integral over only the bosonic
field:

j ,- w1 |DoG[d)(z,2)e Seltl=Saeld]
(]I Oeses = 816(2,2) == s

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Two-point function of Nf — 0 fermions coupled to
Gaussian scalar

We solve the first order PDE and integrate ¢. This gives

G(7,x) = Go(T,x)exp (I(7,x))

kod kyd k , :
I(7,x) = A\ fd odkxdky GE (ko, kx) G (ko kx, ky) [cos (ikoT — ikyx) — 1]

(2)°

— In a large kr theory with Ny = 0 fermions and a Gaussian scalar we
have an explicit way of calculating the fermion two-point function in terms
of the boson two-point function.

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Quenched Limit Results!?

Analytical continuation + Fourier transform gives retarded two-point
function:

1

w — kv + W\f_—vza(w, ky)

GR(UJ, kX) -

where o(w, ky) is the root, within 0 < Im(o) < im, of the transcendental
function:

/\2
47/ 1 — v2

[sinh(o) - crcosh(cr)] + vw — ky — cosh(o)(w — kxv +i0) = 0

19B. Meszena, PS, A. Bagrov, K. Schalm, Phys. Rev. B 94 (2016) 115134
P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Quenched Limit Results - Fermi surface topology

Gr(w, k) x (w— fv*}g)“]/’z Gr(w, k) o (w + k)—l/li

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Quenched Limit Results - v-dependence

1.5

-1.0

~15 ‘ ' i | |
—-1.5 -=1.0 -=0.5 0.0 0.5 1.0 1.5

kz /N2
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Quenched Limit Results - 1-Loop Comparison

20 T 40
Re(GR) R 35
Re(Gh°P) 3 , ;l;
20
15

10

Re(Gr) ‘
Re(GRo%P) fpd- b
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Does this Fermi surface splitting survive Ny corrections?

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Multi-loop cancellation at large kr

Fermion loops with n = 3 or more vertices cancel upon symmetrization in
Luttinger liquids.

Large cancellations also happen at higher dimensions for n > 2 as
Ap, Nf < kr 1 This has motivated us to study the elementary quantum

critical metal model by discarding all fermion loops with 3 or more
insertions.

Nk%. We discard these

>A. Neumayr, W. Metzner, Phys. Rev. B 58 (1998) 15449
P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d

Pirsa: 16110035 Page 28/41



1P| diagrams at order \*:

matrix large N

L. >
¥

quenched approx.

"

exact self-energy

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Large kg effective theory

Integrating out the fermions only keeping 2 vertex fermion loops gives
correction to boson kinetic term:

dwdk? 1

A% N¢k
27V \/vz(kf + k2) + w?

A o
"

-
Iy
R e
A

We can study this “n=2 fermion loop” theory by using this scalar effective
action coupled to fermions in quenched limit, Nf — 0.
At level of two-point functions we have:

Spt St Smy "= "Sper + fim [Sf + Sint] "
Only n=2 loops

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Finite Neke

The two-vertex fermion loop corrected boson polarization is given by

dwdk.dk — xky) —
,(TJX):/\Q/ wd kydky cos(Tw — xkyx) — 1

o3 . 2( 2 12 4 k2 ANy ke |w] )
(27) (iw — kxv)?(w? + kg + kg + 2mv\/v2(kZ+kE)+w?

G(1,x) = Go(T, x) exp(I(7, x))

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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v =1

v is the fermion dispersion at the free fermi momentum, kr.

Neke = 0: All finite v qualitatively the same
Nrke = oco: All v same up to rescaling of coordinates

The v = 1 case is representative of all 0 < v < 1 in the Ngkg extremes
v = 1 gives considerable extra symmetry

= We only study this case

P. Siterskog 2-point functions of Q. Crit. Metal in 2+41d
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Real-space solution as a series

f (fA\/kaF/(27r)3v 9) ~ > ~Mn
'(r.0) = v/ Neke/(2m)3 | A nzzjl "

7w 2ef(—1)T (%) [sin(6)] 2
B 72(3n—1)r(—+1)r(1+T3")

. (2F1 (”;3, 22 cosz(())) (n+1).
- cos?(6)((1 — 3n) cos(8) — i(n + 1) sin(0))

JFy (”j L ”; L2 cos2(9)) 6((1 — 2n) cos() — isin(d))))

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Intermezzo: Low energy approximation
A small N¢ limit keeping Landau damped boson correlator has been used
for the same calculation before. 10 17 18
|2 / dwdk,dk, cos(Tw — xky) — 1
" Y (i — k)2 (3 + ke

V2|ky|

T, X) = ! XP| — a
&) zﬂa—vﬂep( W%VHJW@&VV”)

where the length scale /y is given by

/3 _ 3v/3(2m)?/3v2/3(Nekg)!/3
T )

They did not present a momentum space correlation.

1%L, B. loffe, D. Lidsky, and B. L. Altshuler, Phys. Rev. Lett. 73 (1994) 472
7B. L. Altshuler, L. B. loffe, and A. J. Millis, Phys. Rev. B 50 (1994) 14048
®W. Metzner, C. Castellani, C. Di Castro, arXiv: cond-mat/9701012 (1997)
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Intermezzo: Low energy approximation

Fourier transforming the real space fermion correlation function gives:

1 w
———— COS
iw — kyv vig 2 (w/v + iky)3/2

g (w, kx) =

6v/3il (%) w?/3 5 4 w?
871'/0/ v3/3(w/v + iky)? 4lov?(w/v + ik)
N 3V3il (—3) w3 . (1 w? )
172 it A .
87r102/3v7/3(w/v + iky)3 4lov2(w/v + iky)3

Manifestly holomorphic in upper half plane, but problematic...

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Intermezzo: Low energy approximation

The spectral function is negative close to the singularity

100000

50000

o
~
‘\
_—

~100000 L ' !
0.98 1.01
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Numeric procedure

~ 1 month cluster time

9C

[

Si(01) J1(62)

S
J2(01) f2(02) - pglr;1nomials>

Polar grids of f(7,0;)

Truncated to double precision

High precision complex
numbers, ~10* digits/coef.

~ a couple days cluster time

-

] [

G(w, ks) — Gir(w, k,) @K G(7,7) — Gin(7,)
G/(w, k;) <Combine < + + splitd G(7,x) ( .

Gir(w, k.)€ Analytic Fourier < Gir(7, 1)

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Exact fermion two point functions at large kr

)Nz MImG(w, k.), Nykp = 0.01(27)322 MImG(w, k. ), Nekp = 10(27)% X2

T T T

MImG(w, k,), Nk = 0(27

2

- =0

- = 0.01(27)*A?
- = 0.1(2m)* A2
- = 1(2m) A2

- = 10(2m)3 A2

[=:]
(=1

[
(=]

Im(E(w, ko)) /A

Nykp = 100(2m)3A? ]

—40

= i s 1

6 L | 1 I L I
—0.20 —-0.15 -0.10 —0.06 0.00 0.05 0.10

ko /A2

L 0 - L
0.16  0.20 -0.20 -0.15 —0.10 0.00  0.05
ko [N
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Momentum distribution function

0
. / dwA(w, k)

— 00

Fermi-liquids have a ny -discontinuity at the fermi surface.

T T . T T T
1.0 o ‘ : ‘ Nykp = 100(27)°22 |
; 3 : Nikp = 1(21)2\2
0.8 | | Nikp = 0.01(27)°2% |
: : Nikp =0

0.6

&
0.4

0.2
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Limits
IR expansion:

Gir(w, kx) = «.=.3\/2’i\"’f“r , : cos i
| iw — ky 2 (w + iky)3/2

6v/3il (3) w?/3 5 4 2
+ 1/3 (3) 1F2 (1;,;' < : 3)+
8l 3 (w + iky)? 6’3" 4lp(w + iky)
3V3il (1) w3 75
273 1F2(1 -, 2
87l (w + iky)3 63
A
2 e3V2mNrkg _ : for small w and fixed k,
Iw — kx — LRPA

A
~ 031;"2‘:L Nf k}_ 1

. wz
" dlo(w + ikye)3

o for small w and fixed k,/w

fw — kx — 3—\/§XRI’A
Large N¢ke-limit:

—iX3sen(w)|w|?/3
S pon (0, k) — gn(w)|w|

(27)2/3V/3(Nrke)1/3

P. Siterskog Non-pert. 2-point functions of Q. Crit. Metal in 2+1d
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Summary

e Two point functions of the elementary quantum critical metal
are solvable in the strict Ny = 0 limit.

e They are also solvable (numerically) when neglecting > 3 vertex
fermion loops for general Nrkr.

@ We can express the fermion real space two point function as a
(converging) infinite series.

e We find the low energy limit is given by the Fourier transform of a
previous result, up to a multiplicative factor.

Next Steps
@ Higher-point functions
@ Explicit N¢-correction through four point function
@ Boson self-interactions through Monte-Carlo methods?

@ Lorentzian correlators. This can benefit from a holographic
approach!®.

1YW. Witczak-Krempa, E. S. Sgrensen, S. Sachdev, Nature Physics 10 2014
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