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Abstract: <p>In thistalk, | will investigate the structure of certain protected operator algebras that arise in threedimensional N = 4 superconformal
field theories. | will show that these algebras can be understood as a quantization of (either of) the half-BPS chiral ring(s). An important feature of
this quantization is that it has a preferred basis in which the structure constants of the quantum algebra are equal to the OPE coefficients of the
underlying superconformal theory. | will present evidence in examples that for a given choice of quantum algebra (defined up to a certain gauge
equivalence), thereis at most one choice of canonical basis, and conjecture that thisistrue in general.</p>
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Solvable truncations of conformal bootstrap equations

e extended SCFTs — exactly solvable truncation

@ For example,

o d=4N >2SCFTS — chiral algebra

o d =6 N =(2.0) SCFTS — chiral algebra

e This talk:
o d =3 N >4SCFTS — one-dimensional topological algebra
(see also )

@ Tool: cohomological construction
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Three-dimensional N' = 4 SCFTs: symmetries

e N = 4 superconformal algebra

osp(4|4.R) D so(4) D sp(4.R) = (su(2)y & su(2)c) P so(3.2)

X

@ Poincaré supercharges: Q2H7¢; conformal supercharges: S‘wiu

{Q(.'zfé. Q.?b} — 2F;b(§bpu.i .
3 a3
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(Q27, S5} = 20307 (M. + 62D) — 202(R07 + 53R%;)
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Three-dimensional N' = 4 SCFTs: symmetries

e N = 4 superconformal algebra

0sp(4|4.R) D so(4) D sp(4.R) = (su(2)y & su(2)c) P so(3.2)

X

@ Poincaré supercharges: Q2H7¢; conformal supercharges: SJ;M

{Q37. Q5"} = 2¢™¢™Pys .

Q 5 . oS
{535 5,),;} = 2¢ape5p K™
{Q.L’i S-‘f } — 257 )3 M B )-ID _9 )‘J( a )3 : d.aﬁ)ﬁ )
a o~ ppd T Up! b Q Yo Ya b’ h T Yb"N R
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Three-dimensional N' = 4 SCFTs: Higgs branch

e Higgs branch of 3d N = 4 SCFT is hyperkahler cone

@ hyperkahler:

e 3 complex structures J; satisfying J,-2 = —1 and J1, = J3 (and cyclic)
o Ji compatible with metric: g(X.Y) = g(JX.,J;Y)

e associated Kahler forms w; are closed

@ cone: action of dilatation — cone structure

5 5 5.5
ds® = dr® + rodsj ..
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Three-dimensional N' = 4 SCFTs: Higgs branch

@ pick Cartan generator in su(2)y
o ~ distinguishes one of the complex structures, say J3
e Higgs branch is thought of as Kahler manifold with Kahler form w3
o other two Kahler forms combine into 2 = wy + iw». a closed (2,0)-form

e (2 defines holomorphic symplectic structure

@ ring of holomorphic functions on Higgs branch has natural
holomorphic Poisson bracket

{fl. fg}pg = (Q_l)fj dify iij-fg
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Three-dimensional N' = 4 SCFTs: Higgs branch chiral ring

@ Higgs branch chiral ring operators <= superconformal primary
operators annihilated by

Qi

@ Higgs branch chiral ring operators <= Lorentz scalar operators with

~

A =(R3)n = Ru, (Rs)c =Rc =0

e Higgs branch chiral ring = holomorphic coordinate ring of Higgs
branch
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Three-dimensional N' = 4 SCFTs: free hypermultiplet

@ field content: (g’".17%). where i/ is an su(2)g index
]I x.,l ’_
b

§ F”

qf” = (_q* i) . with OPE q;’(x)q;)(,v) ~ ‘((]}')Q;))(,V) :

q 49

X

@ Wick theorem provides OPEs of all composites of descendants

)

o Higgs branch: C* withw < g1 =G, z¢ g3 =g

i

s(dwAdWw+dzNdZ),  Q=dwndz.

W3 =

o Higgs branch chiral ring: all composites of g, i.e. of z,w
1 1 _
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Constructing interesting nilpotent supercharges

o recall algebra osp(4|4,R) D (su(2)y & su(2)c) & so(3,2)

s
»

@ choose a line Ry, with coordinate s

@ subalgebra of conformal algebra keeping this line fixed set-wise:

su(l,1) b so(2) C s0(3,2)

@ inside 0sp(4|4,R) the su(1,1) can be supersymmetrized to

su(l,1]2)y or su(1,1]2)
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Constructing interesting nilpotent supercharges

@ su(l.1]2)y has generators

Lo. L+1 . (R3)y. (Re)n. Z; Q*, Q. S,,. Say.
N N\ — —
su(1,1)=sl(2) su(2)y

@ algebraic fact: there exist two nilpotent supercharges

N 1 .
IV Q' — (S . =S + -9
[

such that

{@;, ...} =diag(su(l,1),su(2)y) 5[?2)

° "E) is generated by
=L +R)H, Lo=Lo—(R)u, Liz=Lia—CYRe)m.
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Solving the @; cohomology

@ at the origin:

(@, 0(0)] =0 but O(0)# {w,...]

— (O(0) is Higgs branch chiral ring operator

@ move away from origin while staying in cohomology: use @-exact [_;
o consider O(31-3) in spin k/2 irrep of su(2)y with O1-+1) in HBCR

O(s) = e*t-101-1)(0)e !

1
Uy (s)... u_,k(s)O[‘”“"”}(s) where Uu,(s) ( )

()

@ s dependence drops out in cohomology, but ordering of operators
along line does matter!

o) = [O(s)]q,
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Example: free hypermultiplet

@ One then finds

gi * qj = C€jj + (qiq;)

@ observe that this star-product is

@ noncommutative
o zeroth order term is product in chiral ring
o first order term given by holomorphic Poisson bracket

@ Product of more general Higgs branch chiral ring elements

(G - G ) x (qjy - q;) = (qiy -+ - i, ) exp {m.-,\ Ig. f"q\] (9, - qj)

which is the Moyal star product

Wolfger Peelaers (NHETC) Deformation quantization in 3d SCFTs Mar '16 16 / 38

Pirsa: 16030083 Page 13/34



General structure

o let f € A,.g € A, be holomorphic functions over the Higgs branch
corresponding to operators of conformal dimension A = £ and A

q

@ one can argue that their star products reads

ll”i
G — k rk
frg=1f-g+={f,g}rs E ¢“Ck(f.g).
- k=2

where
o associativity of OPE = f x (g« h) = (f xg) x h
o su(2)y-charge = C*: Ap @ Aq — Apig—2« (equivariance)

o su(2)y-charge Ck(f.g) =0 for k > min(p.q) (truncation)

|

o symmetry properties OPE = C*(f.g) = (—1)C*(g.f) (evenness)
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General structure

@ unitarity demands that for a complex scalar operator O

(O(x)OT(y)) with no >0

X — y 20

@ let p be a rotation over 7 in su(2)y followed by complex conjugation,

then for fg E Ap

O(f.g) = CP(p(f).g) is a positive definite Hermitian form
Wolfger Peelaers (NHETC) Deformation quantization in 3d SCFTs Mar '16 18 / 38
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Deformation quantization

@ a C*-equivariant deformation quantization of a commutative
C*-graded Poisson algebra A in the direction of the Poisson bracket
reads

where
@ * IS associative
o C'(f.g) = f g original commutative product
o Ci(f.g)— CY(g.f)={f.g}

e equivariance: C*: A, @ Ay — Apyq—2x

@ our *-product is clearly of this type
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Deformation quantization

@ equivariant deformation quantizations are typically organized in huge
equivalence classes

o let T(f)="f+ :/j: L hEFR) where f € Ap and FK) € A,
o let T(h) = h
@ then

fig =T H(T(f)x T(g))

is an equivalent equivariant deformation quantization

Wolfger Peelaers (NHETC) Deformation quantization in 3d SCFTs Mar '16 21 / 38
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Deformation quantization

@ classification theorem for equivariant deformation quantizations of
hyperkahler cones (up to equivalences)

@ in physics language:

e consider space of F| parameters that resolve the Higgs branch into a
smooth variety

e mod out by Weyl group of global symmetries that act on Coulomb
branch as hyperkahler isometries

@ finite space!

Wolfger Peelaers (NHETC) Deformation quantization in 3d SCFTs Mar '16
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Deformation quantization

@ a C*-equivariant deformation quantization of a commutative
C*-graded Poisson algebra A in the direction of the Poisson bracket
reads

where
@ * IS associative
o CYf.g)="f-g original commutative product
o Cl{f.g)—Clg.f)={f.g}

e equivariance: C*: A, @ Ay — Apiq—2x

@ our x-product is clearly of this type
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Deformation quantization

@ the bootstrap problem gives rise to an even quantization:

CK(f.g) = (—=1)kCk(g. f)

@ refined classification:

o the F| parameter must lie on same Weyl orbit as its negative

@ Conjecture: for even quantization deformations, the truncation
condition and the unitarity constraints are perfect gauge fixing

conditions

Wolfger Peelaers (NHETC) Deformation quantization in 3d SCFTs Mar '16 23 /
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General strategy

Given a Higgs branch and its holomorphic coordinate ring, there are two
strategies to construct the x-product:

@ first strategy (bootstrap philosophy):

Q@ write down most general Ansatz for the x-product satisfying all
requirements except for the unitarity constraints

@ solve associativity constraints for all triples of increasing total
C*-grading

© impose unitarity constraints after the fact
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General strategy

Given a Higgs branch and its holomorphic coordinate ring, there are two
strategies to construct the x-product:

@ first strategy (bootstrap philosophy):

@ write down most general Ansatz for the x-product satisfying all
requirements except for the unitarity constraints

@ solve associativity constraints for all triples of increasing total
C*-grading

© impose unitarity constraints after the fact
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General strategy

@ second strategy (deformation quantization philosophy):

@ identify the quantum algebra (up to gauge equivalence)

@ fix the parameters to the appropriate values

© solve the gauge fixing conditions; we conjecture they have a unique
solution
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Minimal nilpotent orbits

e Given a group G, consider dimension one adjoint valued generators
11 satisfying the relations

(1@ p)l, =0, Symi(adj) (2adj) & I, .

@ arise as Higgs branch of SCFTs obtained as IR fixed point of UV
Lagrangian quiver gauge theories

U )————n + 1 suE}——o{ n

A, D, :

@ the minimal nilpotent orbit thus contains

(1@ ... 3 1)|(nadj) of dimension n for any n

@ G-equivariant quantization deformation do not have gauge
ambiguities
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Minimal nilpotent orbits

@ even, C*-equivariant quantization deformation depends on

a # parameters
51(2) 1
sl(n > 3) 0
g # sl(n) 0
@ for g # sl(2) the truncated conformal bootstrap problem is
completely determined
@ for g = sl(2) we can compute the single parameter through

localization (from flavor current two-point function coefficient

)
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Minimal nilpotent orbits

@ precisely these algebras appear as (generalized) higher spin algebras

@ closed form expressions for the structure constants for the classical
groups have been worked out

@ for the case of 5(2). i.e., Higgs branch Opin(sl(2)) = C?/Z>

1
higher spin algebra:  hs[\] = U(s1(2))/{ 4(,\“ 1)}

a.k.a. "lone star product”
o SQED with Nf =2: A =0

o Z» gauge theory of free hypermultiplet: A\ = %
indeed known that hs[%] can be expressed in terms of Moyal product
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A,-type Kleinian singularities

@ three generators X. Y./

2 qF
4 2 0
X | n+1]|+1
Y | n+1]| -1
satisfying the relation
XY = Z"!

@ occur for example as Higgs branch of
e circular quiver of Abelian gauge groups of n+ 1 nodes

e Zip+1 gauge theory of the free hypermultiplet

@ holomorphic symplectic Poisson bracket

XY =—(n+1)Z", {Z.X)=X., {Z.Y}=-Y.
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A, Kleinian singularities

e we find a one-parameter gauge slice respecting the evenness and

truncation constraints

o the parameter appears most easily in the definition of Z¢

@ some explicit star-products

Zx7Z=2°%—-ac?,

Lx X =IX+=(X,

ZxY =2Y —=CY,

X*Y:zt%gzﬂ—

Wolfger Peelaers (NHETC)
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Zg Zg — () g‘g
1
2
1
2

3a0 + ngZ N 3a + HL,B
4o 2
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A, Kleinian singularities

@ imposing the unitarity constraints excludes many values of (k. )

030 0.30
0.25 0.25
0.20 )20
0,15 © Q.15
0.10 0.10
0.05 0.05
0.00 0.00
-10 -8 ( 4 2 ¢ 10 -8 i 4 C
K
0.30 )30
0.25 0.25
020 )20
& 015 ©0.15
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0.05 0,05
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A, Kleinian singularities
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A, Kleinian singularities
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A; Kleinian singularities
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Future directions

@ are the algebras studied here accessible through localization?

@ connect to quantization deformation obtained from (2-deformation
?

@ inclusion of conformal defects

@ study deformation quantization problem with additional requirements
and prove conjecture
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