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Pure states of a bipartite system are vectors

(W)ap € HA® Hp

Product states
(W)ap = |0)a®|x)B  for some ¢ and x

Entangled states
(WA # |#)A®|x)p  forany ¢ and x
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Pure states of a bipartite system are vectors

(W)ap € HA® Hp

Product states
(W)ap = |0)a®|x)B  for some ¢ and x

Entangled states
(W)aB # [9)a®|x)p  forany ¢ and x
Example: Two qubits Hyq =Co Hp =Cs

[T ap = \%(!@Alo)z; el E)

= 5(100) + [11))
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X Y
) :E :%
Q A B C?
Initially
[T ap = F5(100) +[11))
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o
= !

Initially
[T ap = F5(100) +[11))

el 1 i
pp = 510)(0] + 3|1)(1] =31
Upon measuring S and learning outcome X
pB = |Ys x){¥s x|

a,B eR

(a(0la + BDI®) A
= (a{0|a + B(1]|4)(|0)4l0)B + [1) a|1)B)
= «a|0)p+B|1)B
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Ve
= !

Initially
&) aB - 75(/00) R 11)) 1
pp = 510)(0] + 3|1)(1] =31
Upon measuring S and learning outcome X
B = Vg x) (Vs x|
Upon measuring S and not learning outcome X
1 al
B = 5|%¥s,0){(¥s.0l + 5¥s,1)(¥s,1
51%0,0) (0,0l + 5%0,1) (0,11
=31v1,0) (%10l + 5101,1) (¥1,1] = 31
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X Upon learning X by
-(’E %I — Y5 X vg
% A B ?

= T

o+) 45 = 5(|00) + |11))

A " AN AN o
A@v@ f A@ (B) .

nonlocal action local action
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“... the change in the psi-function through observation then does not correspond
essentially to the change in a real matter of fact but rather to the alteration in our
knowledge of this matter of fact.” [emphasis in original]

---Einstein, 1948 letter to Heitler
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1 1S ontic

P1
= two different
o ways the world

could be

Example:

VS.

Y IS epistemic

(28]

P2

= two different
ways of having
incomplete
information about

the world
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1 1S ontic

Y1.0

0,0 N i
e o
Y11 \--
0,1

Pirsa: 16070008 Page 11/63



Upon learning X Y
15
51 = Ps x ~mrl.
O
O
T
(@]

m !
oo X

Set S=0
10,0

get X=0 \ e \
<'¢/)0,1 get X=1 i \
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Upon learning X Y
1
51 = P x (.
O
O
T
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Upon learning X Y
1
51 = Ps x —
O
O
T
(@]

m !
oo X

Set S=0 3 i
Y00 get X=0 \ o \
< Y01 get X=1 i \
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Y 1S epistemic

¥1.,0
10,0

Y11

¥0,1
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X Upon learning X Y
b, %I — ¥s,x ~umm(.
i 4 B 5
S @-? 1
Set $=0 -

vo,0 get X=0
< 0.1 get X=1
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X Upon learning X Y
~mm{. %I — ¥s,x ~umm(.
AR 5 [T
S ‘f_? T
E
/X

A In particular, a local model exists for
the sorts of measurements in EPR

S=0 T=0

N\
D &
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Bell's theorem
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X Y
E]l 0
O A B O
S @-? 1J
3

>

Clauser-Horne-Shimony-Holte inequality
E> %p(agree\OO) -+ %p(agree|01)
+2p(agree|10) + zp(disagree|11) < 2

>
S
@)
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h

O
B Ol
T

m’

E

Clauser-Horne-Shimony-Holte inequality
E> %p(agree\OO) -+ %p(agree|01)
+zp(agree|10) + zp(disagree|11) < 2

=0 p(agree|00) = p(agree|01)
= p(agree|10) = p(disagree|11)

1 1
= cos?(n/8) = > o p o) Violates CHSH
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Violation of a Bell inequality is one of our best notions of
nonclassicality

Entanglement is necessary for a Bell inequality violation

Nonclassicality= Entanglement ?
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Violation of a Bell inequality is one of our best notions of
nonclassicality

Entanglement is necessary for a Bell inequality violation

Nonclassicality= Entanglement ?
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Violation of a Bell inequality is one of our best notions of
nonclassicality

Entanglement is necessary for a Bell inequality violation

Nonclassicality= Entanglement ?

Problem: entanglement is not sufficient for Bell inequality violation
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Violation of a Bell inequality is one of our best notions of
nonclassicality

Entanglement is necessary for a Bell inequality violation

Nonclassicality= Entanglement ?

Problem: entanglement is not sufficient for Bell inequality violation

For many quantum-over-classical advantages in information
processing, entanglement is also necessary but not sufficient
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1935 Einstein Podolsky and Rosen argument
1964 Bell's theorem
1991 Ekert’s protocol for key distribution based on Bell

1992 Bennett and Wiesner’s superdense coding scheme
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1935 Einstein Podolsky and Rosen argument

1964 Bell's theorem

1991 Ekert’s protocol for key distribution based on Bell
1992 Bennett and Wiesner’s superdense coding scheme

1993: Bennett, Brassard, Crépeau, Jozsa, Peres, and
Wootters discover quantum teleportation
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1935 Einstein Podolsky and Rosen argument

1964 Bell's theorem

1991 Ekert’s protocol for key distribution based on Bell
1992 Bennett and Wiesner’s superdense coding scheme

1993: Bennett, Brassard, Crépeau, Jozsa, Peres, and
Wootters discover quantum teleportation

Since: Entanglement is a resource for information
processing!
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©F) 45 = 25(100) + [11))
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[¥) = a|0) + B|1)

Ly B
] o b ) = |0)0) + 1) |1)
%) =) =en|ot)
54 B [®=) =10) |0>_|1)L1>
Measure {(I ®)|oH)) X = (o) |eT)
U € {I,02,02,i0y) [wt) =10)[1) +1)|0)
- (I® 0':1:) ‘CD+>
s 3 [w=) =10)11) - 1) |0}
I eU)|ot) U [4) = (I @iay) [¢T)

The state after meas't is easily

? Ao |‘§| determined by noting that
Send U
apply U™1  [9)|ot) = |oT) |9) + D7) (02 [9))
= o | Yoy [
So 5 FHWT) (0w |9)) + W) (ioy )
o o] o
\W—" L'.J
(I®U)|et) )
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How many qubits can be teleported using a given bipartite pure state?

Rate for W)%?} R |(I)+>%;L

A B
: S :
~ _—
2 2 A, B,
< ~ = O -
: |9) &)
Am Bm
(] o]
An Bn S — _—
£ ol . oF) e
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Local Operations and Classical Communicaiton

(LOCC)
»

T
wa/
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How many qubits can be teleported using a given bipartite pure state?

Rate for  |q)®n LOCC, | p+)&m

R(¢ = ®1) = supgcroce {% limp o0 |E(HER) — (PT)2™|, = (]}

|A|lL = tr(VATA)

Distillable entanglement

R(y — ®1) = —Tr(py log py)

von Neumann entropy of
reduced density operator of
= entanglement entropy of v
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Teleportation is just one way in which the resource of entanglement can
be used as a resource under the restriction of LOCC

Other measures of entanglement quantify the degree of success for

other tasks.

Abstractly, a measure of entanglement can be defined as any function
over quantum states which cannot be increased by LOCC
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The states that are freely preparable under LOCC:

o Bl B
PAB = ) _; Pi0] @ w;
“‘Separable states”

The states that are nontrivial resources under LOCC:

PAB 7 Y ; piof @ wP

“Entangled states”
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Note: LOCC is a practical
restriction
---the universe doesn’t care about
classical channels
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Deterministic state conversion

—>  Conditions on

LOCC
p—— 0
T — pand o

3€ € LOCC
E(p) =0
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Ix) 4 = c0s0|00) + sinH|11)

|[®*)ap = 25(100) +]11))
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Ix) 4B = c0s0|00) + sinH|11)

Measurement

|[®*)ap = 25(100) +]11))
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IxX) 4B = c0s0|00) + sinH|11)

Measure POVM {E{'}
h/“c)/li? — A4;:4 X I”"(/))AB
where (MMTMP = Ey

|[*)ap = 25(100) +]11))
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Deterministic state conversion

WY L2 0 Sh [0, <::> Conditions on ¢ and ¢
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Deterministic state conversion

Nielsen’s theorem
igale]e;
et O <::> )‘(p(/)) = )\(/)1/))
A(p) = vector of eigenvalues of p

where & > Y Is the majorization relation
for z := (z1,Z2,...,24) € RS
define :I;Jl’ e .’II% e > :1':}1
Similarly for Y
Tt > Y
zy + x5 > yi + Y5

:1;f+:r:$+---+:r:ﬁ_1Zy%+y§+---+’yﬁ_1
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Deterministic state conversion

Nielsen’s theorem

P L ZAZACH 0, <::> A(pe) = Apy)

Example:

©F) a5 = 55(100) + [11)) LOCC, |x)ap = c0s6]00) +sin6|11)
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Deterministic state conversion

Nielsen’s theorem

(0 ﬂ) @ <::> )\(P(p) e )\(/)1}))

Example:
o+) a5 = 35(100) + [11)) LOCC, |x)op = c0s6|00) + sin f|11)

pB . = 50)(0| + 3|1)(1] pB = cos?0|0)(0| + sin? 6|1)(1]
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Deterministic state conversion

Nielsen’s theorem

LOCC

= A(pp) = APy
Y — ¢ e (Pp) = Mpy)

Proof in three steps:
Locc

Y — @
mixture of
:> unitaries
<: P 7 P
1

Pirsa: 16070008 Page 45/63



Deterministic state conversion

Nielsen’s theorem

LOCC

= A(pp) = APy
Y — ¢ = (pp) = Apy)

Proof in three steps:

LocCccC
P — @
mixture of
:> unitaries
¢ P 7 P
1

mixture of
permutations

Z  Apy) > Mpy)

2

i 2 A(pg) = A(py)
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For pure states

\1 _ Unitary

Result of Lo and Popescu
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LOCC
P )
On Bob's side

LOCC B
7 {)(fJ

After Alice’'s mmt

I3 (T 3
/)-4/1 7 Jl/”-'!/),!.- f

A 3 3
2k PkPE = Py

r i3
After CC of k, Bob applies unitary ‘l';, such that
Yk : Vi2of (VE) = pj
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mixture of mixture of

anitaries . <::> )\([)) 1)01'11'111tz1,ti0ns> /\(O')

it mixture of
Ll g(p) g unitaries

5 M0k (sl = E(Z; A (0)lrs) ()
Me(@) = 52, (sklE(r) (1] k) A (o)

Dy

Al = DA (D)

£ mixture of :>: D doubly stochastic
Zkr D"\] —

2.3 Dkg =1
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mixture of i o ;
permutations e t]
T >y <

Theorem of Hardy Littlewood Polya

2d example: y = px + (1 — p)SWAPz

y1 = pr1 + (1 — p)as
y2 = px2 + (1 — p)z1

yf = pJ]L + (1 — p):z:% if p > %
yf < :1:{

st b i)
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LOCC
Y —— ¢

mixture of
:> unitaries

<: Po ?
1
Z  Apy)

mixture of
permutations

> A0
A (Py)

L= Meg) = Aoy

Y 2225 4 = Mee) = Aey)
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Measures of entanglement

Def'n: A function E from states to the reals is a measure of entanglement
if
LOoCC
Y —— o = EW) = E(d)
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Measures of entanglement

Def'n: A function E from states to the reals is a measure of entanglement
if
LOCC
Y —— ¢ = E() =2 E(d)

WY eCss ¢ <::> App) = Apy)

Definition of Schur-concave function ( : R‘j‘r — R
>y = G(z) < Gy).

Page 53/63



Pirsa: 16070008

Measures of entanglement

Def'n: A function E from states to the reals is a measure of entanglement
if
LOCC
Y —— o = E() = E(d)

WY e ¢ <::> App) = Apy)

Definition of Schur-concave function ( : R‘j‘r — R
>y = G(z) < Gy).

Y 50 = G(A(ps) < G(M(py))
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Measures of entanglement

Def'n: A function E from states to the reals is a measure of entanglement |

if
Y LASA0T ¢ = E() = E())

WY LSSl 0 <::> Aps) = Apy)

Definition of Schur-concave function ( : R‘J]‘r — R
z-y = G(z) < G(y).

Y 59 = G(Aps) < G(M(py))

E(vY) = G(A(py)) is a measure of entanglement
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Probability distributions
under the majorization order

Most uniform T

(V)

T

Least uniform W

Bipartite pure states
under the LOCC order

Most entangled

least entangled
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d

Definition of Schur-concave function (- : R_‘_ -

CGy).

Generating Schur-concave fn's:

For every concave function ¢ : Ry — R

e, VaeR:g"(a) <0
g(wa + (1 —w)a') < wg(a) + (1

the symmetric function

is Schur-concave
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Definition of Schur-concave function G : R(_‘f_ — R

z >y = G(z) < Gy).

Generating Schur-concave fn’s:

For every concave function ¢ : R4 — R

e, VaeR:g"(a)<0
g(wa+ (1 —w)a’) < wg(a) + (1 —w)g(a')

the symmetric function
d
G0 =8 ()
: g==]
is Schur-concave
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g(a) — —(LQ concave

d
G(z) ;= — 5  x?  Schur-concave
i=1
d :
G(A(py)) == — Z)l Xi(py)? = —Tr(p2)

negative of purity
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g(a) = £a® a € R\{0,1} (sign chosen to make g concave)

d
G(z) =L 231 x5
o Schur-concavity preserving

G(z) := (foG)(x) where f(t):= 2225 log(t)

a—1
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g(a) = £a® a € R\{0,1} (sign chosen to make g concave)

d
Gilo)ti= == i
=1
? Schur-concavity preserving

G(z) := (f o G)(x) where f(t):= 2% log(t)

Order-a Renyi entropy

. d
G(Mpy)) := £=Lzlog 3 Mi(py)* = 577 log Tr(p3)
t=1

E(y) = £ 57 log Tr(p3)

Order-a. Renyi entanglement
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Probability distributions Bipartite pure states
under majorization form a under LOCC form a
partial order partial order
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Probability distributions Bipartite pure states
under majorization form a under LOCC form a
partial order partial order

Y

Iherefore, there cannot be

“one measure to rule them all”
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