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Machine learning

Relation between input (specified by vector of
‘descriptors’ D) and set of outputs O

OD)=M(D, D)

Relation determined by intelligent interpolation
from outputs O; produced by learning set D,
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Many body physics:
why bother with machine learning

The Simons foundation

Y1 » P re1ee b P Irivarcet -
Copyright A. J. Millis 2016 Department of Physics, Columbia University

Pirsa: 16080015 Page 4/78



Many body physics:
why bother with machine learning

e Solving a many body problem is VERY
expensive=>

— Leverage existing results to obtain an
inexpensive, approximate solution

The Simons foundation
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Many body physics:
why bother with machine learning

e Often, need (many) small

extrapolations from known " ... I
solutions rmesal
— Structural relaxation (energy Sé 20t -
as function of many different % 2l /
sets of atomic positions) d
— variations in strain and |
chemical composition ¥
— defect energies and ionic S

mobilities

The Simons foundation
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Many body physics:
why bother with machine learning

e State space of quantum many body
problems is exponentially big; parameter
space of situations to be considered also
often very large.

The Simons foundation
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Many body physics:
why bother with machine learning

e State space of quantum many body
problems is exponentially big; parameter
space of situations to be considered also
often very large.

e "Big data’ methods find the relevant very
low dimensional subspaces of very high
dimensional data sets.

The Simons foundation
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Many body physics:
why bother with machine learning

e State space of quantum many body
problems is exponentially big; parameter
space of situations to be considered also
often very large.

e Big data’ methods find the relevant very
low dimensional subspaces of very high
dimensional data sets.

e Question (no concrete ideas yet): 2Can
these methods give us a way through the
wilderness of quantum complexity?

The Simons foundation
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Machine learning

Questions:

 What is right set of input descriptors
e How do you represent the output

e 7How big a learning/training set do
you need?

The Simons foundation
Department of Physics, Columbia University
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The Quantum Many Body Problem:

Most common version: electrons
in a fixed atomic environment

The Simons foundation
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The Quantum Many Body Problem:

Spin crossover
molecule

Most common version: electrons
in a fixed atomic environment

The Simons foundation
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The Quantum Many Body Problem:

Spin crossover
molecule

Most common version: electrons
in a fixed atomic environment

Key question: magnetic
state of Fe ion

The Simons foundation
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The Quantum Many Body Problem:

Spin crossover
molecule

Most common version: electrons
in a fixed atomic environment

T times magnetic
susceptibility vs Temperature
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The Quantum Many Body Problem:

Spin crossover
molecule

Most common version: electrons
in a fixed atomic environment

Change of Structure

LS HS

The Simons foundation
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The Quantum Many Body Problem:

Spin crossover
molecule

Most common version: electrons
in a fixed atomic environment

energy vs structure
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The Quantum Many Body Problem:

Spin crossover

Most common version: electrons
molecule

in a fixed atomic environment

LOTS of (minor) variants:
 Change bond lengths

* Change C-H backbone P!
* Change immediate Fe environment (N->?) 4!
* Change transition metal ion Y

Opportunity for inference from database

The Simons foundation
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The Quantum Many Body Problem:

High Tc (copper-oxide) superconductivity

U (P
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The Quantum Many Body Problem:
High Tc (copper-oxide) superconductivity

Complicated atomic arrangement
* subset of ‘relevant’ electronic states

=> minimal theoretical description
(""Hubbard model”’)

The Simons foundation
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The Quantum Many Body Problem:

High Tc (copper-oxide) superconductivity

OQ-':Q'_T;*C.}'_QE
Complicated atomic arrangement Lo T q
* subset of ‘relevant’ electronic states £ s

=> minimal theoretical description
(' 'Hubbard model”)

* many variants (model parameters
depend on details of atomic
arrangements)

The Simons foundation

Copyright A. J. Millis 2016 Department of Physics, Columbia University

Pirsa: 16080015 Page 20/78



The Quantum Many Body Problem:

High Tc (copper-oxide) superconductivity

Complicated atomic arrangement

» subset of ‘relevant’ electronic states
=> minimal theoretical description
(' "Hubbard model”’)

* many variants (model parameters
depend on details of atomic
arrangements)

* Question: how do we optimize
superconductivity—solve many
version of model

Opportunity for inference

The Simons foundation
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The Quantum Many Body Problem:

The inputs:

“Go”’—electron propagation in
reference noninteracting
environment: contains information
about atomic positions,
background electronic structure

“U”: electron-electron interaction
matrix elements between relevant
states

The Simons foundation
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The Quantum Many Body Problem:

The output:

" G”—describes interacting
electron behavior in physical
system

73" —self energy:
parametrizes difference in
electron behavior between
physical system and reference

The Simons foundation
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The Quantum Many Body Problem:
A Functional Relation

Formally: extremizing a functional

B[{G(p,w)}] = Buniv[{G}] + TrIn[G] — Tr [G5'G]
Interactions (‘’U”’) determine P univ

Y
Stationarity: ;_G =0 determines G|[Gy]

=>Need to learn a functional relationship

The Simons foundation
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The Quantum Many Body Problem:
A Functional Relation

Formally: extremizing a functional

{G(p,w)}| = Puniv[{G}] + TrIn [G] — Tr [G; " G]
Interactions (‘’U”’) determine P yniv

Y
Stationarity: ;—G = (0 determines G|[Gy]

=>Need to learn a functional relationship

The Simons foundation
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Learning functional relations

Need:

e representation of function (descriptors)
* way to impose constraints

Would like to know
e Size of needed database
e Accuracy of prediction:
— global fit
— particular physically relevant aspects
* Back-inference—can we design desired
behavior

The Simons foundation
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Learning functional relations

Need:

e representation of function (descriptors)
e way to impose constraints

Would like to know
e Size of needed database
e Accuracy of prediction:
— global fit
— particular physically relevant aspects
* Back-inference—can we design desired
behavior

The Simons foundation
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A mathematical digression

G(z) is analytic in complex frequency (z) plane

except for branch cut discontinuity
across Im z=0

z | Spectral function:
Gw —1)) — G(w + 19)
2i

is non-negative, integrates to Pi, and

(typically) has compact support
has physical meaning of density
of states: prob to add or remove
particle The Simons foundation
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dx A(x)

m Z— X

| G(2) =

Convenient to evaluate G on
imaginary frequency axis at points

Zn = lwy = (2n + 1)7T

or to construct
G(r) =T e“ "G(iwn)

Complex variable theory: A can
be reconstructed from G(z,)

The Simons foundation
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Learning Many Body Physics:
Step 1: the Anderson Model

One (spin-degenerate)
interacting level coupled to
a bath of noninteracting
electrons

H =) eqdld, + Udldyd]d,

+ Z Ekczackg S5 Z Vi (dick(, + ci_dda) :
k.o k.o

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B90 155136 (2014). The Simons foundation
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The Anderson Model
Many-body

One (spin-degenerate) density of states
interacting level coupled to T
a bath of noninteracting - j\ N — | —
o=
electrons ||, o =T N g I
[ [ \-y/ A -
H —Z;{dtﬂrl —I—U([Tr[Tde‘L 1 / \ et
LEU' o [ty f — g
+Lq\(’\ (A0+LH({!‘{AJ—|—(LO(!) I—I: 02k }1\ 7))
k,o || /"'—j o, m
A 0 T el I I 1 et m
o - !
M f V
< o b 7 \ 4N / \ |
Louis-Francois Arsenault, Alejandro Lopez- 864202468
Bezanilla, O. Anatole von Lilienfeld, A. J.M., -
Phys. Rev. B0 155136 (2014). The Simons foundation
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The Anderson Model

Many-body

One (spin-degenerate) dens1ty of states

interacting level coupled to O ST
1 1 QMC
a bath of noninteracting 025 - j\ e
electrons N,
08 I 1 1 1 f [C—p
i =
. : 025 |
H = Z €ad! ds + quflﬂflfh 3 » i.l./. \‘* 2
o & X T T L g
. .~ 1
-} L E‘\'(.I-n“kﬂ + L Vi ((!J,{-kg + "'I.oda) . 02k .}\ 7))
k.o k.o ‘/,‘-,—.',a‘ \oem o m
0 -4—--"'r‘ 1 l'lJ 1 [— m
Side-bands v
\ /\/ \
Louis-Francois Arsenault, Alejandro Lopez- 864202468
Bezanilla, O. Anatole von Lilienfeld, A. J.M., -
Phys. Rev. B90 155136 (2014). The Simons foundation
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The Anderson Model

' Many-body
.One (sp{n-degenerate) density of states
interacting level coupled to Y R T
: : QMmC
a bath of noninteracting 025 - j\ e
electrons e N
Og_l I I 1 r I T 1 -.
F’,i E
N gt toot 025 /
H =) eqdld, + Udldyd}d, A ey
: Z off—H e
. e 1
-} Z‘ E"‘-(..I—n(rk” + L Vi ((f(!r{:};g + ('I-nd"’) - 02t }\ wn
k.o k.o ’,,;,—.L'a" s - m
T R 7]
Central (Kondo) peal / :
Width=>renormalization factor Z °'[ -~ \ /\/ ™ L4
0 1 l"r
Louis-Francois Arsenault, Alejandro Lopez- 864202468
Bezanilla, O. Anatole von Lilienfeld, A. J.M., -
Phys. Rev. B0 155136 (2014). The Simons foundation
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Anderson Model: Inputs

One (spin-degenerate)
interacting level coupled to
a bath of noninteracting
electrons

ath characterized by
Nw)=m Z Viéolw —ex)
k.

Details not important.
We choose

N(w) = Vi/1-w? (w?<1)

=>parameter is V

H =Y eqdid, + Udldrd]d,

o
@-('Iﬂt'ko + X Vi (djrr,'kg e th,oda) :
.0 k.o

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B90 155136 (2014). The Simons foundation
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The Anderson Model: Inputs

One (spin-degenerate)

interacting level coupled to
a bath of noninteracting
electrons

v : [ L]

-} Z EA‘('I-a"'kﬂ e X Vi ((!jr{'kg + th,nda) :
k,o

ko descriptor:

<=> gccupancy
of d-level, nq

(Vs 418 lld)

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B90 155136 (2014). The Simons foundation
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The Anderson Model: Inputs

One (spin-degenerate)

interacting level coupled to
a bath of noninteracting
electrons

H = YXeaddo € » Interaction

-} Z EA.('I_“(?A.,, + X Vi ((!jr('kg + f—'I.{,ffa) :
k.o k,o

<=> gccupancy
of d-level, nq

descriptor:

(Vs U, lld)

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. BO0 155136 (2014). The Simons foundation
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The Anderson Model: Output

One (spin-degenerate)
interacting level coupled to G(r) = — (dJ(T)dT (O))
a bath of noninteracting
electrons

H= Z Eddida + U(ILIT(II(Q

o
- Z EA.('I_U('A.O + X Vi (d;‘,t'kg b (,'L,u’a) -
k.o

k,o

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B90 155136 (2014). The Simons foundation
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The Anderson Model: Output

One (spin-degenerate)
interacting level coupled to G(1) = — (da(fr)dJr (O)>

° o g
a bath of noninteracting
electrons
H=Y"cudd, + Udldrd}d, Represented as:
o e Coefficients of Legendre
+ Z EA-('I_U(TA.O + X Vi (djrt,'kg + (,‘I,O(fa) : pOlynomialS
ko he e Continued fraction expansion

e Values at frequencies zy

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B90 155136 (2014). The Simons foundation
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The Anderson Model: method

One (spin-degenerate) Kernel Ridge Regression

interacting level coupled to

a bath of noninteracting e o

electrons g-m,( ) = z{:“’lm \m.( [ )
H =Y eqd}ds + Udldrdld, Kernel

. _ 1dil
K (D”D) =€ o

e Simple exponential kernel
worked best.

 d =Manhattan distance.
Width large (~10)

o
-+ Z EA-('I_U('A.,, + x Vi ((fjr(‘kg + f—'L,da) .
k.o k,o

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B0 155136 (2014). The Simons foundation
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The Anderson Model: method

One (spin-degenerate)
interacting level coupled to
a bath of noninteracting

eleCtronS ,(]'m,(D) — Z im -I{m (D/ ) D)
l

H =Y eqdid, + Udldrd|d,

Kernel Ridge Regression

+ 3 enchycro + 30 Ve (dhers +chydo) coefficients fixed by
kyor i training set

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B0 155136 (2014). The Simons foundation

Department of Physics, Columbia University

Copyright A. J. Millis 2016

Pirsa: 16080015 Page 41/78



The Anderson Model: Results

Error averaged over some low order coefficients
as function of learning set length

1

10
et ° e Continued fraction
&
Jz 10} | | X Zn
i~ % [] Time
::./ -1
= 10 | - e
I x . O Legendre
= 5
102} Learning set size

5001000 2000 3000 4000
Learning set length

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. BO0 155136 (2014). The Simons foundation
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The Anderson Model: Results

Learning Features of G and A:
continued fraction representation

0
(a)
® Exact
-0.5
1 O ML result
S -1
o .
E o Learning Set
®
-1.5¢ length: 500
&
-9 "
0 0.5 1 1.5
i)
n
Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B0 155136 (2014). The Simons foundation
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The Anderson Model: Results

Learning Features of G and A:
continued fraction representation

-0.2
04 ® Exact
-0.6f & i
e C )
- TN, _ O ML result
] :
€ o Learning Set
-12r length: 5000
-14F o
-1.6— : A . . o
0 0.5 1 1.5 Learning set size

w
n

~1000 needed

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B90 155136 (2014). The Simons foundation
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The Anderson Model: Results

Learning Features of G and A:
continued fraction representation

(@

® Exact

— — ML: 500
— ML: 5000

Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B0 155136 (2014). The Simons foundation
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The Anderson Model: Results

the quasiparticle weight Z e Continued fraction

0.03 v ! . : . X Zn

(b)
0.028} 9
0.026f @ ” . . e

N 0.024}
0.022' e °
Learning set size
0021 ' >1000 needed
R 56010'00 2600 30'00 4(:;00 sobo L d
Learning set length egen re rep‘

. . . preferred because
Louis-Francois Arsenault, Alejandro Lopez-

Bezanilla, O. Anatole von Lilienfeld, A. J.M., most compact
Phys. Rev. B0 155136 (2014). The Simons foundation
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The Anderson Model: Results

e We can learn functions

 Legendre rep. preferred (most
compact representation; minimizes
dimension of input space)

 Required dataset is not small

Louis-Francois Arsenault, Alejandro Lopez-
Bezanilla, O. Anatole von Lilienfeld, A. J.M.,
Phys. Rev. B90 155136 (2014). The Simons foundation
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