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Abstract: <p>Decoherence in quantum metrology may deviate the estimate of a parameter from the real value of the parameter. In thistalk, we show
how to suppress the systematic error of weak-measurement-based quantum metrology under decoherence. We derive the systematic error of
maximum likelihood estimation in general to the first order approximation of a small deviation in the probability distribution, and compare the
systematic error of standard weak measurement and postsel ected weak measurements, which shows that the systematic error of a postselected weak
measurement with a large weak value can be significantly lower than that of a standard weak measurement when the probe undergoes
decoherence.</p>
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This talk is based on arXiv:1605.09040 [quant-ph].
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Review of weak value amplification

Review of weak value amplification

In a weak measurement, a typical coupling Hamiltonian between the system
and the probe is

Hin = gA & G(f(t —m to). (1)
where g is small.
Suppose the initial system state |¢);), the initial probe state |¢), then the
joint state after the weak coupling is

|®) = exp(—igA @ G) ) @ |p). (2)
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Review of weak value amplification

Review of weak value amplification

If the system is postselected to some specific state |1)¢), then the probe
collapses to

(bf) = (Vr| exp(—igA @ G)|v;)|0). (3)
When g is sufficiently small,
0F) = (Vr[1)i) exp(—igAw G) o). (4)

where A,, is the weak value!

(Al

Aw = oo

Y. Aharonov, D. Z. Albert, and L. Vaidman, Phys. Rev. Lett. 60, 1351 (1988).
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Review of weak value amplification

Review of weak value amplification

If one measures an observable M on the collapsed probe state, then the
average measurement result is

(AM) ~ glmA,(({G, M})p — 2(G)p(M)p)
+igReAy ([G. M])p.
For example, if G = p, and M = §, then
d

A(q) = gReA,, + gmlmA,, —Var(qg),, .
(4) dt ( )] ) " (7)

A(p) = 2glmA, \El['(ﬁ)h,}‘t 0

A,, can be very large when |(1¢|0);)| < 1, so (AM) can be very large.
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Maximum likelihood estimation

Maximum likelihood estimation

e Given a g-dependent probability distribution P, : p,(g), k =1.--- .d,
we want to estimate g.

@ MLE is finding the most likely g conditioned on the observation results
as the estimate for g.

@ Suppose we observe the result k a total of N, times in an experiment.
Likelihood function: £ =[], pliv"(g), or alternatively its logarithm

log £ = >, Nilogp,(g).
@ Maximization of L leads to

w
° DgPi(8)
r)glogE:*:E N L2222 = ¢ (8)
k k
Pi(8)
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Maximum likelihood estimation

Maximum likelihood estimation

In the presence of noise, the real probability distribution observed in
experiments may be Pg " : p,"P(g)., k=1,---,d, which can slightly

deviate from p, (g).
Thus, the estimate of g will generally deviate from the true value g, i.e., a

systematic error may occur in this case.

June 10, 2016 8 /23
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Maximum likelihood estimation

Maximum likelihood estimation

>k q9,(g) = 0.

In this case,

If we expand “‘;pé‘g) to the first order of dg, then
k M

0
;(pk(go) s Qk(gO))( %

Pk(g)f)épk(g) - (f)gpk(g))z
p; (&)

+0g
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Suppose p, ’(g) = p,(g) + q.(g), k=1, .d, where |g,(g)| < 1, and

(9)

(10)
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Maximum likelihood estimation

Maximum likelihood estimation

> q9,(g) = 0.

In this case,

If we expand “;;pé‘g) to the first order of dg, then
k

o,
;(pk(go) + Qk(gO))< ifks)

Pk(g)f)épk(g) - (f)gpk(g))z
p; (&)

+0g
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Maximum likelihood estimation

Maximum likelihood estimation

Up to the first order of |g,(g)|, we get

9gD(Peo”||Pe)le=go

0g = — F(Py) ) (11)
where D(Pg,"||Pg) is the relative entropy between Pg" and Py,
D(Pg’||Pg) Z P, " (go) log —p{\l)(gO)- (12)
pi(8)

and F(Pg) is the Fisher information of the probability distribution P, at
g = 80

9, 2
F(Pg) = Z ( gpk(g)) . (13)
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Maximum likelihood estimation

Cramér-Rao bound and systematic error

The Cramér-Rao bound tells us that
1

(6g%) > o 4 og)? . 14
NT, (08) (14)
S~ Svstemadtic error

['isher information

Two implications:

e Systematic errors cannot be reduced simply by increasing the number
of measurements, as random noise is usually treated.

o If weak value amplification can reduce the systematic error, the low
postselection probability will not affect it.
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Weak measurements with decoherence

Weak measurements with decoherence

When the pointer undergoes decoherence, a typical interaction Hamiltonian
5
Hy = gA® Gi(t — to) + epHpe. g,¢p < 1. (15)

where g, ep < 1.

Suppose the initial states of the system, the probe and the environment are
ps, Pp, Pe- After a short time t < 1, if ep = 0, the joint state is
approximately

pspe(t) = (ps @ pp —ig[A® G, ps @ ppl) @ pe. (16)

And in the presence of decoherence, the joi]nt state is

exp o : . -
Pepe(t) = pspe(t) —itlepHpe. ps @ pp @ pel. (17)
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Weak measurements with decoherence

Weak measurements with decoherence

Standard weak measurement

When there is no postselection on the system in the weak measurement,
the probe state after time t is

pp(t) =~ pp —ig(A)[G. ppl, (18)
and in the presence of decoherence,
pp' (t) = pp(t) —itep[Hp. ppl; (19)
where
Hp = Tre(Hpepe). (20)

If we measure an orthonormal basis {|k)} on the probe, the probability
distribution in the decoherence-free case is

pi(8) = (klpplk) —ig(A);(k|[G, pp]k). (21)
and in the presence of decoherence,
P " (&) = pi(8) — ient(k|[Hp. ppllk). (22)
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Weak measurements with decoherence

Weak measurements with decoherence

Standard weak measurement

Then,
D D(PEP||Py)|g=go ~ —4ept{A); > (k|pp|k)ImHS) TGy
: " (23)
F(Pgy) m 4(A)7 Y (klpp|k)Im? Gy,
k
where ,
Gévk) _ <k‘Gl’D‘k> H/(k) - <k|HD/’D|k>_ (24)

(klpplk) =P (klpplk)
Therefore, the systematic error dg, of the standard weak measurement is
approximately

epty  (Klpp k) ImHS Tm G
k

08n ~ > (0) (25)
(A) E (k|pp|k)Im= Gy
k
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Weak measurements with decoherence

Weak measurements with decoherence

Standard weak measurement

Then,
D D(PEP||Py)|g—go ~ —4ept{A); > (k|pp|k)ImHS) Tm Gy
“ (23)
F(Pgy) = 4(A > (k|pp k) Im? Gy
k
where
gt — KlGoplk) -ty _ (kIHppplk) (24)

(klpplk) =P (klpplk)
Therefore, the systematic error dg, of the standard weak measurement is
approximately

epty  (Klpp k) ImHS Tm G
k

08n ~ > (0) (25)
(A) E (k|pp|k)Im* Gy
k
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Weak measurements with decoherence

Weak measurements with decoherence

Postselected weak measurement

Suppose the system is postselected to |1f).
The pointer state after the postselection without decoherence is

pp(t) x pp — igR('Ag'ﬂ“ + glmA, {G. pp}. (26)

In the presence of decoherence on the probe,

ppP(t) o pp — igReA,[G, pp] + gImA, {G. pp} —iept[Hp, pp). (27)
If we measure along an orthonormal basis {|k)} on the probe, the
probability distribution of the measurement results in the decoherence-free
case is

k
p(g) = (Kloplk)[1 + 2gTm(A,, Gi”)] (28)
And in the presence of decoherence,
k
PP (g) = pi(8) + 2(Klppk) teplmHp,,). (29)
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Weak measurements with decoherence

Weak measurements with decoherence

Postselected weak measurement

In the weak interaction limit g < 1,

DgD(PEP||Py) | g—go = 4t Y (klpp|K)eplmH i Im(A,, )
k

2 (k) (30)
F(Pay) =4 ) _(Klpplk)Tm*(A,, Gu”).
k
Therefore, the systematic error dg, is
ept Y (klpplk)ImHS (A, GL)
: k
0gp ~ (31)
" Y (klpplk)Im?(A,, GI)
k
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Weak measurements with decoherence

Weak measurements with decoherence

Postselected weak measurement

o If we know H},, we can choose a basis {|k)} for the measurement on

the probe such that all H\*) are real, thus ImH}\*) = 0 for all k, and
dgn (and 0gp) would be approximately zero. This is a simpler way to
suppress the systematic error.

@ However, in practice, one generally does not have complete information
about the decoherence. The method proposed above, which is based
on the weak value amplification, only requires a large weak value A,
regardless of the details of the decohererice. This method is universal.
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Numerical example

Numerical example

Suppose the total Hamiltonian for the system, probe, and environment is
H = goé @ opo(t — to) + epop & b'b, g.ep <1 (32)

Suppose the system and the probe are initially in |¢);) and |D), and that
the environment is initially in the thermal equilibrium state pg,

1 w
= — e —.))blb. 5:— 33
PE = exp( ) T (33)
After a short time t, the joint state of the system and probe evolves to
. 1 i3n g (n) (n)
pso = 1 S o) o) 3
where \CD&")) IS o
7)) = exp[—i(gok @ 0% + tnepal)][1i)| D). (35)
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Numerical example

Numerical example

Let [¢);) = |+) and |D) = |+) as the initial states for the system and the
probe. The postselected state of the system is

f) = exp (—ir)‘ﬂg) —), 0 < 1. (36)

The weak value of o, is

, (Velog|vi)
)w =

(el

which is approximately 1/0 when 6 < 1. The measurement basis that we
choose on the probe is

= cot 4, (37)

k'Y = e %77 k), k=0, 1, (38)

where 0 is a parameter to adjust.
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Numerical example

Numerical example
Ratio of systematic error for different o
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Figure: Ratio between the systematic error with and without postselection with
varying 0. 3 = 1.0, 6 = é g = 1.0 x10 5 €p = 1.0 x 10 5,
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Numerical example

Numerical example

Ratio of systematic error for different g
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Figure: Ratio between the systematic error with and without postselection for

different g. 3 =1.0,0 =%, 0 =1.0x 1073, ¢, = 1.0 x 10~°.
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Numerical example

Numerical example

Ratio of systematic error for different ¢p
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Figure: Ratio between the systematic error with and without postselection for

different ep. 3=1.0,0=%, 6 =10x10"3, g=1.0x 1075,
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Numerical example

My
)

Thank you!
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