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S;Iving Partial Differential Equations

Approximately
PSI Lecture, 2016-08-26

Erik Schnetter

Discretization

Basis functions
n-= 4

Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

1
cheb[i , x ] i= If[i =0, —, 1] ChebyshevT[i, x]
V2

2 [*r L2l gx

——
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Approximately
PSI Lecture, 2016-08-26

Erik Schnetter

1. Approximate functions on a manifold
2. Find discrete versions of operatiors (e.g. derivative operator)
3. Solve a PDE (stationary heat equation)

Discretization

Basis functions
n=4

Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

1

cheb[i , x ] = If[i =0, —, 1] ChebyshevT[i, x]
Nz

2 [} -HuL ax

=

chebInt[f ] :=

150% »
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Approximately
PSI Lecture, 2016-08-26

Erik Schnetter

1. Approximate functions on a manifold
2. Find discrete versions of operatiors (e.g. derivative operator)
3. Solve a PDE (stationary heat equation)

Discretization
Manifold: Interval [-1; +1]
Basis functions

n=4

Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

cheb[i , x ] &= If[i =0, , 1] ChebyshevT[i, x]

—
vz

2 r+1—1—]—f X Al
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Approximately
PSI Lecture, 2016-08-26

Erik Schnetter

1. Approximate functions on a manifold
2. Find discrete versions of operatiors (e.g. derivative operator)
3. Solve a PDE (stationary heat equation)

Discretization

Manifold: Interval [-1; +1]

Choose basis

Truncate basis

Represent functions as coefficients for that basis

Basis functions
n=4

Plot [Table [ChebyshevT([i, x], {i, O, n}], {x, -1, +1}]

b ]
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Discretization

Manifold: Interval [-1; +1]

Choose basis

Truncate basis

Represent functions as coefficients for that basis

Basis functions

Keep 4 basis functions:

Inf1)= n = 4

Out[1]= 4

Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

cheb[i , x ] i= If[i =0, —, 1] ChebyshevT[i, x]

V2

2 I“—LLf =L dx

=

n

chebInt[f ] :=

MahlalahahTrnd FTahah @4 1 mhahls 1 &1 Ia N =wn r= N w11 /7 Mabkwi vBDaAavm
150% »
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Discretization

Manifold: Interval [-1; +1]

Choose basis

Truncate basis

Represent functions as coefficients for that basis

Basis functions

Keep 4 basis functions:

Inf1)= n = 4

Oout[1)= 4

Choose Chebyshev functions as basis

Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

cheb[i , x ] i= If[i =0, —, 1] ChebyshevT[i, x]

V2

2 I‘l—I—Lf =L dx

=

n

chebInt[f ] :=

MahlalahahTrnd FTahah @4 1 mhahl< 1 &1 Ia N =wn f=
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DdSI1S TUNCLIons

Keep 4 basis functions:
Inf1):= n = 4
Out[1)= 4
Choose Chebyshev functions as basis

2= Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

A0

05t

Out2= 1 1 1 1
- -1.0 -05 0.5 1.0 I

-05¢

1
cheb[i , x ] 1= If[i =0, = 1] ChebyshevT[i, x]
2

| 150% »/
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In2= Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

A
1

05F

Out[2]'—' 1 1 1 1
-1.0 -0.5 05 1.0

-0.5¢

Chebyshev functions are orthogonal

cheb[i , x ] = If[i =0, , 1] ChebyshevT[i, x]

2
2 J'*':_fliL dx
. .2
chebInt[f ] := o
n

Table [chebInt [cheb[i, #] cheb[j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm

Reconstruction and Projection onto basis

Pirsa: 16080085
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In2:= Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

A0
1

05F

Out[2]= L L L L
-1.0 -0.5 0.5 1.0

-05¢

Chebyshev functions are orthogonal with respect to this integral

chebInt[f ] := I

1
cheb[i , x ] t= I:E[.i =0, "l 1] ChebyshevT[i, x]
2

Table [chebInt [cheb[i, #] cheb[j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm )

Reconstruction and Projection onto basis \

| 150% »
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in2:= Plot [Table [ChebyshevT[i, x], {i, 0, n}], {x, -1, +1}]

4.0
1

05F

Out[2]= L L L L
-1.0 -0.5 05 1.0

-0.5f

Chebyshev functions are orthogonal with respect to this integral

2 [} A gy
1-x2

In(3)= chebInt[f ] :=
n

chebInt [ChebyshevT [0, #] ChebyshevT [0, #]]|

cheb[i , x ] 1= If[i =0, , 1] ChebyshevT[i, x]

V2

Table [chebInt [cheb[i, #] cheb[i, #] &], {i, 0, n}, {i, O, n}] // MatrixForm

| 1s0% »
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Out[2])=

In(3)= chebInt[f ] :=

In(5)= chebInt [ChebyshevT [0, #] ChebyshevT [0, #] &]

out[5)= 2
1
cheb[i , x ] i= If[i =0, —, 1] ChebyshevT[i, x]
V2

Table [chebInt [cheb[i, #] cheb[]j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm

Pirsa: 16080085
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In(3)= chebInt[f ] :=

chebInt [ChebyshevT[1l, #] ChebyshevT[1l, #] &]

Out[5)= 2

1
cheb[i , x ] i= If[i =0, = 1] ChebyshevT[i, x]
2

Table [chebInt [cheb[i, #] cheb[]j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm

| 180% »
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Out[2])=

In(3)= chebInt[f ] :=

In(7)= chebInt [ChebyshevT [0, #] ChebyshevT[1l, #] &]

out[7)= 0
1
cheb[i , x ] i= If[i =0, —, 1] ChebyshevT[i, x]
V2

Table [chebInt [cheb[i, #] cheb[]j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm

Pirsa: 16080085
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Chebyshev functions are orthogonal with respect to this integral

2 J‘_*ll —L]—fl .:2 dx

e

In(3)= chebInt[f ] :=

In[7):= chebInt [ChebyshevT [0, #] ChebyshevT[1l, #] &]

out7)= 0

Define modified orthonormal Chebyshev functions
1 I
cheb[i , x ] i= If[i =0, —, 1] ChebyshevT[i, x]
V2

Table [chebInt [cheb[i, #] cheb[]j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm

Reconstruction and Projection onto basis

n
c2f[cs_] := Function[x, chl[i + 1] cheb|[1i, x]]
i=0
| 150% »
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Chebyshev functions are orthogonal with respect to this integral

2 J‘_*ll —L]—fl ;2 dx

e

In3)= chebInt[f ] :=
in[7):= chebInt [ChebyshevT [0, #] ChebyshevT[1l, #] &]
out7)= 0

Define modified orthonormal Chebyshev functions

1
= cheb[i , x ] = If[i =0, —, 1] ChebyshevT[i, x] |
V2

Table [chebInt [cheb[i, #] cheb[]j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm

Reconstruction and Projection onto basis

n
c2f[cs_] := Function[x, chl[i + 1] cheb|[1i, x]]
i=0
| 150% »
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Chebyshev functions are orthogonal with respect to this integral

+1 _f[x]
2_]:1@ dx

w

In3)= chebInt[f ] :=

In[7)= chebInt [ChebyshevT [0, #] ChebyshevT[1l, #] &]

ou7)= 0

Define modified orthonormal Chebyshev functions
1
Ing)= cheb[i , x ] ¢:=If|i=0, ——, 1| ChebyshevT[i, x]
[ V2 ]

In9)= Table [chebInt[cheb[i, #] cheb[j, #] &],{i, 0, n}, {j, O, n}] // MatrixForm

Out[9)//MatrixForm=

10000
001000
00100
00010
00001

DI\J"AD‘\F"U"IIF“;A'\ ﬂr\rl DHﬂ:f\!""‘:ﬂ'\ ~ e L\F\f";l"
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3= chebInt[f ] :=
T

in[7.= chebInt [ChebyshevT [0, #] ChebyshevT[1l, #] &]

ou7)= 0

Define modified orthonormal Chebyshev functions

g~ cheb[i , x ] &= If[i = 0, g 1] ChebyshevT[i, x]

2
vz
Check orthonormality

in9)= Table [chebInt [cheb[i, #] cheb[j, #] &], {i, 0, n}, {j, 0, n}] // MatrixForm

Out[9)//MatrixForm=

1 0 0 00
001000
00100
00010
000001

Reconstruction and Projection onto basis

n
c2f[cs_] := Function[x, chl[i + 1] cheb[i, x]]
i=0

f2c[f ] :=Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]

150% »
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Define modified orthonormal Chebyshev functions

g~ cheb[i , x ] &= If[i = 0, , 1] ChebyshevT[i, x]

.
\z
Check orthonormality]

in9)= Table [chebInt [cheb[i, #] cheb[j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm

Out[9)//MatrixForm=

10000
001 00O
00100
00010
00001

Reconstruction and Projection onto basis
c2f[cs ] := Function[x, chl[i + 1] cheb[i, x]]
i=0

f2c[f ] :=Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]
cs = Table[c;, {i, 0, n}]
cs // c2f

cs // c2f // £f2¢

150% »
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7] - S
Check orthonormality

in9)= Table [chebInt [cheb[i, #] cheb[j, #] &], {i, 0, n}, {j, 0, n}] // MatrixForm

Out[9)//MatrixForm=

10000
01000
00100
00010
00001

Reconstruction and Projection onto basis

Approximated functions are represented as a vector of basis coefficients

c2f converts such a vector to a function

c2f[cs ] = Function[x, D' esli + 1] cheb[i, x]]
i=0

f2c[f ] :=Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]

cs = Table[c;, {i, 0, n}]

cs // c2f

cs // c2f // £f2¢

150% »
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SOV - S
Check orthonormality

in9)= Table [chebInt [cheb[i, #] cheb[j, #] &], {i, 0, n}, {j, 0, n}] // MatrixForm

Out[9)//MatrixForm=

10000
01000
00100
00010
00001

Reconstruction and Projection onto basis

Approximated functions are represented as a vector of basis coefficients
c2f converts such a vector to a function
inf10}= c2f[cs_] s= Function[x, chl[i + 1] cheb[i, x]]
i=0
inf12)- c2£[{1, 0, 1, 0, 0}] [x]
1 2

ouiz= -1+ — +2X

V2
f2c[f ] := Table [chebInt[f[#] cheb[i, #] &], {i, O, n}]

- L S I re ~ -1
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Check orthonormality

In9)= Table [chebInt [cheb[i, #] cheb[j, #] &], {i, 0, n}, {j, O, n}] // MatrixForm

Out[9)/MatrixForm=

10000
01000
00100
00010
00001

Reconstruction and Projection onto basis

Approximated functions are represented as a vector of basis coefficients

c2f converts such a vector to a function

n
In[10):= c2f[cs_] s= Function[x, chl[i + 1] cheb|[i, x]]
i=0

In[15):= czf[{g, o, %, o, 0}] [x] // Simplify
2

Ou[15)= X

f2c[f ] :=Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]

cs = Table[c;, {i, 0, n}]

150% »
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Reconstruction and Frojection onto basis

Approximated functions are represented as a vector of basis coefficients

c2f converts such a vector to a function

n
In(10)= c2f[cs_] 3= Function[x, ch|[i + 1] cheb|[i, x]]

i=0

Example:

In[16]:= czf[{g, 0, %, 0, 0}] [x] // Simplify
2

Out[15)= X

Project any function f onto our set of basis vectors

f2c[f ] :=Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]|

cs = Table[c;, {i, 0, n}]
cs // c2f

cs // c2f // £f2¢

Derivatives

Pirsa: 16080085
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Reconstruction and Frojection onto basis

Approximated functions are represented as a vector of basis coefficients

c2f converts such a vector to a function

n
Inf10):= c2f[cs_] 3= Function[x, ch|[i + 1] cheb|[i, x]]
i=0

Example:

In[16):= czf[{g, o, %, o, 0}] [x] // Simplify

outf15)= X2
Project any function f onto our set of basis vectors

in16)= £2c¢[£f ] := Table [chebInt[f[#] cheb[i, #] &], {i, 0, n}]
Example

In[17):= £2e[#"2 &]

1 1
Out[1?]= {\/2 r 0, '2" 0' 0}

cs = Table[c;, {i, 0, n}]

s // e2f
150% »
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n
inf10}= c2f[cs_] s= Function[x, ch[[i + 1] cheb[i, x]]
i=0

Example:

In[15):= czf[{g, 0, ;, o, O}] [x] // Simplify

out[15)= X2

Project any function f onto our set of basis vectors

In(16)= £2e[£f ] := Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]
Example

nf17)= £f2c[#"2 &)

1 1
Out[17)= { , 0, . 0, 0}

NF) 2

in(18):= £2e[8Sin]
out(t8}= {0, 2 BesselJ(1l, 1], 0, -2 BesselJ[3, 1], 0}

cs = Table[c;, {i, 0, n}]

cs // c2f

Pirsa: 16080085
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n
in(10}= c2f[cs_] s= Function[x, chl[i + 1] cheb[i, x]]
=0

Example:

V2 1
In[15):= czf[{T, o, E, o, 0}] [x] // Simplify
out1s}= X2

Project any function f onto our set of basis vectors

in(16= £2¢[£_] := Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]
Example

7= £2e[#°2 &]

1 1
Out[17]= {\/2 r 0; '2" 0' 0}

inf18]:= £2c[8Sin]
ou(18)= {0, 2 BesselJ(1l, 1], 0, -2 BesselJ[3, 1], 0}

In(19)= £2c[8in] // N
Out(19)= {0., 0.880101, 0., -0.0391267, 0.}

cs = Table[c;, {i, 0, n}]
150% »
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In[15]:= ch[{\IE . 0, %, o, 0}] [x] // Simplify

ou1s)= X2

Project any function f onto our set of basis vectors

In(16)= £2c[f_] := Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]
Example

n(17):= £2€[#°2 &]

Out[17]={ 1 0 L 0, 0}

V2!
In(18]= £2c[8in]
out(t8)= {0, 2 BesselJ(1l, 1], 0, -2 BesselJ[3, 1], 0}

in19)= £2c[8in] // N
out(t9)= {0., 0.880101, 0., -0.0391267, 0.}

Inf20)= c2f [£f2c[Sin]]

n
Out[20)= Function[x$, Z{O, 2 BesselJ(1, 1], 0, -2BesselJ(3, 1], 0}[i+ 1] cheb([i, x§]

i=0

cs = Table[c;, {i, 0, n}]

Pirsa: 16080085
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In{16]:= ch[{\lj , 0, %, 0, o}] [x] // Simplify

out1s)= X2

Project any function f onto our set of basis vectors

In(16]= £2c[f_] := Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]
Example

n(17):= £2€[#°2 &]

Out[17]={ 1 0 L 0, 0}

V2 '
In(18)= £2c[8in]
out(18)= {0, 2 BesselJ(1l, 1), 0, -2 BesselJ[3, 1], 0}

in[19)= £2c[8in] // N
out(t9= {0., 0.880101, 0., -0.0391267, 0.}

in21]= c2f[£2c[8Sin] ] [x]

out21)= 2 X BesselJ([1, 1] -2 (-3x+4x3) BesselJ[3, 1]

cs = Table[c;, {i, 0, n}]

cs // c2f

150% »
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In{16]:= ch[{\lj , 0, %, 0, o}] [x] // Simplify

ou1s)= X2

Project any function f onto our set of basis vectors

inf16)= £2c[£f_] := Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]
Example

n(17):= £2e[#°2 &]

Out[17]={ 1 0 L 0, 0}

V2 '
In(18)= £2c[8in]
out(t8)= {0, 2 BesselJ(1l, 1], 0, -2 BesselJ (3, 1], 0}

in[19)= £2c[8in] // N
out(t9)= {0., 0.880101, 0., -0.0391267, 0.}

n21]= c2f [£2c[Sin] ] [x]

out21)= 2 X BesselJ([1, 1] -2 (-3x+4x3) BesselJ (3, 1]

cs = Table[c;, {i, 0, n}]

cs // c2f

150% »
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In(16)= £2c¢[£f ] := Table[chebInt[f[#] cheb[i, #] &], {i, 0, n}]
Example
n17)= £2c[#"2 &)

1 1
Out(17)= { y 0, =, 0, 0}

V2 2

in(18]= £2c[8in]
out(tg)= {0, 2 BesselJ(1l, 1), 0, -2 BesselJ (3, 1], 0}

n(19)= £2c[8in] // N
out(19)= {0., 0.880101, 0., -0.0391267, 0.}

In21)= c2f [£2c[8Sin]] [x]

out}= 2 X BesselJ[1, 1] -2 (-3 x + 4 x*) BesselJ (3, 1]

Define generic coefficient

In[22)= ¢8 = Table[c;, {i, 0, n}]

outf22}= {Co, C14 C24 C3, C4q}

cs // c2f

cs // c2f // £2¢

150% »
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out[17)= {\/%, 0, %

in(18):= £2c[Sin]

,o,o}

out8)= {0, 2 BesselJ([1l, 1], 0, -2 BesselJ[(3, 1], 0}

in[19)= £2¢[8in] // N
out(19)= {0., 0.880101, 0., -0.0391267, 0.}

in21)= c2f [£2c[Sin]] [x]

out21)= 2 x BesselJ[1, 1) -2 (-3 x+ 4 x’) BesselJ (3, 1)

Define generic coefficient

In22)= ¢s = Table[c;, {i, 0, n}]

out22)= {Cos C1s €24 C3/4 Ca}

Inf24):= (cs // c2f) [x]

—
Out[24)= i 1 +xcp+ (-1+2%x%) cp+ (-3x+4x%) cy+ (1-8x*+8x) ¢y
V2
cs // c2f // f2c
Derivatives

| 180% »
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out(17)= {\/% , 0, %, 0, 0}

In(i8):= £2c[8in] ]

ou(18)= {0, 2 BesselJ([1l, 1], 0, -2 BesselJ(3, 1], 0} j

in(19)= £2¢[8in] // N ]
out(t9)= {0., 0.880101, 0., -0.0391267, 0.} ]

in21)= c2f[£2c[Sin]] [x] ]

out21)= 2 x BesselJ[1, 1) -2 (-3 x+ 4 x’) BesselJ(3, 1) i

Define generic coefficient |
In22)= ¢s = Table[c;, {i, 0, n}] ]

out22)= {Cos C1s €24 C34 Ca} ]

Inf24):= (cs // c2f) [x] ]

Co

V2

Ines)= cs // c2f // f2¢ I ]

Out[24)= +xcy+ (-1+2x%) cp+ (-3x+4%°) c3+ (1-8x7+8x") ¢y

Outf25)= {Cos C14 C24 Ca, C4q} o ]

150% »
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A[8]= EZC[SINn]

outi8)= {0, 2 BesselJ(1, 1], 0, -2 BesselJ[3, 1], 0}

In[19)= £2c[8in] // N
Out(19)= {0., 0.880101, 0., -0.0391267, 0.}

in21)= c2f[£2c[Sin] ] [x]

ouf21)= 2 x BesselJ[1, 1) -2 (-3 x+4 x3) BesselJ[3, 1]
Define generic coefficient

In[22)= ¢s = Table[c;, {i, 0, n}]

Ooutf22}= {Co, C14 C24 C3s C4q}

Inf24)= (es // c2f) [x]

Out[24]= EE +XCp o+ [—1+2x2) Ccy + (-3x+4x3) C3 + (1—8x2+ Bx"] Cy

V2
In2s)= cs // c2f // £f2c¢

out2s)= {Cos C14 €24 C34 Ca}

This shows that f2c is the inverse of c2f (for this choice of n)|

Derivatives

150% »
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8= E2C[SINn]

outg}= {0, 2 BesselJ(1l, 1), 0, -2 BesselJ[3, 1], 0}

In[19)= £2c[8in] // N
Qut[19])= {OQ' 0.880101’ 0., —010391267' On} I
in21)= c2f[£2c[Sin] ] [x]

ouf21)= 2 x BesselJ (1, 1) -2 (-3x+4 x3) BesselJ[3, 1]
Define generic coefficient
In[22)= ¢s = Table[c;, {i, 0, n}]

outf22}= {Cop, C14 C24 C3, C4q}

Inf24):= (s // c2f) [x]

Co
Out[24)= ——

V2

In2s)= cs // c2f // £2¢c

+xcy+ (-142%x%) ca+ (-3x+4%x>) 3+ (1-8x"+8x") ¢y

out2s)= {Cos C1s €24 C3, Ca}

This shows that f2c is the inverse of c2f (for this choice of n)

Derivatives

150% »
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In[22)= ¢s = Table[c;, {i, 0, n}]

Outf22}= {Cos C14 C24 Ca, C4q}

Inf24)= (cs // c2f) [x]

Out[24)= :;; +XCy+ (—1+2x2) cy + (—3x+4x3] C3 + (1—8x2+8x4] Cy

nes)= cs // c2f // £2¢

outf2s)= {Cos C14 C24 Ca, C4q}

This shows that f2c is the inverse of c2f (for this choice of n)

Derivatives

We need to be able to represent e.g. derivative operators in our discrete (truncated) bases to solve PDEs

dd = Module[{dcs}, dcs = f2c[c2f[cs8]’];
Table [Coefficient [des[i + 1], es[[j + 171, {i, O, n}, {3, O, n}]1];

dd // MatrixForm
dd.dd // MatrixForm
dsin = dd. (8in // f2c) // c2f

Plot[{Sin'([x], dsin[x]}, {x, -1, +1}]
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in2s)= cs // c2f // £2¢c

out2s)= {Cos C1s €24 C34 Ca}

This shows that f2c is the inverse of c2f (for this choice of n)

Derivatives

We need to be able to represent e.g. derivative operators in our discrete (truncated) bases to solve PDEs

Next steps:

1. Take a generic function represented in our basis

2. Calculate its derivative

3. Determine (“read off”) the matrix representation of the derivative operator in our basis

dd = Module[{dcs}, dcs = f2c[c2f[cs]’];
Table [Coefficient [des[i + 1], es[[j + 1]], {i, O, n}, {7, O, n}11];

i
dd // MatrixForm

dd.dd // MatrixForm

dsin = dd. (S8in // f2c) // c2f

Plot[{Sin'[x], dsin[x]}, {x, -1, +1}]
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ines)= cs // c2f // £f2¢

outi25)= {Co, C14 C24 C3, C4q}

This shows that f2¢ is the inverse of c2f (for this choice of n)

Derivatives

We need to be able to represent e.g. derivative operators in our discrete (truncated) bases to solve PDEs

Next steps:

1. Take a generic function represented in our basis

2. Calculate its derivative

3. Determine (“read off”) the matrix representation of the derivative operator in our basis

Generic set of coefficients:

In[27]:= C8

outf27)= {Co, C14 C24 C3s Cq}

In(26):= dd = Module[{dcs}, dcs = f2c[c2f[cs]’];
Table [Coefficient [des[[i + 1], es[[j +1]], {i, O, n}, {3, O, n}]1];

dd // MatrixForm
dd.dd // MatrixForm

dsin = dd. (Sin // £2e¢) // c2f
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Derivatives

We need to be able to represent e.g. derivative operators in our discrete (truncated) bases to solve PDEs ]

Next steps:

1. Take a generic function represented in our basis

2. Calculate its derivative

3. Determine (“read off") the matrix representation of the derivative operator in our basis

Generic set of coefficients: ]

In[27):= €8 | ‘

out27)= {Co, C14 C24 C3,4 Ca} ‘
Generic function: ]

in28):= c2f[c8] [x] |

Out(28]= j; +xcl+(—1+2x2) cy + (—3x+4x3) csy + (1—8x2+8x4 c4

Take ]

in26):= dd = Module[{dcs}, dcs = f2¢c[c2f[c8]’];
Table [Coefficient [des[[i + 1], es[[j +1]], {i, O, n}, {j, O, n}]1];

dd // MatrixForm |
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Next steps:
1. Take a generic function represented in our basis

2. Calculate its derivative
3. Determine (“read off") the matrix representation of the derivative operator in our basis

Generic set of coefficients:

In[27]:= €8
Out27)= {Cos C14 €24 C3,s Ca}
Generic function:

ines= c2f[es] [x]

Out[28)= co_ +XCp+ (—1+2x2) Ccy + (—3x+4x3] Cy + (1—8x2+8x4] Cy

V2
Take derivative of this function:
In29)= c2f[es] ' [x]

Outjeg)= €1 + 4 X Cp + 3 (~1+4x2] cy+ 4 (—4x+8x3) Cy

in26):= dd = Module[{dcs}, dcs = f2¢c[c2f[c8]’];
Table [Coefficient [des[[i + 1], es[[j +1]], {i, O, n}, {j, O, n}]1];

dd // MatrixForm

150% »
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™

1. Take a generic function represented in our basis
2. Calculate its derivative
3. Determine (“read off") the matrix representation of the derivative operator in our basis

Generic set of coefficients: ]
In[27]:= C8 ‘
ou27)= {Cos €14 €24 €34 €4} |
Generic function: ]

ines)= c2f[es] [x] |

Co

V2

Take derivative of this function: |

Out(28)= +xc1+(—1+2x2) c2+(-3x+4x3) c3+(1—8x2+8x4] cq

nfzo)= c2f£[es] ' [x] ‘

outes)= €1+ 4xca+3 (-1+4x?) cy+d (-4x+8%7) ¢y ‘

Project back onto our basis: |

f2c[c2f([cs] '] |

In(26]= dd = Module[{dcs}, dcs = f2c[c2f[cs]’];
Table [Coefficient [dcs[i + 1], es[[j + 1], {i, O, n}, {j, O, n}]1]; ‘
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In[27]:=

Out[27)=

In[28]:=

Out[28)=

In[29):=

Out[29)=

In[30]:=

Out(30)=

In[26):=

Generic set of coefficients:
CcSs

{cos, €1, €2, €3, C4}
Generic function:
c2f[cs] [x]

+xcp+ (-1+2%x%) cp+ (-3x+4x%) 3+ (1-8x*+8x") ¢y

Co
V2
Take derivative of this function:
c2f[cs] ' [x]
c,+4xcy+3 [—1+4x2] cy + 4 (—4x+8x3) cy
Project back onto our basis:
f2c[c2f[cs] ']

dd = Module[{dcs}, dcs = f2c[c2f[cs]’];
Table [Coefficient [des[i + 1], es[[j + 1]], {i, O, n}, {7, O, n}11];

dd // MatrixForm

dd.dd // MatrixForm
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Out[28]= +xc1+{—1+2x‘] c2+(-3x+4x°]c3+(1—8x‘+8x"]c4 H

\[%_
Take derivative of this function: ]
In29)= c2f[cs] ' [x] \
outeg)= €1+ 4xcy+3 (-1l+4x?*) cy+d (-4x+8%7) ¢y |

Project back onto our basis: ]
In30)= £2c[c2f[cs] '] \

ouo= {V2 (c1+3¢3), 4 (c2+2¢4), 6C3, BCq, 0} |

In[26]= dd = Module[{dcs}, dcs = f2c[c2f[cs]’];
Table [Coefficient [des[i + 1], es[j + 111, {i, O, n}, {j, O, n}]];

In31]= dd // MatrixForm

Out[31)//MatrixForm=
0 V2 032 0
0 0 4 0 8
0 0 O 6 0 1
0 0 0 0 8
0 0 O 0 0

dd.dd // MatrixForm ]

dsin = dd. (Sin // f2¢) // c2f |
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Out28)= —— + X Cp + [—1+2x‘] Cy + (-3x+4x’] Cj + (1—8x‘+8x"] Cy

V2
Take derivative of this function:
Ine9)= c2f[cs] ' [x]
outesj= €1+ 4xca+3 (-1+4x?) cy+d (-4x+8%7) ¢y
Project back onto our basis:
In30)= f2c[c2f[ecs] ']
ouaol= {2 (c1+3c3), 4 (c2+2¢c4), 6C3, By, 0}
Matrix representation of derivative operator for our trubasis (modified Chebyshev polynomials)

In26):= dd = Module[{dcs}, dcs = f2c[c2f[cs8]’];
Table [Coefficient [dcs([[i + 1], es[[j + 1]], {i, O, n}, {j, O, n}]];

in(3a1:= dd // MatrixForm

Qut[31)//MatrixForm=

0 V2 0 32 0
0 0 4 0 8
0 0 0 6 0
0 0 0 0 8
0 0 0 0 O

dd.dd // MatrixForm

Pirsa: 16080085
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Out[28]= +XC + [—1+2x‘] Cy + (-3x+4x’] Cj + (1—8x‘+8x"] Cy

V2
Take derivative of this function:
Ine9)= c2f[es] ' [x]
outes)= €1+ 4xca+3 (-1+4x?) cy+d (-4x+8%7) ¢y
Project back onto our basis:
In30)= £f2c[c2f[ecs] ']
ouaol {V2 (c1+3c3), 4 (c2+2¢c4), 6Cy3, By, 0}
Matrix representation of derivative operator for our truncated basis (modified Chebyshev polynomials)

In26):= dd = Module[{dcs}, dcs = f2c[c2f[c8]’];
Table [Coefficient [dcs([[i + 1], es[[j + 1]], {i, O, n}, {j, O, n}]];

in(31:= dd // MatrixForm

Out[31)//MatrixForms= b
0 V2 0 32 0
0 0 4 0 8
0 0 O 6 0
0 0 O 0 8
0O 0 O 0 0

dd.dd // MatrixForm

150% »
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Project back onto our basis:
in@o)= f2c[c2f[es] ']
outao= {V2 (e1+3¢c3), 4 (c2+2¢q), 6C3, BCq, O}
Matrix representation of derivative operator for our truncated basis (modified Chebyshev polynomials)

In(26)= dd = Module[{dcs}, dcs = f2c[c2f[cs]’];
Table [Coefficient [des([i + 1], es[[j + 111, {i, O, n}, {j, O, n}]1];

In31):= dd // MatrixForm

Out[31)//MatrixForm=

0 V2 0 32 o0
0 0 4 0 8
0 0 O 6 0
0 0 0 0 8
0 0 O 0 0
Second derivative
dd.dd // MatrixForm 1

dsin = dd. (8in // f2¢c) // c2f

Plot[{Sin'([x], dsin[x]}, {x, -1, +1}]

Boundaries

Pirsa: 16080085
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Matrix representation of derivative operator for our truncated basis (modified Chebyshev polynomials)

In(26):= dd = Module[{dcs}, dcs = f2c[c2f[cs]’];
Table [Coefficient [des[[i + 1], es[[j + 1]], {i, O, n}, {j, O, n}]];

in(3a1:= dd // MatrixForm

Out[31)//MatrixForm=

0 /2 0 32 0
0 0 4 0 8
0 0 0 6 0
0 0 0 0 8
0 0 0 0 0

Second derivative

In32)= dd.dd // MatrixForm

Out[32)//MatrixForm=

00 4+/2 0 32+/2°

00 0 24 0

00 0 0 48 I
00 0 0 0

00 0 0 0

dsin = dd. (8in // f2c) // c2f
Plot[{Sin'[x], dsin[x]}, {x, -1, +1}]

] I PR P
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Qut[31)//MatrixForm=

0 V2

o O O o
o O O & O
w
o o o ©
N
o O O @@ o

0
0
0
0

Second derivative

In(32)= dd.dd // MatrixForm

Qut[32)//MatrixForm=

00 4+/2 0 32+/2°
00 0 24 0
00 0 0 48
00 0 0 0
00 0 0 0

Example: Derivative of sine function
dsin = dd. (8in // f2c) // c2f

Plot[{Sin'[x], dsin[x]}, {x, -1, +1}]

Boundaries

bb = Module[{bcs}, bcs = c2f[cs] [{-1, +1}];
Table [Coefficient [bes([i], es[j + 111, {i, 1, 2}, {ji, O, n}]1]1;

Ll // Mak i wlla s
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Second derivative

In(32)= dd.dd // MatrixForm

Out[32)//MatrixForm=

00 4+/2 0 32+/2°
00 0 24 0
00 O 0 48
00 0 0 0
00 0 0 0

Example: Derivative of sine function
In(33)= dsin = dd. (Sin // £f2c) // c2f
Out[33)= Function[xs,
I
n
Z{z 2 BesselJ[1, 1] - 6 \/2 BesselJ[3, 1), 0, -12BesselJ(3, 1], 0, 0} [i+ 1] cheb[i, x$]
i=0

d

Plot[{Sin'[x], dsin[x]}, {x, -1, +1}]

Boundaries

bb = Module[{bcs}, becs = c2f[es] [{-1, +1}];
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Example: Derivative of sine function
In33= dsin = dd. (Sin // £f2c) // c2f

out(3s)= Function [xs ’

{22 BesselJ[1, 1] - 6 \/2 BesselJ(3, 1), 0, -12BesselJ[3, 1], 0, 0}[i+ 1] cheb(i, x$]
i=0

In@34)= Plot [{8in'[x], dsin[x]}, {x, -1, +1}]

Out(34)=

-1.0

Boundaries

| 150% »
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061

-1.0 -0.5 05 1.0

Example: sine function itself

In@35):= 8in = (8in // £2¢c) // c2f

n
Out(35)= Function[xs, Z{O, 2 BesselJ(1, 1), 0, -2BesselJ (3, 1], 0}[i+ 1] cheb[i, x§)
i-0

In36]= Plot[{8in[x], sin[x]}, {x, -1, +1}]

051

Out(36)=

-1.0 -0.5 0.5 1.0

-051

| 150% »
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Show error

In37)= Plot[sin[x] - 8in[x], {x, -1, +1}]

0004 -
0.0002 |-
I
Out[37)= : : :
-1, -0.5 0.5 1.0
-0.0002
-0.0004
Boundaries

bb = Module[{bcs}, bes = c2f[es] [{-1, +1}];
Table [Coefficient [basTil. esM4 + 1M1. {i. 1. 2}. {41. 0. n}11:

| 150% »
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.0004

0.0092

Out37]= —* !

-1, -0.5

-0.0002

-0.0004

T

05 1.0

in@e)= Plot[dsin[x] - 8in'[x], {x, -1, +1}]

Out[38])=

-0.010

Pirsa: 16080085
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Out(38)=

~-0.010

Boundaries

Define “boundary operator” that evaluates a function at the boundary|

bb = Module[{bcs}, bes = c2f[es] [{-1, +1}];
Table [Coefficient [bes[[i], es[[j + 1]], {i, 1, 2}, {1, O, n}]];

bb // MatrixForm
bbl = Join[Array[0 &, {n-2+1, n+1}], bb];
bbl // MatrixForm

dd + bbl // MatrixForm

| 180% »
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-0.005F

-0.010

Boundaries

Define “boundary operator” that evaluates a function at the boundary
Generic set of coefficients

In[39]:= C8

out39)= {Co, C1, C2+ C3, C4}
Reconstruct generic functions 1

Inf40):= c2f[cs]

n
Out[40)= Function[xs, Z{co, C1, C2, C3, C4}[1i+ 1] cheb[i, x§]
i-0

bb = Module[{bcs}, bes = c2£[cs] [{-1, +1}];

Table [Coefficient [bes[i], es[j + 111, {i, 1, 2}, {j, 0, n}]];

bb // MatrixForm

Pirsa: 16080085
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Boundaries

Define "boundary operator” that evaluates a function at the boundary
Generic set of coefficients

In[39):= C8

outi3s)= {Co, C1s C24 C34 Caq}
Reconstruct generic functions

nf40):= c2f [cs]

Out[40)= Function[xs, Z{co, Ci, C2, C3, C4} 1+ 1] cheb[i, x§]
i=0

Evaluate function at boundary
inf42)= c2f[es] [+1] X

Co
Out[42])= +C1 +C2 +C3 +Cy
Ve

bb = Module[{bcs}, bes = c2f[es] [{-1, +1}];

Table [Coefficient [bes[i], es[[j + 1]], {i, 1, 2}, {j, O, n}]1];

Pirsa: 16080085
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In[@39)= C\

out{39)= {Cos C14 C24 C3, C4q}

Reconstruct generic functions

inf40):= c2f [cs]

n
Out[40)= Function[xs, Z{co, Cy, C2, C3, C4}[1i+ 1] cheb[i, x§]
i-0

Evaluate function at boundary

inf44)= c2f[es] [{-1, +1}] // MatrixForm

Qut[44)//MatrixForm=

’ cO
NEl -C1 +C2-C3+Cy
y

c
: +C1 +C2 +C3 +Cy

f
L

bb = Module[{bcs}, bes = c2f[es] [{-1, +1}];
Table [Coefficient [bes([i], es[[j + 111, {i, 1, 2}, {i, 0, n}]];

bb // MatrixForm
bbl = Join[Array[0 &, {n-2+1, n+1}], bb];
bbl // MatrixForm

dd + bbl // MatrixForm
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In[@9)= C\

out{39)= {Co, C1, C24 C3, C4q}

Reconstruct generic functions

inf40):= c2f[ecs]

n
Out[40)= Function[xs, Z{co, C1, C2, C3, C4}[1i+ 1] cheb[i, x§]
i-0

Evaluate function at boundary

inf44)= c2f[es] [{-1, +1}] // MatrixForm

Qut[44)//MatrixForm=

’ cO
T2 -C1 +C2-C3+Cy
y

c
: +C1 +C2 +C3 +Cy

f
L

]

In[45):= bb = Module[{bcs}, bes = c2f[es] [{-1, +1}];
Table [Coefficient [bes([i], es[[j + 111, {i, 1, 2}, {i, 0, n}]]1;

bb // MatrixForm
bbl = Join[Array[0 &, {n-2+1, n+1}], bb];
bbl // MatrixForm

dd + bbl // MatrixForm

Pirsa: 16080085
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n[40]:= |

Out[40)= Function[xs, Z{co, C1, C2, C3, C4}[1i+ 1] cheb[i, x§]
i-0

Evaluate function at boundary

Inf44)= c2f[es] [{-1, +1}] // MatrixForm

Out[44])//MatrixForm=
P CO

2

co

2 +C1 +C2 +C3 +Cy

- -C1+C2-C3+Cy

Matrix representation of boundary operator (i.e. projection onto boundary)

In(45):= bb = Module[{bcs}, bes = c2f[es] [{-1, +1}];
Table [Coefficient [bes[i], es[j + 111, {i, 1, 2}, {j, O, n}]];

—_

In[46):= bb // MatrixForm

Qut[46)//MatrixForm=

111 -11
V2

111 1 1
.'\;‘2

bbl = Join[Array[0 &, {n-2+1, n+1}], bb];
bbl // MatrixForm

dd + bbl // MatrixForm
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l :\‘.";' +C; +C +C3 +Cy )

Matrix representation of boundary operator (i.e. projection onto boundary)

In[45):= bb = Module[{bcs}, becs = c2f([cs] [{-1, +1}];
Table [Coefficient [bes[i], es[j + 1]], {i, 1, 2}, {j, O, n}11];

In46):= bb // MatrixForm

Out[46)/MatrixForm=
[12 -1 1 -1 1"

111 11
J 2 /

Prolongate boundary operator to (n+1) dimensions

In(47]= bbl = Join[Array[0 &, {n-2+1, n+1}], bb];

inf48]:= bbl // MatrixForm

Out[48)//MatrixForm=

0 0 0 0 O
0 0 0 0 O

0 0 0 0 O

1. .1 1 =11 1
2

= 1 1 1 1

F)

dd + bbl // MatrixForm

Pirsa: 16080085
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Table [Coefficient [bes[i], es[j + 1]], {i, 1, 2}, {j, O, n}1];

In(46):= bb // MatrixForm

Out[46)/MatrixForm=
111 -1 1]

L1111

Prolongate boundary operator to (n+1) dimensions
In[47:= bbl = Join[Array[0 &, {n-2+1, n+1}], bb];

In48):= bbl // MatrixForm

Out[48)//MatrixForm=

0 0 0 0 O
0 0 0 0 O
0 0 0 0 O
111 -11
W2

111 11
W2

dd + bbl // MatrixForm

Equations and Boundary Conditions

rhs[x ] = Sin[n x]

| 180% »
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Out[46)//MatrixForm=

e =1 I -1 1
2

2101 1 01
W2 /

Prolongate boundary operator to (n+1) dimensions
In(47):= bbl = Join[Array[0 &, {n-2+1, n+1}], bb];

inf48]:= bbl // MatrixForm

Qut[4B)//MatrixForm=

0 0 0 0 O
0 0 0 0 O
0 0 0 0 O
Ao-11 -1 1
\;’2

111 1 1
Y2

=

inis0):= dd.dd + bbl // MatrixForm

Qut[50)//MatrixForm=

0 0 4+/2 0 32+/2
0 0 0 24 0

0 0 0 0 48
A1 01 -1 1
V2

R | 1 1 1
2
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T 2

Prolongate boundary operator to (n+1) dimensions

Inf47)= bbl = Join[Array[0 &, {n-2+1, n+1}], bb];

7

inf481:= bbl // MatrixForm

Out[48)//MatrixForm=

0 0

0 0

0 0
=1
\,-’ 2

- 1
W2

Combined second derivative and boundary operator

In[s50):= dd.dd + bbl // MatrixForm

Out[50)//MatrixForm=

0 0
0 0
0 0
L -1
V2

. 1
V2

Eauations and Boundary Conditions

Pirsa: 16080085

= O O O
o
= O O O

[
(=)
=

4+/2 0 32+/2
0 24 0
0 0 48
1 -1 1
1 1 1
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V2

o111 1

\1 -11-11
=

As example, the combined second derivative and boundary operator

inis0:= dd.dd + bbl // MatrixForm

Out[50)//MatrixForm=

0 0 4+/2 0 3242
0 0 0 24 0

0 0 0 0 48
A1 1 -1 1
V2

= 1 1 1 1
W2

Equations and Boundary Conditions
We want to solve this PDE: '[x] == sin(pi x)
rhs[x ] = Sin[n x]
(wrhs [x_] =1£[x2088xs2,1,0] )

Plot[rhs[x], {x, -1, +1}]

deq = 9y, f[x] == rhs[x]

Pirsa: 16080085
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2

o111 1

ll -11-11
H

As example, the combined second derivative and boundary operator

inis0:= dd.dd + bbl // MatrixForm

Out[50)//MatrixForm=

0 0 42 0 3242
0 0 0 24 0

0 0 0 0 48
< -1 1 -1 1
V2

201 1 1 1
V2

Equations and Boundary Conditions

We want to solve this PDE:
f'[x] == sin(pi x)
f[O] ==f0
f[1] ==f1

rhs[x ] = Sin[n x]

(xrhs[x_]=If [xéO&&xS ; ,1,0] *)

Pirsa: 16080085
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Qut[50)//MatrixForm=

0 0 42 0 3242
0 0 0 24 0

0 0 0 0 48
L -1 1 -1 1
V2

e 1 1 1 1

<,
()

Equations and Boundary Conditions

We want to solve this PDE:
f’[x] == sin(pi x)

f[O] ==f0
f[1] ==f1
Define RHS;|

rhs[x ] = 8in[n x]
(*rhs[x_]:If[an&&xsi,l,O]*)
Plot[rhs([x], {x, -1, +1}]

deq = 94, f[x] == rhs [x]

1
hew = JFMo11 2= — _ 7211 == 01
| 180% »
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We want to solve this PDE:
f'[x] == sin(pi x)
fl[0] ==f0
f[1]==f1

Define RHS:

In51):= rhs[x_] = 8in[x x]

Outj51)= Sin [ x]

2= Plot[rhs[x], {x, -1, +1}]

1.0

05t

Out(52)=

-051

-1.01

deq = 94,4 £f[x] == rhs [x]

Pirsa: 16080085

0.5

1.0
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05F

Out[52)= ' L
-1 -0.5 0.5 1.0

-051

-1.0}

Define differential equation:

In(53):= deq = Oy, x £[x] == rhs [x]

outs3)= £ [x] == Sin[m x)

Define boundary conditions:
ns4).= bes = {f[-l] - —, £[+1] = }

1of) = o}

Out[54)= {f[-l] = 10

Analytic Solution

- N L Y TN Qe N T . e ) L S| _-~ -1
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Define differential equation:

In(53]:= deq = 04,4 £f[x] == rhs[x]

outis3)= £ [x] == Sin [ x]

Define boundary conditions:
njs4].= bes = {f[—l] - £[+1] = o}
10

Out[54)= {f[-l] ==

Analytic Solution

Ask Mathematica to solve this PDE:

In[s5):= asol = DSolve[Join[{deq}, bes], £, x]

72 - % x - 20 8in [ x) }}

Out[55)= {{f - Function| {x}, 20 2
bt

Simplify[Join[{deq}, bcs] /. asol[1]] I

Plot[f[x] /. asol[1], {x, -1, 1}]

klllmf\r‘if‘ l‘ﬂlllf";f\l"\ ;l“l‘\m h'nc&l\#ﬂ
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T T[53]= Q€q = Ox,x T[X] = TAB[X]

outs3)= £ [x] == Sin [ x]

Define boundary conditions:
nis4)= bes = {f[—l] - —, £[+1] = }

outsa= {£[-1] = 11_0, £(1] = 0]

Analytic Solution

Ask Mathematica to solve this PDE:

ins5]= asol = DSolve[Join[{deq}, becs], £, x]

2

. n? - % x - 20 Sin [ x)
Out(55)= {{f - Function| {x}, - 20 12 : }}
In(56):= Simplify [Join[{deq}, bes] /. asol[[1]] 1

outjs6)= { True, True, True}

Plot[f[x] /. asol[1l], {x, -1, 1}]

Numeric solution from NDSolve

| 180% »
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1
In54):= bes = {f[-l] =I5 £[+1] == }

Outjs4)= {f[-l] 115, £[1] = }

Analytic Solution

Ask Mathematica to solve this PDE:

In(s5):= asol = DSolve[Join[{deq}, bes], £, x]

2

n? - n? x - 20 Sin [ x) }}

Out[55)= {{f—)Function X
ut(55) {x}, 20 2

Check whether our solution solves the equations:

In56):= Simplify [Join[{deq}, bes] /. asol[[1]]

outjs6)= {True, True, True}

—_— !

Plot[£[x] /. asol[1], {x, -1, 1}]

Numeric solution from NDSolve

ndsol = NDSolve[Join[{deq}, bes], £, {x, -1, +1}]

Pirsa: 16080085

150% »

Page 74/92




1
Out[54)= {f[-l] == Tk £(1) = 0}

Analytic Solution

Ask Mathematica to solve this PDE:

In(s5)= asol = DSolve[Join[{deq}, bes], £, x]

2 2

“ -yt x - 20 Sin [ x) }}

Out(55)= {{f - Function| {x}, 20 2
bt

Check whether our solution solves the equations:

Ins6):= Simplify [Join[{deq}, bes] /. asol[[1]]

outs6)= {True, True, True}
Show analytic solution:
Plot [f[x] /4 asol[1], {x, -1, 1}]
Numeric solution from NDSolve

ndsol = NDSolve [Join[{deq}, bes], £, {x, -1, +1}]

Plot [{f[x] /. asol[[1], £[x] /. ndsol[1]}, {x, -1, 1}]

Pirsa: 16080085
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In(s5:= asol = DSolve[Join[{deq}, bes], £, x]

72

-m? x-208in[mx) }}

Out[55]= {{f - Function| {x}, 20 2
JT

Check whether our solution solves the equations:

ins6]:= Simplify [Join[{deq}, becs] /. asol[[1]]

outs6)= {True, True, True}

Show analytic solution:

ins8):= Plot[£[x] /. asol[[1], {x, -1, 1}]

Out[58])= 0.05 \

-1.0 -0.5 0.5

-0.05¢
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Show analytic solution:

ins8)= Plot[£[x] /. asol[[1], {x, -1, 1}]

015}

Out(58)= 0.05 \

-1.0 -0.5 0.5 0

-0.05¢

Numeric solution from NDSolve

Repeat this with Mathematica’s numerical method
ndsol = NDSolve[Join[{deq}, bes], £, {x, -1, +1}]

Plot[{£f[x] /. asol[1], £[x] /. ndsol[1]}, {x, -1, 1}]

Niimarice SAallitiAan
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/ T T
A0F
Out(58)= 0.05 \

-1.0 -0.5 0.5 0

-0.051

Numeric solution from NDSolve

Repeat this with Mathematica’s numerical method

In[59):= ndsol = NDSolve[Join|[{deq}, bes], £, {x, -1, +1}]

Out[59)= {{f > InterpolatingFunction[ (4 /\/ gz:;i::s{é;l";f'}} }}

Plot [{f[x] /. asol[1], £[x] /. ndsol[1]}, {x, -1, 1}11

Numeric Solution

| 150% »
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T ~—

Numeric solution from NDSolve

Repeat this with Mathematica's numerical method

In(59)= ndsol = NDSolve [Join[{deq}, bes], £, {x, -1, +1}]

Out(59)= {{f - InterpolatingFunction[ (A | gz:‘;ii::s{é;ra"rm }}
ineo)= Plot [{£[x] /. asol[[1], £[x] /. ndsol[1]}, {x, -1, 1}]
0.15
A0}
Out(60}= 0.05 \
210 ~05 05 0
-0.051
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Out[60)=

o
o
(4]

-1.0 -0.5 0.5 0

-0.05

Numeric Solution

Now we repeat this with our own representation of approximated functions
1. Take differential equation and boundary condition, and find their matrix representation (for our basis)

2. Solve this a linear (matrix) equation|

RHS |

drhs = rhs // f2¢ // N |
Plot[{rhs[x], (drhs // c2f) [x]}, {x, -1, +1}] \
dbcs = {£f[-1], £[+1])} /. (bes /. (1lhs == rhs ) -» (lhs »rhs)) // N |

drhsl = Join[Take[drhs, n-2+ 1], {0, 0}] \

L] - - Fom % % L [ -~ - 8% % - -

150% »
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[ [11]

Numeric Solution ‘

Now we repeat this with our own representation of approximated functions ]

1. Take differential equation and boundary condition, and find their matrix representation (for our basis)
2. Solve this a linear (matrix) equation

RHS |

Project RHS onto our basis functions |

drhs = rhs // f2c| |
F 1]

Plot[{rhs[x], (drhs // c2f) [x]}, {x, -1, +1}]

dbes = {£[-1], £[+1]} /. (bes /. (lhs_==rhs_) -» (lhs »rhs)) // N |

drhsl = Join[Take[drhs, n-2+1], {0, 0}] \

dbcsl = Join[Table[0, {i, n-2+1}], dbcs] \

nsol = LinearSolve[dd.dd + bbl, drhsl + dbcsl] \

Plot[{f[x] /. asol[[1l], c2f[nsol] [x]}, {x, -1, +1}] \

150% »
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[ [11]

Numeric Solution ‘

Now we repeat this with our own representation of approximated functions ]

1. Take differential equation and boundary condition, and find their matrix representation (for our basis)
2. Solve this a linear (matrix) equation

RHS |

Project RHS onto our basis functions |

in61):= drhs = rhs // £f2¢ ]
ous)= {0, 2 BesselJd(1l, n], 0, -2 Besseld (3, ], 0} ]

Plot[{rhs[x], (drhs // c2£f) [x]}, {x, -1, +1}] |
dbcs = {£[-1], £[+1]} /. (bes /. (lhs_ = rhs_) » (lhs > rhs)) // N |
drhsl = Join[Take[drhs, n-2+1], {0, 0}] |
dbcsl = Join[Table[0, {i, n-2+ 1}], dbecs] \

nsol = LinearSolve[dd.dd + bbl, drhsl + dbcsl] \

Plot[{f[x] /. asol[[1], c2f[nsol] [x]}, {x, -1, +1}] \

150% »
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Numeric Solution

Now we repeat this with our own representation of approximated functions

1. Take differential equation and boundary condition, and find their matrix representation (for our basis)
2. Solve this a linear (matrix) equation

RHS

Project RHS onto our basis functions

in62):= drchs = rhs // £f2c¢ // N
out2)= {0., 0.569231, 0., -0.666917, 0.)

Plot[{rhs[x], (drhs // c2f) [x]}, {x, -1, +1}]

dbcs = {(f[-1], £[+1]} /. (becs /. (lhs_=rhs_) -+ (lhs »rhs)) // N
drhsl = Join[Take[drhs, n-2+ 1], {0, 0}]

dbcsl = Join[Table[0, {i, n-2+ 1}], dbecs]

nsol = LinearSolve[dd.dd + bbl, drhsl + dbcsl]

Plot[{f[x] /. asol[[1], c2f[nsol] [x]}, {x, -1, +1}]

Pirsa: 16080085
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Now we repeat this with our own representation of approximated functions

1. Take differential equation and boundary condition, and find their matrix representation (for our basis)
2. Solve this a linear (matrix) equation

RHS

Project RHS onto our basis functions

in62):= drchs = rhs // £f2c¢ // N
out2)= {0., 0.569231, 0., -0.666917, 0.}

In63)= Plot[{rhs[x], (drhs // c2f) [x]}, {x, -1, +1}]
1.0}
05
outldl= — ' . \
-1 -0.5 0.5 1'0
-05F
-1.0}
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ine3)= Plot[{rhs[x], (drhs // c2f) [x]}, {x, -1, +1}]

1.0

05F

l\ L
Out[63]=
o) 05 10

-1.0r

Project boundary conditions onto our basis
In(e4)= dbes = {£[-1], £[+1]} /. (bes /. (lhs_ == rhs ) -» (lhs »rhs)) // N
oue4)= {0.1, 0.}

drhsl = Join[Take[drhs, n-2 + 1], {0, 0}]

dbcsl = Join[Table [0, {i, n-2+1}], dbcs]

nsol = LinearSolve[dd.dd + bbl, drhsl + dbesl]

Plot[{f[x] /. asol[1], c2f[nsol] [x]}, {x, -1, +1}]

Pirsa: 16080085
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05F

\
Out[63]= \ . .
B3l= N -0.5 05 10

=05

-1.0r

Project boundary conditions onto our basis

inje4)= dbes = {£[-1], £[+1]} /. (bes /. (1hs_=rhs ) » (lhs »rhs)) // N
oute4)= {0.1, 0.}

et

Ine5):= drhsl = Join[Take[drhs, n-2 +1], {0, 0}]
Outss}= {0., 0.569231, 0., 0, 0}

Ine6):= dbesl = Join[Table [0, {i, n-2+1}], dbes]
Out[66]= {0" 0' 0; 0-1' 0-}

nsol = LinearSolve[dd.dd + bbl, drhsl + dbcsl]

Plot[{f[x] /. asol[1l], c2f[nsol] [x]}, {x, -1, +1}]

150% »
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\\—/ -1.0

Project boundary conditions onto our basis

inje4)= dbes = {£[-1], £[+1]} /. (bes /. (lhs_ = rhs_) -» (lhs » rhs)) // N
outéa)= {0.1, 0.}
Take first (n-1) conditions from differential equation

ines):= drhsl = Join[Take[drhs, n-2+ 1], {0, 0}]
outgs)= {0., 0.569231, 0., 0, 0}

Take 2 conditions from boundary conditions

in(66):= dbesl = Join[Table[0, {i, n-2 +1}], dbes]
OUt[66]= {Op 0' 0; 0-1' 0-}

nsol = LinearSolve[dd.dd + bbl|, drhsl + dbcsl]

Plot[{f[x] /. asol[[1], c2f[nsol] [x]}, {x, -1, +1}]

Pirsa: 16080085
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v -1.0

Project boundary conditions onto our basis

Ine4)= dbes = {£[~-1], £[+1]} /. (bes /. (lhs_ == rhs ) -» (lhs » rhs)) // N
Out[64]= {0-1' 0-}

Take first (n-1) conditions from differential equation

in6s):= drhsl = Join[Take[drhs, n-2+ 1], {0, 0}]
outgs)= {0., 0.569231, 0., 0, 0}

Take 2 conditions from boundary conditions

In(66):= dbesl = Join[Table[0, {i, n-2 +1}], dbes]
OUt[66]= {Op 0' 0; 0-1' 0-}

Stitch conditions together; solve them

In[67):= msol = LinearSolve[dd.dd + bbl, drhsl + dbcsl]
oue7= {0.0707107, -0.0737179, 0., 0.0237179, 0.}

Plot[{f[x] /. asol[[1]], c2f[nsol] [x]}, {x, -1, +1}]
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Take 2 conditions from boundary conditions

In66):= dbesl = Join[Table[0, {i, n-2+1}], dbes]
oute6)= {0, 0, 0, 0.1, 0.}

Stitch conditions together; solve them

in(67]:= nsol = LinearSolve[dd.dd + bbl, drhsl + dbcsl]
ou7)= {0.0707107, -0.0737179, 0., 0.0237179, 0.}

Show solution

ines)= Plot[{f[x] /. asol[1], c2f[nsol] [x]}, {x, -1, +1}]

Out(68)= 0.0

\ I
210 05 k 0

-0.05¢

| 180% »
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In(52)= nsol = LinearSolve[dd.dd + bbl, drhsl + dbcsl] ]
Outs2= {0.0707107, -0.107064, 0., 0.0654002, 0., -0.00833646, 0.} )

Show solution |

In(53)= Plot[{£f[x] /. asol[[1], c2f[nsol] [x]}, {x, -1, +1}] )

Out[63)= 0.05 \

-1.0 -0.5 05 0

-0.051

Qutl68l= .
| 150% »
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