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Abstract: <p>PainlevA© equations can be obtained both from time-dependent classical Hamiltonian systems and from isomonodromic deformation
problems. These realizations lead to a precise matching between PainlevA© equations and Hitchin systems associated to four-dimensional N=2
SQCD as well as Argyres-Douglas theories. Long-time analysis of the PainlevA© Hamiltonians dynamics allows to extract the unrefined
"Instanton” partition function for these theories at all strong-coupling points</p>
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Painlevé equations and Hitchin systems

in four dimensional N = 2 theories

Antonio Sciarappa
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Pirsa: 16100036 Page 2/55



|’»_\' reversing the reasoning, obtain Z .. at strong coupling:

series solution around t ~ oo for (all) Painlevé m-functions

strong coupling (A ~ o0) expansion of (“dual™) partition function Z e
of four-dimensional N = 2 Sl

2) SQCD and Argyres-Douglas theories
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Later developments (Lax pair formulation, analysis space initial conditions)

led to a refinement = 8 equations, related ||A\' r‘uulffur nce:.
PIIT,
PVI > PV > » P11 » PIII:
PV eg S ’
PIV = PI
PllgN

PIIT /PVgee and PI/Pllpn: same equation, different Lax pair (see later)
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First hint: there is a similar confluence diagram in 4d N = 2 gauge theory

SU(2)4 SU(2)a — SU(2)a — SU/(2)4 SU(2)o
o S SU(2)4 ) )
'l i’f d
Ho - ”] » Hy
1

Sometimes, different class & and brane realizations; SU(2)2 example:

NS5 NS5 NS5 NS5
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Painlevé l'¢|ll.‘llinlir~ - first realization

Painlevé equations can be written as classical Hamiltonian systems
:/q N r'!'H,,qq./J:f} {/IJ - (J'H,,(q.p: t)
lt - f')p . (t - r‘)r{

with time-dependent Hamiltonmian H, (1) (a =1, ..., VI)

We can study time evolution of H, (1) = new 2 order, degree 2 ODE:

e o-Painlevé equations: ODEs satisfied by

oga(t) o< Halg(t), p(t):t)

e 7-Painleve equations: ODEs satisfied by 74 (1)

d
ga(t) x — In7e(t)

(

The 74(t) function is the one which usually enters in physical problems
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Painlevé l'¢|ll.‘llillllr~ - first I'I‘Illi/iifjf>ll

Painleveé equations can be written as classical Hamiltonian systems
ch - r'f'H,,M{./J:fll r//) N (U—[,,(-;.p:f}
dt p Coodt dq

with time-dependent Hamiltonian H, (1) (a =1, ..., VI)

We can study time evolution of H,(t) = new 27 order, degree 2 ODE:

e o-Painlevé equations: ODEs satisfied by

oa(t) o Halqg(t),p(t): 1)

e 7-Painleve equations: ODEs satisfied by 7, (1)

d
ga(t) x — InT7e(t)

(

The 74(t) function is the one which usually enters in physical problems
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Example - PIL: ¢ = 2¢° +tq+ a

e oyi(t) function / Hamiltonian:
[ 9 l
on(t) =Hu(t) = 5p° — (r/“ + ,,);f— (” + .,)f/

o o-PlI equation:

<2 _ o . 3 ] 12
(Ti-l — B(TI[ (o171 — fr‘r”] - I(Tiil + _] (” " :>

.2 : Der2 )
I':.\.‘ll]]]!]l' - I]lllj{: f-!l; — L - ! 4 -ll{ R
qg t 12
® o1, (1) function / Hamiltonian:
onig(t) = tHn(t) =p°q¢° —q— -
(

e o-Pllls equation:

)© = d(o1114)” (O1114 = tO111, ) — 401114

'(/(“-f”:{
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Painlevé equations - second realization

1'u1\||t Vi "<[‘|.‘11in|1:- ;IIHH arise ihl'nlll Isomonodromic deformations

ul' )\I\'.‘ﬁli‘]llﬁ |||' lil'r-f 1I|'(l(‘|' /HH:H' ()])}': \\'il[l l';lTit:]l;ll 1‘1|{'“i("]l'111.‘-
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Painlevé equations - second realization

Painleve equations also arise from isomonodromic deformations

IiI' )\I\'.‘ﬁli']llﬁ ni' lil'hf (II'(I(‘]' /HH:H' ()])I': \\'illl l';ITitall;ll 1‘1|{'“i("]l'111:-

Consider a 2 x 2 system of linear ODE:

d
—WP(z) = A(2)¥(z2)
rf'.
where = € (v, and the matrices W (z) € GL(2.C), A(z) € sl(2,C)
n () (=) v .
\( ;:T{ — ];_H with  AY(2) =) A (z —2,)™
y=1 \* T ) i=0
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Painlevé equations - second realization

Painlevé equations also arise from isomonodromic deformations

IiI' )\I\'.‘ﬁl(‘]llﬁ ni' lil'hf (II'lI(‘I' /HH:H' {)] )i \\'il ll l';lfit:]l;ll t‘in{'ili('il'lllh

Consider a 2 x 2 system of linear ODE:

d _
—\W(z) = A(2)W¥(z)
rf'.
where = € (v, and the matrices W(z) € GL(2.C), A(2) € sl(2,C)
n l”"t‘) "y
Az) =) ————  with A=Y AV (z = )™
Jf]{'_"'] i=0
A ]mi111 = 2, can be
e regular: A(z) llill:lllll:l']lhit' at 2. = U llnlnlllnl'pllil' at z.
e regular singularity: z, = z,, r, =0 = ¥ branch point at z,
e irregular singularity: 2z, = 2z, 1, 2 1 = ¥ essential singularity at z,

Pirsa: 16100036 Page 12/55



Pirsa: 16100036

T / () .
Near a regular singularity =AY (take .'l” c||:1;_g:nl|.'1l)

() .\."IIIII"—'_',-}
\[; ~ ll;‘ ( 0 )

> )¢

Moving around a regular singularity, W acquires monodromy:

W — WAL, ., M, monodromy matrices
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\
1

Near an irregular singularity z, (take all A v diagonal)

(1 (e (%> ) " ]_ L ‘ N m
A~ \[1}' (=)0 In(z=zv) 2 =1 7w Am ‘v
Stokes phenomenon: asymptotics W depends on the region € Cly
U, v,

Crossing a Stokes line, W _ill]ll[).\':

()
W 1 = WS N

‘k";‘r‘:‘ Stokes matrices

Page 14/55



How do Painlevé equations arise in this setting?

e Choice of A(z) = fixed .U;, H;‘_I‘ matrices

e Choice of M, / )‘*;‘\m — many-parameters family of A(z;1)

{ . A . . o . I cr\V
[somonodromic deformations of A(z:t): deformations t preserving M, /S;”’

Example: A(z:;1) with 4 regular singularities at 0, 1,#, o

[somonodromic deformation: variations of ¢ which do not change A,
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l-parameter case: deformation by ¢t of A(z:t) is isomonodromic if

d
\U(z:t) = B(z: )W (z:t)
(t

where B(z:t) € sl(2.C) is determined in terms of elements of A(z:¢)

Pirsa: 16100036 Page 16/55



l-parameter case: deformation by t of A(z:t) is isomonodromic if

d
W(z:t) = B(z:t)W(z:t)
(lt

where B(z:t) € sl(2.C) is determined in terms of elements of A(z:¢)

All in all, we have an overdetermined system

QW (zt) = A(z: )W (z: 1) ‘
A(z:t), B(z;t) Lax pair

OW(z:t) = B(z: )W (z:t)

= Wy, equivalent to

Compatibility condition W,

hA(z:t) = 0. B(z:t) + [B(z:t), A(z: 1))

Gives a set of equations which reduce to a Painleve equation

Page 17/55
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l-parameter case: deformation by t of A(z:t) is isomonodromic if

d
-\P(z:t) = B(z: )W (z:t)
(t

where B(z:t) € sl(2.C) is determined in terms of elements of A(z:¢)

All in all, we have an overdetermined system

D W(z:t) = A(z: t)W(2:t) )
A(z:t), B(z:;t) Lax pair
KWW (z:t) = B(z:6)¥(2:t)
Compatibility condition W, = Wy, equivalent to

K A(zit) = 0. B(z:t) + [B(z:t), A(z: 1))

Gives a set of equations which reduce to a Painleve equation
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l-parameter case: deformation by t of A(z:t) is isomonodromic if

d
—\U(z:t) = B(z: 1)U (z:1)
(lt

where B(z:t) € sl(2.C) is determined in terms of elements of A(z:¢)

we have an overdetermined system

All in all.

D W(z:t) = A(z: )W (2 1) )
A(z:t), B(z:t) Lax pair
KWW (z:t) = B(z:t)W(2:t)
Compatibility condition W,, = Wy, equivalent to

HA(z:t) = 0. B(z:t) + [B(z:t), A(z: 1))

(s1ves a set {;1'1'<]1|:|t'1n|1.~« which reduce to a Painleve equation

| regular singularities: PV: 2 regular. 1 irregular: ..

PVI:

Page 19/55
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Example: Lax pair for PII

o 2+ p+t/2 iz — q)
_1:.11}+1-ll+:~-l;‘ — o : | o : ‘
- —=(pz+0+pq) —(z“+p+t/2)

Compatibility conditions:

0w = —qu f)' =P + r/2 +t/2 }‘-' = *‘_’jni — @
. . 9 |
— [‘{-I:l'nllll('l' the P11 1'(]|l.‘|fln|1 q= _’f{ + qf T ¥
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Example: Lax pair for PII

o 2+ p+t/2 w(iz — q)
_1:.11}+1“l+:~-l;‘: o : | o : ‘
- —=(pz+0+pq) —(z*+p+t/2)

Compatibility conditions:

U = —qu f)' =P + r/2 -+ f_’ . [‘-' = *‘_’jn; — @
. . q |
—_ [‘{-I:l'nllll('l' Tllt- l’” 1'(]Il:|11(1|1 q = _’f{ T tﬂ -T- , —

Remark: the trac

L. .9 o t*
5IrA” = A t2® — 202 4+ 2001 (t) + 1
enters in the familiar #{ SW curve: _u'“' = 2% + 4¢2? + 2mz + u
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Example: Lax pair for PII

o 2+ p+t/2 u(z — q)
A=Ao+z2zA1 4+ 2°As = ., . | o : ‘
7:7””.'+”+‘”‘” —(2°+p+1/2)

Compatibility conditions:

Uw=—qu , q=7p +r{2 +t/2 , p=-—-2pqg—10

— I'eDIOC Y ) o P o atio = 3 4 4+ - —
— reproduce the PII equation § = 2¢° + ¢t 5 0
Remark: the trace
L 2 ! 2 ot
STrA” =2 + 827 — 202 + 2011(t) + l
enters in the familiar H; SW curve: 42 = 2 + 4¢22 + 2mz + u
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Hices bundle limit

[ntroduce a scale k by rescaling parameters and time (t = Ty + xT)

kO (z:t) = A(z: )W (z: t)
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Hiees bundle limit

[ntroduce a scale k by rescaling parameters and time (t = Ty + x7T)

KW (z:t) = A(z: )W (2 t)

As v — 0 study system near time 7o

Y

e Connection A = one-form A € Q1 (¢ o.n,sl(2,C))
L ”i'.,';;.\ bundle, hl)l't'I!'.’ll curve

L
det(y— A) =0 = y° = - [rA
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Hices bundle limit

[ntroduce a scale k by rescaling parameters and time (t = Ty + xT)

kO, W(z:it) = A(z: )W (z: t)

As v = 0 study system near time 7o

Y

e Connection A = one-form A € QMY (Cy .. sl(2,C))
L ”i';;;h bundle, hl)l't'“'.’ll curve

9 L

det(y—A) =0 = y° = 7||-_\"

k — 0: Painlevé connection v, — A == Painlevé Higes field A:

r # 0: Higgs field = connection via isospectral /Whitham deformations;

hints towards relation to Hitchin systems
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Hiees bundle limit

[ntroduce a scale k by rescaling parameters and time (t = Ty + xT)

KW (z:t) = A(z: )W (2 t)

As v — 0 study system near time 7o

~

L))

e Connection A = one-form A € QY (Cy .. sl(2.C

e Higgs bundle, spectral curve

[,
det(y—A) =0 = ’r;“:jlr_\

k — 0: Painlevé connection v, — A == Painlevé Higes field A:

r # 0: Higgs field = connection via isospectral /Whitham deformations;

hints towards relation to Hitchin systems
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Physics background

-

How do Painleve equations appear in 4d N = 2 gauge theories?

Study Coulomb branch B == Hitchin system (torus fibration over B)

6d N = (2,0) An -1 theory on F.:; x -L",}{ X ( '!I.n

‘ on ('_,',‘,, (twisted)

ld N = 2 theory on R x ."\'}f

']
} O]l ."!H

3d _.\-'- = 4 fllt'tll'l\' 01l }.:{Z

a-model with hyperkihler target My
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.I.H see lllih. reverse 1||l‘ ll]‘tl!'l‘ Hll 1'“!11]!:1:‘1ili(‘.’lTiHlJ

6d N = (2,0) Ax—1 theory on R* x Sk x Cy.p
Jon s
5d N =2 SU(N) SYM theory on R? x (';;_u
‘. on C'y n (twisted)

3d N = 4 theory on R*:

a-model with hyperkihler target My

[n this setting

- ' . . . . , s . . -
Mpy = {5d BPS configurations which are Poincaré invariant in R}

= {moduli space of solutions Hitchin equations associated to €'y , }
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.\ltll'1' In tlt'1.‘|i]. _'\/1}[ 1S fllt' [[|ln]l1|1 space of hllllltillllh uil I|1|‘ t'{llt.‘|1]|.||,~;
I +lljl_]€.r"-_.r'-_] —N
D:p, =0 mod

/)_r ;= ()

with prescribed singular behaviour at the punctures of Cy p,
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_\lnl'(' n tlt'1:|i]_ _'\/1” 1S 1l|t' [[|ln]l]|i space of hl:llltillllh uil I|1|‘ e'{1||:|1]n||.-'

F.s ‘1‘/?’._]{{-_.,'-_] = ()
D:p, =0 mod
/}-_r ;= ()

with prescribed singular behaviour at the punctures of Cy p,

* . rc,]”[)li-x coordinate on ( ',J_,j

e A.: reduction to C'y , of the Hd vector field (F%: field strength);

e .. complex adjoint scalar from the 5d ones ((1,0)-form after twist):
e two types of singular behaviour at the puncture z = z,:
,"“—’_—' (regular) ol ,"dﬁ (1Irregular, 7 )

and hilllil;ll‘ll\' for the other fields
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My hyperkihler = complex structure determined by choice ( € CP!

)

e ( =0: My — moduli space Higgs bundles (Ds. Rp.)

e (& Ol ,‘\/l” — moduli space flat connections T = I—.',' + D + /}'gr

q

]

e ( =o00: My — moduli space anti-Higgs bundles (D., Rp:)
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_\lul'(' i]] tlt'1:|i]_ _'\/1” .[.\ Tllt' [[|ll11lili ,‘wl).‘ll‘(‘ ni‘ hllllltillllh uil I|1|‘ !'{1I|;|1]lb||.-'

I ‘{*llj[rr] = (J
D:p, =0 mod
D:p:

with prescribed singular behaviour at the punctures of Cy p,

e . ('u]ll[)il'x coordinate on ( 'f.f.fi

e A.: reduction to ( ‘”_” of the 5d vector field (F.: field strength):

e .. complex adjoint scalar from the 5d ones ((1,0)-form after twist):
e two types of singular behaviour at the puncture z = z,:

-~ l ( . . . ~ l . g . .

Pz N _—' (Il'f_'_llliill ) Pz M ﬁ (llll‘gllli1l. ! - I)

and .\illlil;ll‘l.\' for the other fields
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My hyperkihler = complex structure determined by choice ¢ € CP!
e ( =0: My — moduli space Higgs bundles (D:, Rp.)
e (e C”: My — moduli space flat connections V = ﬁ, + D+ ng

S

® ( = OC: -'Vlu — moduli space nltti-“iggh bundles ('f);. /i’,ﬂ-]

[“LL}_L.\ bundle = i[tll"_;l'.‘ll)]l‘ systemm of 4d \- = 2 1]]:‘1;[‘.\'
e Hamiltonians «— 4d Coulomb branch moduli «*:
e spectral curve «— Seiberg-Witten curve (curve in T%Cy )

0 |

) =0 == y° =-="TIr

(it‘[(;[ -

=
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1 : . ~ ol
My hyperkihler = complex structure determined by choice ¢ € CP
® ( = 0: .\/1” e ]IIn(iIlli space [].l_‘_".'_'\.‘*w |1|[[|<1|:'r~ [/)_:,l}'r'_i_)
e (€ C™: My — moduli space flat connections V = ﬁ, + D+ Ry

G

o ( =00 My — moduli space ;1llti-]liggh bundles (D.. /i’,%-l

Higes bundle = integrable system of 4d N = 2 theory

2 ”Jil[lih(llliil]]h — |(| ('u|||<rlll|; |1|‘;|]|(‘]| [||(n]|l|j wte
. t‘-|:l'{‘!l'il| curve <—— Hc-'[|u-]';;—\\"l|t:-]| curve (curve in [ ( '”_”}

2 [
(]t‘[(;,r —-@z) =0 —— Yy = = Iy 2

Painlevé Higgs bundles (v = 0) <= Higgs bundles SQCD, Argyres-Douglas

e Painlevé spectral curve «+— Seiberg-Witten curve

det(y —A) =0 = det(y—p.)=0

T~ =~

e Painlevé Hamiltonian H «—— 4d Coulomb branch modulus

(|
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Painlevé connections (k # 0) < oper limit connection ¥V = £ D <+ D + fn'gr'
g

T’ —_— hé). — Vol —— K. — A

l)!lf r

Oper limit: B — 0, ¢ = 0 keeping (/R = h fixed

Painlevé isomonodromic problem | N = 2 theory Hitchin system
Painlevé connection kd, — A oper hd. — o
overall scale x oper parameter h
Painlevé time ¢ gauge coupling A
Painlevé o-function (Hamiltonian) Coulomb branch parameter u
])Jlillll'\'l" ['I't't' |);1]':|1111'It'l'.- 111ASS0S \.‘ = 2 T]ll‘lll'.\'
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Painlevé connections (k # 0) <= oper limit connection ¥V = £ 0+ D + R( 5
g

VvV — hi)., — D2 & KO, — A

oper

Oper limit: B — 0, ¢ = 0 keeping (/R = h fixed

Painlevé isomonodromic problem | N = 2 theory Hitchin system
Painlevé connection ki, — A oper hd. — p-
overall scale x oper parameter h
Painlevé time ¢ gauge coupling A
Painlevé o-function (Hamiltonian) Coulomb branch parameter u
]':li]llt'\'l" ['I't't' |);11':|1111'It'l'.- 111ASS0eS \.’ = 2 T]ll‘lrl'.\'
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['wist fields can be realized in terms of fermion bilinears

0., = exp (/ III‘[.‘,l‘:l":.}l.'ll]'/!/) , Jga = r‘,u‘,. sl(2)1 current
J L

1

i : . . 2 T ()2 A (v)
with conformal dimension A, = 67 = Tr(Ay")", +60, eigenvalues A

PVI 7-function realized as

vi(t) = (000 010)

Need to consider the ¢ = | four-point conformal block
A, Ay

Ao,
Ao Ao
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Remark: subtlety with dimension Ag,,

e ,(2): monodromy M;My around fields in the OPE OyO,

.._'ilv‘-‘ . . " -
=€T0t he eigenvalues of My My: oo defined up to n € 4

] I.(‘[ (
e Expect infinitely many primaries in OPE OoO¢ with As,, = (o0t + n)

rvilt) will involve linear combination of conformal blocks
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‘ 2winngy N p= ~
r\']”):?'- j’/_\:.{k IIU.”’|”+!ILI}

nez
Dictionary with N’ = 2 SU(2) Ng = 4 theory:
e ¢ =] = ¢ = —¢9 = ¢ (overall scale, analogue of f-'_,"/,' e C”
- : : 2 2,2
e conformal dimensions #; «— masses m;, /e
e first Painlevé integration constant oo, +— Coulomb parameter a/e
e second Painlevé integration constant 7o, +— dual parameter ap /¢
e time variable t ~ 0 +— instanton parameter A/e (weak nnl])lill};)
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‘ 2m 0t 2N p N
) /T\l_’ inn r/.\:.{k ll“_.rT”,. 4+ n:t)

nez
Dictionary with N = 2 SU(2) Ng = 4 theory:
e ¢ =] = ¢ = —eg = € (overall scale, analogue of x/h € C”
- : : 2 2,2
e conformal dimensions #; «— masses m;, /e
e first Painlevé integration constant oo, +— Coulomb parameter a/e
e second Painlevé integration constant 7o, +— dual parameter ap /¢
e time variable t ~ 0 +— instanton parameter A/e (weak nnl])“ll};)

['.tlI[lJ\'\'i]]IL" COAleSCeLC tli.’!gl';il[l. obtain small t series for ™V, TI1lys TIllgs TIIIg-
TV, Tl s Tl THIg (P~ 0) | &  SU(2) Np =3,2,1,0 (A~ 0)

[[".Xjﬂ.\ bosonized version in ¢ = | l,illl[\'i”l‘ ('ll )
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What about 71, 711, 7iv functions?” No instanton expansions. . .
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l‘:X.‘lI]]]:]t'I r-function for PII / .\l'.L:.\‘]'t'H—])HII".;]:Ih [][
Expansion 1: argt = 7, :i:",

() =Y 2T MG(o 4 ns),  4t® = 957

, _3a2 00 _1 _g2.62 g2 . ~ Dy (o)
gf(.fT_,\) = 32 S 12 2 3 1-3 ‘..’(,(l—{—.r‘r} I+Zij
k=1 °
(3402 — 960% + 31)
l’](!T] I)_z(fT}
72
] . ')y.—
Expansion 2: argt = 0, £
rrr(t) = E e2™MNG (g 4+ n,s), 8t = 9s?
nei
ine? _ 2,62 _ 2 () 0 =~ Dy.(0)
G(o, s) it mal it e ¢ Sl (/(1 a -+ )(7( 1 T )) 1+Z ;;
“ “ k=1

i (6802 — 90% + 2)
!Jll:,T) 26 l)l__)[rT)
O

Pirsa: 16100036
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Remark 1: expressions of the form

N P Zvek(0, 0+ nst)

/
e

neZ
already appeared in the physics literature:
e known as “dual” instanton partition function
related to free fermions, quantum cohomology instanton moduli space,
[oda equation, Donaldson-Thomas invariants (but: a quantized: 7);

actually, many “dual” partition functions

e partition function [-brane system: chiral free fermions on Riemann
hlll'll.'u't‘ {i1|||>]'w>('1‘|n|] |)1‘l)€5 lnl‘.‘ll]t'ﬁ'}
related to Donaldson-Thomas invariants, bounded DO-D2-D4-D6

states, D-modules
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Remark 2: Verlinde loop algebra

Our :-,\']:l‘va%]ul[ l'nl' l‘]]l‘ T-!-llllt‘linl] i%\ fill.'l.‘--i-])l‘l'iill“(' i]] 7
2mwin
o+ 1:1) = « T(o:t)

. . )
— lll.’l'_"{il].'1|!'/_t'r~ the operators ¢ ‘
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Differential Painlevé equations are part of a more general story

The list of D

1%11 .‘\_ll’
_1:‘111- .-‘{l:l _'ll_.” -,‘.‘:ll .‘\l-l .‘l_lll _1:1'1; .‘\Tll -"IQ.I]
N N\ I, . —
Ay — A — A L DV (Ve DY (V) = DY (1= DIV (1) DLV (111
N\ T T
EV (V3= ESV (11— E(1)

(1) . . , i o : -
0) A;’ is a boss of Painlevé equations (elliptic Painlevé )

1) The A-series give g-difference Painlevé equations

. (1) e 1)e 1)e, 3:en / 4 :

2) Ay, A o A} *. difference Painlevé (Boalch) corresponding to

((111111,222,33)), [(1111),(1111),(22)], [(111),(111), (111))].
3) Eight in the box are Painlevé differential equations.

0),))rank 1 6d N = (1.0) and 53d N =1 SU(2) Np. =0,..., /

2) rank 1 4d Minahan-Nemeschansky (from a talk by )
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Hd: topological strings and spectral determinants

Sd uplift: spectral determinant approach?
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Hd: topological strings and spectral determinants

Sd uplift: spectral determinant approach?

e (Given a toric Calabi-Yau 3-fold X. consider the mirror X
H'_\'ff z Iw' — C).'\' ("[') —u=0
e Quantize the mirror curve as [r, p| = ih

C),\'[-r'}"] — u — C),\' ("'-I")l‘wn:"' = Un|¥Pn) =€ 7 |Pn)
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Conjecture (tested numerically in many cases):

Ex(ush) =Y explJx(E + 2min; h)]

Fa—
ne

with grand potential Jx = '[,E\l'“ T ‘/}\I\I’. built from topological string
e Non-perturbative (in h) part .l_'\'." = Flunref (from In Zxq at €1 4+ €2 = 0)

E \\I\H 11.‘11‘1 ./k’\']\'” t|=‘|lt'lll|>~ 011 /"‘\s (I'l'nlll lllZV.,; 11 \H [1mit €y = 0)
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Conjecture (tested numerically in many cases):

=x(u:h) = Z explJx (E + 2min; h))

ne

with grand potential Jx = '“\l'“ T -I,k.'\m)' built from topological string
e Non-perturbative (in h) part .l_'\'." = Funref (from In Zxq at €1 + €0 = 0)

e WKB part ./k’\']\'” depends on F'ns (from In Zsg in NS limit €0 = 0)
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Conjecture (tested numerically in many cases):

=x(u:h) = Z explJx (E + 2min; h))

nez
with grand I"'“‘“ti-"l Jx = -“\l-“ T -R‘U\H built from 1:;1)1.|ug_;it'}|| string
e Non-perturbative (in h) part .l_'\'." = Flunref (from In Zxq at €1 + €2 = 0)

o \\I\[i 1:.‘11‘? ./k’\']\'“ t|=‘|n'lll|>~ 011 /"‘\s (i'l'ntll ller‘.,; In \\ [1mit €y = 0)

Many similarities with our 7-functions

,"[f] — Z ) l_.ﬁ”*”z,\'rk“r. a4+ n:t)

nel

e 7-functions of Painlevé equations are Fredholm determinants

e A limit of =g, removing Fns reduces to i,

e 1) missing”
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Hitchin systems 4d N = 2 <= Painlevé isomonodromic problems:
® oper connection fu'i'-_ — Py Painlevé connection ,‘.‘;')._ — A

e “dual” instanton partition function <= Painlevé 7-function

Time evolution 7(¢) determined by isomonodromic deformation condition:

= I s

used to extract strongly-coupled “Z{5; " of Argyres-Douglas and SQCD
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Hitchin systems 4d N = 2 <= Painlevé isomonodromic problems:
e oper connection hd., — p. <= Painlevé connection rvd, — A

e “dual” instanton partition function <= Painlevé 7-function

Time evolution 7(¢) determined by isomonodromic deformation condition:

= I s

used to extract strongly-coupled “Z{5; " of Argyres-Douglas and SQCD
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Hitchin systems 4d N = 2 <= Painlevé isomonodromic problems:

® oper connection /H'i'-_ — Py Painlevé connection ,‘.‘;')._ — A

e “dual” instanton partition function <= Painlevé 7-function

Time evolution 7(t) determined by isomonodromic deformation condition:

used to extract strongly-coupled “ZS5!" of Argyres-Douglas and SQCD

Future directions:
e Argyres-Douglas at superconformal point?
e flat sections: “dual” ramified partition function?
® ¢ F£ |:

7

quantization of Painlevé Hamiltonian?

e -difference Painlevé: relation to non-perturbative topological strings?

Page 54/55



‘|‘ll:llll\;“T

Pirsa: 16100036 Page 55/55



