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Abstract: <p>Experimentalists are getting better and better at building qubits, but no matter how hard they try, their qubits will never be perfect. In
order to build a large quantum computer, we will almost certainly need to encode the qubits using quantum error-correcting codes and encode the
guantum circuits using fault-tolerant protocols. This will eventually allow reliable quantum computation even when the individual components are

imperfect. | will review the current state of the art of quantum fault tolerance and discuss progress towards answering the most important questions
that will enable large fault-tolerant quantum computers.</p>
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Fault-Tolerant Quantum
Computation in the 2 st
Century

Daniel Gottesman




A quantum computer performs computations with single atoms
or other quantum objects and can solve some problems
exponentially faster than a classical computer.

* Quantum bits (“qubits”) have basis states
labelled by 0 and | but can also be in
superpositions or entangled states.

* A quantum computation is built up of
individual components called gates, which
include both quantum versions of classical
gates and some new purely quantum gates.

Qubits are inherently more sensitive
to noise than classical bits:
[ * They are very small.
* Quantum states are susceptible
‘ to decoherence when the
environment learns about the

state of the system.
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Suppose Alice wants to send qubits to Bob, but errors in
transmission are an issue. A solution is quantum error correction.
Alice encodes her qubits using some extra qubits so that any
errors can be identified and corrected.

Errors

D

\ e’/

Error correction is useful for transmission, but it assumes that
Alice and Bob have perfect quantum computers. Also, we need to
know how to perform gates on qubits while they are encoded.
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A fault-tolerant protocol solves these problems: It allows
computation reliably even when individual gates have errors.

Progress in the 20th century:

e Quantum error-correcting codes
* Fault-tolerant protocols

2 © ©® © O
* Transversal gates |
* Magic states

* Fault-tolerant error correction ® & @ @
* Topological fault tolerance |
* Threshold for fault tolerance

” ™
Threshold theorem: If the error rate per gate and time step is

below some threshold value py, then reliable quantum
computation is possible with overhead which is a polynomial in

the log of the size of the computation.
. o
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The earliest estimates of the threshold were 10 or so (| error

per | million gates). Better 21st century protocols show that it is
much higher:

* With unlimited overhead and a straightforward type of error,
simulations show that it is perhaps 5%. [K04]

* Proofs show the threshold is at least |0-3. [AGP07]

* More realistic protocols still appear to have thresholds around

0.7%. [RHO6]
These numbers are for the
depolarizing channel, where all
single-qubit errors are equally
likely. However, we know that
there is still a threshold for much
more general kinds of errors,
including many non-Markovian
errors. [AGP05]

Page 6/22



Pirsa: 16100048

The earliest estimates of the threshold were 10 or so (| error

per | million gates). Better 21st century protocols show that it is
much higher:

* With unlimited overhead and a straightforward type of error,
simulations show that it is perhaps 5%. [K04]

* Proofs show the threshold is at least |0-3. [AGP07]

* More realistic protocols still appear to have thresholds around

0.7%. [RHO6]
These numbers are for the
depolarizing channel, where all
single-qubit errors are equally
likely. However, we know that
there is still a threshold for much
more general kinds of errors,
including many non-Markovian
errors. [AGP05]

Page 7/22



Pirsa: 16100048

We know there is a threshold for coherent and non-Markovian
errors, but the numerical value that comes out of the proofs is
quite low, perhaps 10-'0 error probability for a strict accounting.
These types of errors cannot be simulated efficiently (on a
classical computer): Is the low threshold real or an artifact of the
proof?

The potential source of the
problem is that error amplitudes
could add up coherently, causing
error probabilities to grow
quadratically.

Prob. = (30)?2 = 962,

But if the FT protocol prevents this
coherent buildup, errors only add
linearly.

This is an open question.
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Surface codes are a prime candidate for large-scale fault tolerance.

[DKLPOI,RHO6]

Qubits are
encoded as
lattice defects

To move a defect,

we rearrange the
local constraints

To perform

That is, we deform through a series
of topological codes, eventually
returning to the original code. By
doing a topologically non-trivial
path, we can do an encoded gate.

gates, we move
the defects

Eventually, the
defects return
to their starting
¥ location

- -
- ()
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The main challenge in a fault-tolerant gate construction is to avoid
excessive error propagation, where one gate error can cause
multiple qubit errors in the same code block.

®@ © —9® 6—9® @ | ©ad Onegateerrorcan
. ruin two qubits.

The simplest kind of fault-tolerant

transversal gates, which line up |
qubits from different blocks of a 0O O O O 0O
quantum error-correcting code. |

gate constructions are known as T T <|-) (|) (I)

However, it is not possible to get a full (universal) set of gates with
just transversal gates, [EK08] so we need more complicated
constructions to complete our set of gates.
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One construction uses magic states. [S96,GC99]

Imagine we want to do a gate U.

First teleport, then do U:

|‘I’> Bell Measurement

2 classical bits
00) + [11) \

P—Ur— Ul
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One construction uses magic states. [S96,GC99]

Imagine we want to do a gate U.

|‘|’> Bell Measurement

2 classical bits
00) + [11) §Q§§§h

U uput U )

We could do U before the Pauli P, but then we will need to do a
different operator UPU' instead of P.
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One construction uses magic states. [S96,GC99]

Imagine we want to do a gate U.

Bell Measurement

state

Magic 100y + |11)
\i\)

UPUt U |y)

We could do U before the Pauli P, but then we will need to do a
different operator UPU' instead of P.

For some gates U, UPUT is simpler. We can then do U using a
special magic state I®U (|00) + [11)).

Pirsa: 16100048 Page 14/22



Making magic states can be difficult. VWe want a magic state
encoded in the QECC, but we don’t have a fault-tolerant way to
do U without the magic state. Instead, we create many noisy
copies of the encoded magic state in a non-fault-tolerant way and

then use magic state distillation. [BK04]
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Multiple noisy input
magic states
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Distillation can be a very inefficient procedure, so one line of
current research is to make more efficient magic state distillation
protocols. [BHI2]

* We need to better understand magic state distillation and
the gates for which magic states are used.
* We can set bounds on the performance of distillation by

developing a resource theory to quantify magic.
[VHGEI3,HCI6] _
®@ @ ¢ © @ @ @

Alternatives to
magic states:

(
@ @ ®© © O

* Subsystem codes [PRI3,B13]
* Code switching [FMMCI 1, ADP14,BZHJLI5]
e Concatenation [JL13]

* Non-transversality [YTCI6]

Alternatives have costs too (e.g., worse codes). VWhat is the best?
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Quantum error correction has been experimentally demonstrated,
[KLMNOI,NMM+14,CMS+14] but a full fault-tolerant protocol has not.

We can expect a demonstration to be coming within the next few
years.

Q:What is the smallest FT experiment?

A: 5 qubits, using a 4-qubit error-

detecting code plus | extra “ancilla”

qubit. . 3

Qubits arranged
in a circle

Q:What does it mean for a small system
to demonstrate fault tolerance?

A:The error rate for encoded circuits should be lower than the
error rate for unencoded circuits for all circuits in some family.

[G16]
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Perhaps fault-tolerant experiments can help answer some
theoretical questions:

* Can we build a quantum computer? There are still some
skeptics out there whether it is possible even in principle. In
practice, is this system good enough?

* What is the threshold for coherent or non-Markovian

errors! Experiment can’t answer this in general, but it could
answer it for the types of coherent and non-Markovian errors
that appear in real systems.

We need a way to extract from
experiments a quantification of errors

handled well by FT and errors handled
poorly by FT.
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How small can the overhead be?
Answer: Arbitrarily small constant™ ) [GI3]

The trick to improving overhead is to
use codes that encode many qubits per
block in an efficient way. There is an
analogous but easier result for

\ communication, where you can achieve

N\
-

\ arbitrarily small logical error rate for
\\\‘ constant physical error rate and constant

overhead.

However, not just any efficient code will do. In order to have a
fault-tolerant protocol that doesn’t sacrifice additional overhead,
we need to use an LDPC (low-density parity check) code.

* For error rates below a threshold. LDPC code sold separately.
Not available for all implementations. Additional restrictions may
apply. If errors remain, apply another fault-tolerant protocol.
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LDPC codes are quantum error-correcting codes with two
additional properties:

* Each constraint involves only a constant number of qubits
* Each qubit is in only a constant number of constraints

Surface codes are an example of LDPC codes.

The advantage of LDPC codes for fault
tolerance is that to perform error correction,
one only needs to touch a small number of
qubits. There are fault-tolerant methods of
error correction for many other codes, but
they generally involve lots of extra overhead.
An LDPC code does not need that.

In order to get low overhead, we should work with LDPC codes
which encode qubits at a high rate.
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There are a few existing families of

codes (including “hypergraph product
codes” and surface codes on hyperbolic
spaces) that work for this low overhead
result, but none is perfect.

Either they are only so-so at correcting
errors, or we don’t know how to efficiently
determine the error from the data
collected by measuring the code.

Another drawback:This result doesn’t kick in except for
very large computations. Qubits are expensive and we
would like a way to save overhead in the near term.
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ZApplications to other areas of physics, e.g., top. order & AdS/CFT )

f
The perfect fault-tolerant protocol:

* Better codes that allow efficient
use of qubits with rapid decoding
and with high error tolerance.

* Better gates that require few extra
qubits to perform fault tolerantly.

* Do this with minimal connectivity, -
for instance in 2-D system:s.

Experimental progress:

* Low gate error rates, allowing a wide variety of possible FT
protocols.

* Methods to evaluate error interaction with protocols, allowing
extrapolation & answering theoretical questions.

* A working large-scale quantum computer.
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