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Abstract: Phase space methods are ubiquitous in qguantum mechanics. From the Weyl-Wigner Moyal
formalism to coherent states and discrete phase spaces we see the imprints of the classical world
again and again. In this presentation, we address one of two major developments introduced by
Aharonov and his collaborators: The concept of weak values that stems from a time-symmetric

view of quantum physics. We look at the weak measurement through two distinct geometric frames:
The geometry of the measuring apparatus and the geometry of the measured system. We A...nalize
with some brief comments on the second major conceptual due to Aharonov and collaborators:

the theory of modular variables and how SchwingerA’s discrete phase space structure helps to shed
light on it. We conclude then with the following mantra: ItA” s all about phase space.
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Weak Values and Modular Variables

Back in the sixties, Aharonov and collaborators introduced the concept of

modular variables  to explain non-local dynamical quantum effects as the
(AB) effect.

He also introduced the time-symmetric * formulation of quantum
mechanics.

In the late eighties, the time-symmetric formulation led to the concept of

weak values 3.

@ Our main theme is the mathematical structure of weak values.
@ Our mantra is “look at phase space”.

@ In the end of the presentation, we will briefly discuss the concept of
modular variables also in the domain of (discrete) phase spaces.
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2‘(. Aharonov, P. G, Bergmann, J. L. Lebowitz, Phys, Rev.134 B1410 (1964)
3

Y. Aharonov, D, Albert, L, Vaidman, Phys, Rev. Lett, 60, 1351 (1988),
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The Symplectic Structure of Phase Space

Classical phase spaces are the cotangent bundle of the configuration spaces
of particles submitted to holonomic constraints (non-compact spaces).
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Wuantum phase space

Quantum phase spaces are the space of rays or projective spaces CP(N)
of the N + 1-dimensional Hilbert spaces WN+1),
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always compact.
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The projective space CP(N) inherits the following structures from the
Hilbert space WN+1).

@ A symplectic structure given by a closed 2-form (2, that is d() = 0.
@ A Riemannian structure given by a non-degenerate positive definite
metric g.

A good example is the CP(1) Bloch sphere for a single qubit:

A general point of the Bloch sphere can be
represented by the state

10, @) = cos (8/2) |ug) + e'?sin (6/2) |uy)
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The Fourier Transform Operator and the Quantum
Symplectic Group

Consider the quantum motion of a single non-relativistic particle in one
dimension (defined below with the following "unusual" notation)

Qla(x)) = xlg(x))  and  Plp(x)) = x|p(x)) (-0 < x < )

The position and momentum basis are complete and normalized in the
sense that

.Foo

1= [ axlatiata)l = [ dxlp() (p(o)
(p()lp(x1)) = & (x — x1)

(q(x)|p(x1)) = L i
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as W' tor reasons that we shall soon see.
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The Fourier Transform Operator

The above notation allows us to define the Fourier transform operator as:

Fla(x)) = |p(x))

The Weyl-Wigner operator can be defined in a compact and elegant
manner as

~ ) ~

Alp,q) =2 JU;;,, ;f—‘z
with translation operators given by
— er'qlb

Actually, A(p, q) is a family of hermitian operators parametrized by the
phase space points (p, q)
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@ The Weyl-Wigner operator is complete in operator space:

% / / dpdqA(p, q)OA(p, q) = (trO)]

for all quantum observables O.

@ A classical observable is a real-valued function defined on phase
space.

O(p.q) = tr (OA(p. q))

@ The inner product between two operators A and B is

1

tr (2\*{9) = 5= / dxdya(p, q)b(p, q)
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The transform of a product of two arbitrary operators is the well-known
Moyal star-product

a(p, q) * b(p, q) tr(A(p, q)AB) =

’.
a(p, q)exp|—=

(P, q) exp[—5(3 >3
The star-product establishes a non-commutative algebra over the classical
observables on phase space and it forms the basis of the non-commutative

geometric point of view for quantization.
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Coherent States and the Quantum Symplectic Group

The spectrum of the Fourier Transform operator

Let 4 and &' be respectively the usual annihilation and creation operators
defined as

1

V2

(Q+iP)

3=

such that

such that

. \ ENG 141 PM
L )
@ w ) - [ | PT 6/21/2016

Pirsa: 16060047 Page 11/65



1 P1Lpf X |

CJ file:///C/Users/guslo/Desktop/Pl pdf

and atln) = vVn+1ln+1)

30) =0 (g(x)|0) = (p(x)|0) = M *e /2

which allows us to conclude that the vacuum state is a fixed point of the
Fourier Transform operator

Fl0) = |0)

The translation operators Up = Q@ and Vq = ¢faP obey the following
important relations:

~

FUB =08 and  FOF =V,

which implies for the parity operator F?:

F20,B2 = f  and

Augusto César Lobo (UFOP) Phase Space Methods in QM & Weak Values June 2016 11 / 55
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The infinitesimal versions of the last equations are

FiaF =ia and  F'3'F = —j3' (1)

Which implies that the Fourier transform operator commutes with the
number operator

[F.N) =0

So they necessarily share the same eigenstates. From the vacuum state
fixed point property together with (1), it follows that:

F’\n) = ()"|n) and E=elih

which implies that N is the hermitian generator of the Fourier transform.
It is natural to introduce the Fractional Fourier Operator given by®:

E, = olON

where the usual Fourier transform operator is then recognized as a special
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The Quantum Linear Symplectic Transforms

We can extend the Fractional Fourier transform to the full group of area
preserving linear maps of classical phase plane SL(2,IR). We identify the
complex plane with the phase plane through the standard complex-valued
coherent states:

z=—=(q+ip)  |2) = Dlz]|0)

and i
Dz] = 55(2/2)11"2 = (2"

z4)

Where B[z] Is the displacement operator and the “over-completeness” of
the coherent states follows from the completeness of the {A(z)} basis.
The overlap between two arbitrary coherent states is given by

<Z|Zf> —. <p, qlp/' qf} — e 1/4(p—p!)*)+(q qf)?ef(pfq pqgt)/2

@ Note the symplectic area defined by the vectors (p,q) and (p/, g/) in
the complex phase above.
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One also has N |
,’;—H z> — e!f)N‘z> — |erHZ>

which is a direct manner to represent the Fractional Fourier transform for
arbitrary 6.
A complete set of quadratic Hermitian functions of Q and P are

A 1 A 1 " «
H0:§(QQ+P2) EIE{O.P} and k =

where we exclude i(QP — PQ) because (due to the Heisenberg
commutation relation) it is proportional to the identity operator.
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The three generators Hy, &, k span the algebra s/(2,IR) on the
representation space W(®). The g operator, for instance, is nothing but
the squeezing generator (known from quantum optics). Indeed, the scale
operator

8 = eiths

generated by g act upon the position and momentum basis respectively as

Sla(x)) = VElq(éx))  and  S|p(x)) (x/8))

=L|
_\/gp

Analogously, the k operator generates hyperbolic rotations, that is, linear
transformations of the plane that preserve an indefinite metric. It takes
the hyperbola x2 — y? = 1 into itself in an analogous way that the
Euclidean rotation takes the circle x2 4+ y? = 1 into itself.

. A ENG 1:44 PM
& Np)]
a = 1 W PT  6/21/2016

Pirsa: 16060047 Page 16/65



1 P1Lpf X |

CJ file:///C/Users/guslo/Desktop/Pl pdf

— 4+ 0= & 8

Augusto César Lobo (UFOP) Phase Space Methods in QM & Weak Values June 2016 15 / 55

SL(2,IR) is the Lie Group of all area preserving linear transformations of
the plane, so we can identify it with the 2 x 2 real matrices with unit
determinant. Thus, we can identify the algebra s/(2,IR) with all 2 x 2 real
matrices with null trace. Thus, it is natural to make the following choice
for a basis in this algebra in terms of Pauli matrices:

A e

X1 rq )A(g=f(j'2 X3 ={3'3

In fact, the isomorphism® described by the table below relates these algebra
elements directly to the algebra of their representation carried on W ®):

generators of s/(2,IR) generators of the representation
X; =0 —ik
= i0ry —iFy
03 —ig
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Weak Values and Quantum Mechanics in Phase Space

The original formulation of weak value concept goes as follows:

Let |¥) = |a) @ |¢,) be the initial state of a product space

W = Ws @ Wy where |«) is the pre-selected state of the system and |¢,)
is the initial state of the apparatus (a one-dimensional motion of a
quantum particle) under the influence of a "weak Hamiltonian":

Hine = €6(t — )0 ® P (e — 0)

and O is an arbitrary observable of the system. After the ideal
instantaneous interaction that models this von-Neumann (weak)
measurement, we post-select a final state |B) (non-orthogonal to |«))
through a strong measurement. The final state of the apparatus is then
(up to a normalization constant):

9e) = (Bl @ e O%P(|a) @ |9,)) ~ (Bla)(1 — ieOw)|¢;)

" ENC 1:45 PM
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The complex number

(B|Ola)

O = 1)

is the weak value of O.

There is a small shift of the expectation value of the position operator @
that can me measured over a /arge ensemble with the same pre and post
selected states. Jozsa generalized this procedure by taking an arbitrary
operator M in the place of Q as the observable of Wim) to be measured’ .

The shift between these expectation values of M to first order in € is:

AM = (M)r — (M),
[ OW)(( ¢) _2<p>|‘f’;><m>|‘f’f>)_
— iRe(Ow)([M ,;5}) ]

?H. Jozsa, Phys. Rev. A, 76, 044103 {2007)
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respectively M = /5) and for the non-relativistic Hamiltonian
V(Q) Jozsa derived

AQ = €[Re(0w) + mim(04) (8, Q)

A oA

where 5\#’)0 is the uncertainty of observable O in the initial state [1). The
former result is clearly asymmetric in phase space because of the choice of
P in the Hamiltonian. One may choose any of the symplectic generators
of the s/(2,IR) algebra with the following interaction Hamiltonian:

Hipe =ed(t—t)02R (e = 0)
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As an example, we choose the pair (f\!, é) as an analogous "conjugate
pair" to the canonical (@, P) pair. The shift in this case is:

A3 = €[—i0w(a)py + 20m(O0u) ((N3) 5y — (M) 15y (3)19,)]

For quantum optical purposes, we may choose a coherent state |¢ ) = |z)
as the initial state of the system:

Al = ieOy = 6|0, |8/ Orteh—rie)

where we have z = |z|e' and O, = |Oy|e’" for the former equation.
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Also by choosing a convenient phase 0, = 7t/2 and writing the above
equation back in terms of the canonical pair (Q P), we get a very
simplified symmetric pair of equations

AQ = ev/2|z|Re(Oy) and AP = eV/2|z|Im(0y)

The above equations have some advantages:

@ These equations do not depend on the quadratic dispersion or the
time derivative of the quadratic dispersion of any observable for the
initial state of the measuring system.

one may "tune" the size of the €|z| term despite how small € may be
by making |z| large enough.

This may be of practical importance for optical implementations of
weak value measurements since |z| for a quantized mode of an
electromagnetic field is nothing else but the mean photon number in
this mode for the coherent state |z).
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Discrete measuring device

The measuring device can also be discrete. A finite set of position and
momentum eigenvectors will be denoted respectively by |u;) and |v;)
(j=0,..,N—1) for a N-dimensional space. This notation conforms with
Schwinger ‘s formulation that we shall address at the last section of this
presentation.

For a single qubit case, we choose the state |a) = |ug) for the pre-selected
state (the "north pole" of the Bloch sphere), and

0, ¢) = cos (6/2) |ug) + e'?sin (6/2) |u1) for the post-selected states and

O =01 = |up){u| + |ur) (]

as the observable to be "weakly" measured.
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It is straightforward to compute the weak value in this case as
O, = tan(0/2)e'?

which is complex-valued in general and remarkably shows that the weak
value, in this case, has a direct physical meaning. It measures the complex
projective coordinate of the state vector in the Bloch Sphere.

1:49 PM
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The geometry of von Neumann's pre-measurement and
weak values

In the last section we discussed weak measurements in terms of an analysis
of the measuring apparatus. In this section we do the opposite approach:
We discuss certain geometric structures of the measured system based on
previous work of Tamate et al®.

Let W = Ws) @ Wy the composition of a measured subsystem W/g)
with the measuring apparatus W,,,). We suppose initially that both are
discrete and defined respectively by:

O = |ox)ox (0] (sum convention implied)

where O is an arbitrary observable in Ws) and

ﬁ) — |Vtr>P[r<V{T|
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After performing an ideal von-Neumann pre-measurement defined by the
unitary evolution given by the Hamiltonian:

Hipe = AS(t — 1) O ®@ P
of an initially unentangled product state:
¥i) = |o) @)
the total state becomes entangled:
¥r) =1Ar) @ |ve)¢”  with ¢} = [ve)¢p”

where we have defined a set of states (in general non-orthogonal) {|A,)}
in W(M) as.

|A,) = e /APOlq)

50 PM
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After performing an ideal von-Neumann pre-measurement defined by the
unitary evolution given by the Hamiltonian:

A

Fine = A6(t — )OO @ P

of an initially unentangled product state:
¥i) = o) @)
the total state becomes entangled:
¥r) = |Ar) @ |vo)p”  with  [¢;) = [vo)¢”

where we have defined a set of states (in general non-orthogonal) {|A,)}
in W(M) as.

Ay = e "*Pe0q)

By tracing out the measured subsystem in |¥¢) (Y| we get the density
matrix:

i ENC 1:50 PM
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Fipe = AS(t —t)O @ P
of an initially unentangled product state:
¥i) = |a) @ ;)
the total state becomes entangled:
¥r) = |Ar) @ |vo)¢”  with |¢;) = |vo)¢p

where we have defined a set of states (in general non-orthogonal) {|A;) }
in Wiy as:

|Ag) = e /APr0)q)

By tracing out the measured subsystem in |%¢)(Yr| we get the density
matrix:

Preyy =t ([¥e) (Frl) = v )" (A”|Ac) P (V7|
Augusto César Lobo (UFOP) Phase Space Meaethods in QM & Weak Values June 2016 25 / 55

Consider now the important example of a measuring apparatus defined bv
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Consider now the important example of a measuring apparatus defined by
a single qubit described within the usual Bloch sphere notation:

;) = cos (0/2) |vo) + e'?sin (0/2) |v)

with |
(A% A1) = [(A°|Ap) e ™

A protocol for measuring the intrinsic phase between |Ag) and |A;) can be
executed in the following way:

Performing a von Neumann pre-measurement and subsequently
implementing a strong measurement in the second subsystem. The
probability P(1) of finding the measuring apparatus in the following
reference state

ref) =10 =m/2, ¢ =0) = % (lvo) + |v1))

Is then:

. 1 1 :
P(ip) = tr(py,|ref) (ref|) = 5+ £—1|(A0|A1)| sin @ cos(¢ — 1)

i = ﬂ ) @ owm % 4) W omm NG EIPM

PT  6/21/2016
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P(1) = tr(ppy,, |ref)(ref|) = = + 2|(A”| A1) | sin cos(g — )

Augusto César Lobo (UFOP) Phase Space Methods in QM & Weak Values June 2016 26 / 55

For a fixed 8, this probability is maximized when ¢ = 1. This allows one
to measure the so called geometric phase

arg(A0|A1) =9

between the two states |Ag) and [A;) € Wg).

This geometric phase was originally proposed in 1956 by Pancharatnam
for optical states and rediscovered by Berry in 198410 for adiabatic cyclic
evolutions. In 1987, Anandan and Aharonov!! provided a more general
description of the geometric phase in terms of natural structures of the
U(1) fiber-bundle over CP(N).

Given |¥¢), one may “post-select” a chosen state |3) € W(s). The
resulting state of the total system is now again a non-entangled state:

9

¥r) = |B) @ Clve)(BlAs)¢*
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The state of the measuring system is then:

[#¢) = C (Ivo) (Bl Ao) cos + |v1) (B|Ar)e'? sin 6)

By writing the following complex phases as

(BlA0) = |(BlAo)|ePs  and  (B|A1) = (B|A1)e P

We can establish a protocol for computing the probability of finding the
second subsystem in state |ref) = |0 = /2, ¢ = 0). For a fixed angle 6,
the maximum probability occurs for

¢ = By + Py = arg [((A'|B)(B|Ao)]
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This implies that there is an overall phase change ® given by
® = arg({A'|B) (B|A")(A°|A"))

which is a well-known geometric invariant in the sense that it depends only
on the projection of the state-vectors |Ag), |A1) and |B) on CP(N). It is

the geometric phase picked by a state-vector when it is parallel transported
through the closed geodesic triangle defined by the projection of these
states on CP(N). For a single qubit, the geometric invariant is
proportional to the symplectic area of the geodesic triangle on Bloch
sphere.
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© = arg((A'|B) (B|A") (A°|AT))

which is a well-known geometric invariant in the sense that it depends only
on the projection of the state-vectors |Ag), |A1) and |B) on CP(N). It is
the geometric phase picked by a state-vector when it is parallel transported
through the closed geodesic triangle defined by the projection of these
states on CP(N). For a single qubit, the geometric invariant is
proportional to the symplectic area of the geodesic triangle on Bloch
sphere.
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Suppose now that the measuring system is continuous, given by the
motion of a quantum particle. The initial state is again the product state
¥i) = |a) @ |¢p,) submitted to an instantaneous interaction coupling an
observable O of the system of interest with the momentum P of the
"quantum-particle apparatus". The final entangled state of the system +
apparatus is then:

) = [ A @[pCP(x)  with () = e MOa)

and ¢, (x) = (p(x)|p,) is the wave-function of the measuring particle in
the momentum basis. The phase shift between |A(x)) and |A(x + dx))
(to first order in dx) is then:

arg((A(x)|A(x + dx))) ~ —Adx<o>|ﬁ>

wihAra /ﬁ\ L — /m|h|m\ e +ha Avnactatinn vnliun ~F ﬁ in ctntn Im\

ENG 354 PM
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e : qreta
|¥i) = |a) @ |¢;) submitted to an instantaneous interaction coupling an
observable O of the system of interest with the momentum P of the
"quantum-particle apparatus". The final entangled state of the system +
apparatus is then:

) = [ dA) @ (0P (x)  with  |A() = e M0la)

and ¢.(x) = (p(x)|p,) is the wave-function of the measuring particle in
the momentum basis. The phase shift between |A(x)) and |A(x + dx))
(to first order in dx) is then:

arg((A(x)|A(x + dx))) =~ —Adx(0) |y

where (O)W = («|O|«) is the expectation value of O in state |a).
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A geometric interpretation of this von Neumann's pre-measurement can be
presented through the following analogy: Let |¢(t)) be the curve in
Hilbert space generated by the Hamiltonian H(t). The Schrédinger
equation implies a relation between |¢(t)) and |p(t + dt)) given by:

[dy(t)) = [p(t +dt)) — [¢p(t)) = —if|p(t))dt

The squared distance between two infinitesimally nearby projection of state
vectors in an time interval dt over CP(N) is

ds2(CP(N)) = [(W(8)| F2|p (1)) — ($(e) | HIp())2]de? = (&30 E ) ot

The expression |A(x)) = e **0a) is formally equivalent to the unitary
time evolution equation |((t)) = e '"*|1(0)). The analogy between

these two distinct physical processes is shown in the following table:

\ ENG 355 PM
" m )
A = L - =1 PT  6/21/2016
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Regarding x as an external parameter (just as the time variable t) an
analog for the infinitesimal distance in CP(N) is:

ds? = [(A(x)|0%|A(x)) — (A(x)| O|A(x))2]A%dx? =
= [{a|0?|a) — (a] O|a)?]A?dx?

For the weak measurement, the global geometric phase related to |A(x)),
|A(x + dx)) and |B) on CP(N) is:

© = arg({A(x)|B) (BIA(x + dx)) (A(x + dx)|A(x)))
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Regarding x as an external parameter (just as the time variable t) an
analog for the infinitesimal distance in CP(N) is:

ds> = [(A(x)]O%A(x)) — (A(x)|O]A(x))?]A%dx? =
= [(a[O%|a) — (| Ola)?]A% dx®

For the weak measurement, the global geometric phase related to |A(x)),

|A(x + dx)) and |B) on CP(N) is:
© = arg({A(x)[B) (BIA(x + dx)) (A(x + dx)|A(x)))

Expanding to first order in €, we have:

© = —€[Re(Oy) — (O) ] dx
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The Finite Phase Space and Schwinger's Formalism!?

Let WAN) be an N-dimensional space generated by finite position and
momentum {|ug)} or {|vx)} (k=0,1,2,...N—1):

~

) (W = ) (K =T and  (ou) = (W]w) = 4

We also define unitary translations operators V and U such that:

A ~

Viu) = luk-1)  Ulvk) = |vir1)  Juken) = luk)  [vien) = [vi)

~ r A . . 2mi
VN =0N =1 which eigenvalues wk = ek

whare L1\ and {1\ are eicenvertors f! and \/

. \ ENG 1:56 PM
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